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Abstract 

In this paper, we prove, following earlier work of Waldspurger ([Wal], [Wa4]), a sort 
of local relative trace formula which is related to the local Gan-Gross-Prasad conjec¬ 
ture for unitary groups over a local field F of characteristic zero. As a consequence, we 
obtain a geometric formula for certain multiplicities m(7r) appearing in this conjecture 
and deduce from it a weak form of the local Gan-Gross-Prasad conjecture (multiplic¬ 
ity one in tempered L-packets). These results were already known over p-adic fields 
([Beul]) and thus are only new when T = IR. 


Introduction 

Let F be a local field of characteristic 0 which is different from C. So, F is either a p-adic 
held (that is a hnite extension of Qp) or F = R. Let F/F be a quadratic extension of F (if 
F = R, we have F = C) and let hP C R be a pair of hermitian spaces having the following 
property: the orthogonal complement W-^ of IP in R is odd-dimensional and its unitary 
group U(W-^) is quasi-split. To such a pair (that we call an admissible pair cf subsection 
6.2), Gan, Gross and Prasad associate a triple Here, G is equal to the product 

U (IP) X U (R) of the unitary groups of IP and R, F is a certain algebraic subgroup of G and 
^ : H{F) ^ is a continuous unitary character of the F-points of H. In the case where 
dim(IP-‘-) = 1, we just have F = U{W) embedded in G diagonally and the character ^ is 
trivial. For the dehnition in codimension greater than 1, we refer the reader to subsection 
6.2. We call a triple like (G, F, D (constructed from an admissible pair (IP, R)) a GGP 
triple. 

Let TT be a tempered ireducible representation of G{F). By this, we mean that vr is an irre¬ 
ducible unitary representation of G{F) whose coefficients satisfy a certain growth condition 
(an equivalent condition is that tt belongs weakly to the regular representation of G{F)). 
We denote by 7r°° the subspace of smooth vectors in vr. This subspace is G(F)-invariant and 
carries a natural topology (if F = R, this topology makes 7r°° into a Frechet space whereas if 
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F is p-adic the topology on 7r°° doesn’t play any role but in order to get a uniform treatment 
we endow 7r°° with its hnest locally convex topology). Following Gan, Gross and Prasad, we 
dehne a multiplicity m{n) by 


m(7r) = dim HorriH { 7 ^°° ,0 

where iPom//(7r°°, denotes the space of continuous linear forms i on 7r°° satisfying the 
relation i o n{h) = ^{h)i for all h G H{F). By the main result of [JSZ] (in the real case) 
and [AGRS] (in the p-adic case) together with theorem 15.1 of [GGP], we know that this 
multiplicity is always less or equal to 1. 

The main result of this paper extends this multiplicity one result to a whole L-packet of 
tempered representations of G{F). This answers a conjecture of Gan, Gross and Prasad 
(conjecture 17.1 of [GGP]). Actually, the result is better stated if we consider more than one 
GGP triple at the same time. In any family of GGP triples that we are going to consider 
there is a distinguished one corresponding to the case where G and H are quasi-split over 
F. So, for convenience, we assume that the GGP triple {G,H,^) we started with satishes 
this condition. The other GGP triples that we need to consider may be called the pure 
inner forms of {G,H,^). Those are naturally parametrized by the Galois cohomology set 
H^{F,H). A cohomology class a G H^{F,H) corresponds to a hermitian space Wa (up to 
isomorphism) of the same dimension as W. If we set Va = Wa ©"'■ then {Wa, Vk) is an 
admissible pair and thus gives rise to a new GGP triple {Ga, Ha,ia)- The pure inner forms 
of {G, H, ^) are exactly all the GGP triples obtained in this way. 

Let ip he a tempered Langlands parameter for G. According to the local Langlands cor¬ 
respondence (which is now known in all cases for unitary groups cf [KMSW] and [Mok]), 
this parameter determines a L-packet n‘^((y9) consisting of a hnite number of tempered rep¬ 
resentations of G{F). Actually, this parameter also dehnes L-packets TW°‘{ip) of tempered 
representations of Ga{F) for all a G H^{F,H). We can now state the main result of this 
paper as follows (cf theorem 12.4.1). 


Theorem 1 There exists exactly one representation vr in the disjoint union of L-packets 


such that m{n) = 1. 


aeH^{F,H) 


As we said, this answers in the affirmative a conjecture of Gan-Goss-Prasad (conjecture 17.1 
[GGP]). The analog of this theorem for special orthogonal groups has already been obtained 
by Waldspurger in the case where F is p-adic ([Wal]). In [Beni], the author adapted the 
proof of Waldspurger to deal with unitary groups but again under the assumption that F 
is p-adic. Hence, the only new result contained in theorem [T] is when F = R. However, 
the proof we present here differs slightly from the original treatment of Waldspurger and we 
feel that this new approach is more amenable to generalizations. This is the main reason 
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why we are including the p-adic case in this paper. Actually, it doesn’t cost much: in many 
places, we have been able to treat the two cases uniformly and when we needed to make a 
distinction, it is often because the real case is more tricky. 

As in [Wal] and subsequently [Beni], theorem [1] follows from a formula for the multiplicity 
m(7r). This formula express m{7i) in terms of the Harish-Chandra character of vr. Recall 
that, according to Harish-Chandra, there exists a smooth function 6^^ on the regular locus 
Greg{.F) of G{F) which is locally integrable on G{F) and such that 

Trace 7i{f)= / 6T,{x)f{x)dx 
Jg(f) 

for all / G G'^{G{F)) (here G'^iGi^F)) denotes the space of smooth and compactly supported 
functions on G{F)). This function 9-,^ is obviously unique and is called the Harish-Chandra 
character of tt. To state the formula for the multiplicity, we need to extend the character 
to a function 


Ctt : Gss{F) C 

on the semi-simple locus Gss{F) of G{F). If x G Greg{F), then Ct^^x) = 9-„{x) but for a general 
element x G Gss{F), c-,j{x) is in some sense the main coefficient of a certain local expansion 
of near x. For a precise dehnition of the function Cj^, we refer the reader to subsection 
4.5, where we consider more general functions that we call quasi-characters and which are 
smooth functions on Greg{F) having almost all of the good properties that characters of 
representations have. As we said, it is through the function c^r that the character 6^^ will 
appear in the multiplicity formula. The other main ingredient of this formula is a certain 
space r(G, H) of semi-simple conjugacy classes in G{F). For a precise dehnition of F(G, H), 
we refer the reader to subsection 11.1. Let us just say that F(G, H) comes naturally equipped 
with a measure dx on it and that this measure is not generally supported in the regular locus. 
For example, the trivial conjugacy class {1} is an atom for this measure whose mass is equal 
to 1. Apart from this two main ingredients (the function c^r and the space r{G,H)), the 
formula for the multiplicity involves two normalizing functions and A. Here, is the 
usual discriminant whereas A is some determinant function that is dehned in subsection 
11.1. We can now state the formula for the multiplicity as follows (cf theorem 11.2.2). 

Theorem 2 For all irreducible tempered representation tt of G{F), we have the equality 

m{'K) = lim f Cjr(x)Zl'^(x)^'^^A(x)'^“^'^^dx 
Jr{G,H) 

The integral in the right hand side of the equality above is absolutely convergent for all s G C 
such that Re{s) > 0 and moreover the limit as s ^ O’*" exists (cf proposition 11.1.1). 

As we said, theorem [1] follows from theorem [2l This is proved in the last section of this 
paper (section [12]) . Let us £x a tempered Langlands parameter (p for G. The main idea of 
the proof, the same as for theorem 13.3 of [Wal], is to show that the sum 
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( 1 ) 


O -^ H ^ (-^1^) (9?) 


m(7r) 


when expressed geometrically through theorem [2] contains a lot of cancellations which roughly 
come from the character relations between the various stable characters associated to (p on the 
pure inner forms of G. Once these cancellations are taken into account, the only remaining 
term is the term corresponding to the conjugacy class of the identity inside T{G,H). By 
classical results of Rodier and Matumoto, this last term is related to the number of generic 
representations inside the quasi-split L-packet n‘^((p). By the generic packet conjecture, 
which is now known for unitary groups, we are able to show that this term is equal to 1 and 
this immediately implies theorem [1] Let us now explain in some more details how it works. 
Fix momentarily a G H^{F, H). Using theorem [2l we can express the sum 


as 



m(7r) 


(9?) 


( 2 ) lim f c^^a{x)D'^°‘{xy^‘^A{xy ^^‘^dx 

where we have set = X] 7 renGa(<^) G- One of the main properties of L-packets is that the 
sum of characters defines a function on Ga,reg{F) which is stable, which 

here means that it is invariant by G'Q,(F)-conjugation. In subsection 112. 11 we dehne a notion 
of strongly stable conjugacy for semi-simple elements of Ga{F). This dehnition of stable 
conjugacy differs from the usually accepted one (cf [Kottl]) and is actually stronger (hence 
the use of the word ’’strongly”). The point of introducing such a notion is the following: 
it easily follows from the stability of that the function „ is constant on semi-simple 
strongly stable conjugacy classes. This allows us to further transform the expression (2) to 
write it as 


lim f \p^^^^^yx)\c^,a{x)D^‘^{xY/^A{xy ^'‘^dx 

where TstabiGa, Ha) denotes the space of strongly stable conjugacy classes in r(GQ,, Ha) and 
Pa,stab stands for the natural projection r(G„,iL„) ^ Tstab{,Ga,Ha) (thus \p'Y^stabi.^)\ is just 
the number of conjugacy classes in V{Ga,Ha) belonging to the strongly stable conjugacy 
class of x). Returning to the sum (1), we can now write it as 

(3) ^ lim f \p-^^^yx)\c^^a{x)D^‘^{x)^/^A{x)^-^/‘^dx 

(y.£H^{F,H) J^stab{Ga,Ha) 

A second very important property of L-packets is that the stable character 6,^^a is related in 
a simple manner to the stable character O^p^i on the quasi-split form G{F). More precisely, 
Kottwitz has defined a sign e{Ga) ([Kott2]) such that we have O^^^aiy) = e{Ga)0^^i{x) as soon 
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a.s y E Ga,reg{.F) ^nd X G Greg{F) are stably conjugated regular elements (i.e. are conjugated 
over the algebraic closure where Ga{F) = G{F)). Once again, this relation extends to the 
functions and and we have c^^aiv) = e(Go.)c^,i(x) for all strongly stably conjugated 
elements y G Ga,ss{F) and x G Gss{F). As it happens, and contrary to the regular case, 
there might exist semi-simple elements in Ga{F) which are not strongly stably conjugated 
to any element of the quasi-split form G{F). However, we can show that the function q 
vanishes on such elements x G Ga,ss{F). Therefore, these conjugacy classes don’t contribute 
to the sum (3) and transferring the remaining terms to G{F), we can express (3) as a single 
integral 


lim 



c^^i{x)D'^{xy^‘^A{xy 


where the sum 


(4) ^ 

V'^stab^ 

is over the conjugacy classes y in the disjoint union Uae/i'hF-H') Ha) that are strongly 

stably conjugated to x and a{y) G H^{F,H) denotes the only cohomology class such that 
y lives in V{Ga{y)-i Ha{y))- There is a natural anisotropic torus C H associated to a; G 
^stab{G, H) such that the set of conjugacy classes in UaeHi(FH) inside the 

strongly stable conjugacy class of x is naturally in bijection with H^{F,Tx) (cf subsection 
ll2.5l for the dehnition of T^,). Moreover, for y G H^{F, T^,), the cohomology class a{y) is just 
the image of y via the natural map H^{F,Tj;) H^{F,H). Hence, the sum (4) equals 


( 5 ) ^ e{Ga{y)) 

yeH^{F,n) 

In order to further analyze this sum, we need to recall the dehnition of the sign e{Ga)- 
In [Kott2], Kottwitz constructs a natural map H^{F,G) -E- H‘^{F, {±1}) = Br2{F) from 
H^{F, G) to the 2-torsion subgroup of the Brauer group of F. Since F is either p-adic or real, 
we have an isomorphism Br2{F) ~ {±1}. The sign e{Ga) for a G H^{F, H) is now just the 
image of a by the composition of this map with H^{F, H) —)■ H^{F, G). Following Kottwitz’s 
dehnition, it is not hard to see that the composition H^{F,Tx) —)■ H^{F,G) —)■ Br2{F) is a 
group homomorphism. Moreover, it turns out that for x ^ 1 this homomorphism is surjective 
and this immediately implies that for such an x the sum (5) is zero. Going back to (3), we 
are only left with the contribution of 1 G r(G, H) which is equal to 




By a result of Rodier ([Ro]) in the p-adic case and of Matumoto (theorem C of [Mat]) in the 
real case, the term Cy,^i(l) has an easy interpretation in terms of Whittaker models. More 
precisely, this term equals the number of representations in the L-packet n‘^((p) having a 
Whittaker model, a representation being counted as many times as the number of types of 
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Whittaker models it has, divided by the number of types of Whittaker models for G{F). 
A third important property of L-packets is that n‘^((p) contains exactly one representation 
having a Whittaker model of a given type. It easily follows from this that c^,i(l) = 1. Hence, 
the sum (1) equals 1 and this ends our explanation of how theorem [2] implies theorem [H 

The proof of theorem [2] is more involved and takes up most of this paper. It is at this 
point that our strategy differs from the one of Waldspurger. In what follows, we explain the 
motivations and the main steps of the proof of theorem[2l Consider the unitary representation 
L‘^{H{F)\G{F),^) of G{F). It is the L^-induction of the character ^ from H{F) to G{F) 
and it consists in the measurable functions (p : G{F) —)■ C satisfying the relation (p{hg) = 
^{h)ip{g) {h G H{F), g G G{F)) almost everywhere and such that 

/ \(p{x)\'^dx < oo 

Jh{F)\G{F) 

The action of G{F) on L‘^{H{F)\G{F),^) is given by right translation. Since the triple 
(G, H,^) is of a very particular form, the direct integral decomposition of L‘^{H{F)\G{F),^) 
only involves tempered representations and moreover an irreducible tempered representation 
TT of G{F) appears in this decomposition if and only if m(7r) = 1. It is thus natural for our 
problem to study this big representation L‘^{H{F)\G{F),^). A function / G G“(G(F)) 
naturally acts on this space by 

{R{f)p) (x) = f f{gMxg)dg, p G L\H{F)\G{F),0, x G G{F) 

Jg{f) 

Moreover, this operator R{f) is actually a kernel operator. More precisely, we have 


{R{f)p) (x) = f Kf{x, y)p{y)dy, p G L\HiF)\G{F),0, x G G{F) 

Jh{f)\g{f) 


where 


Kf{x,y)=f f{x ^hy)^{h)dh, x,yeG{F) 

J H{F) 

is the kernel function associated to /. In order to study the representation {H{F)\G{F), , 

we would like to compute the trace of R{f) (because for example it would give some informa¬ 
tions about the characters of the representations appearing in L‘^{H{F)\G{F),^)). Formally, 
we may write 


(6) Trace R{fy = [ K{f,x)dx 

Jh{F)\G{F) 

where K{f,x) = Kf{x,x), x G H{F)\G{F), is the restriction of the kernel to the diagonal. 
Unfortunately, neither of the two sides of the equality (6) makes sense in general: the 
operator R{f) is not generally of trace class and the integral of the right hand side is not 
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usually convergent. The first main step towards the proof of theorem [2] is to prove that 
nevertheless the expression in the right hand side of (6) still makes sense for a wide range 
of functions /. A function / G C^{G{F)) is said to be strongly cuspidal if for all proper 
parabolic subgroup P = MU of G, we have 

/ f{mu)du = 0, for all m G M(F) 

Ju{F) 

In section 7, we prove the following (theorem 7.1.1). 


Theorem 3 For all strongly cuspidal function f G Gf°{G{F)), the integral 


is absolutely convergent. 


Ih{f)\g(f) 


K{f, x)dx 


We actually prove more: we show that the above integral is absolutely convergent for all 
strongly cuspidal function in the Harish-Chandra-Schwartz space C{G{F)) rather than just 
Gf^{G{F)). This seemingly technical detail is in fact rather important since in the real case 
the author was only able to construct sufficiently strongly cuspidal functions in the space 
C{G{F)) and not in G^{G{F)). 

Once we have theorem [3], we can consider the distribution 

f ^ J{f)= [ K{f,x)dx 

Jh{f)\g{f) 

which is defined on the subspace Cscusp{G{F)) of strongly cuspidal functions in C{G{F)). 
The next two steps towards the proof of theorem [2] is to give two rather different expressions 
for the distribution J(.). The first expansion that we prove is spectral. It involves a natural 
space X{G) of tempered representations. In fact, elements of A’(G) are not really tempered 
representations but rather virtual tempered representations. The space A’(G) is build up 
from Arthur’s elliptic representations of the group G and of all of its Levi subgroups. We 
refer the reader to subsection 12.71 for a precise definition of <T(G). Here, we only need to 
know that X{G) comes equipped with a natural measure dvr on it. For all vr G A’(G), Arthur 
has defined a weighted character 


/ G C{G{F)) I—)■ f) 

Here, M{f) denotes the Levi subgroup from which the representation tt comes from (more 
precisely, vr is parabolically induced from an elliptic representation of When M{f) = 

G, the distribution simply reduces to the usual character of vr, that is Jg^f,/) = 

Trace vr(/). When M^ti) ^ G, the definition of the distribution Jm(-k){f, .) is more involved 
and actually depends on some auxiliary choices (a maximal compact subgroup K of G{F) and 
some normalization of intertwining operators). However, it can be shown that the restriction 
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of •) to Cscusp{G{F)) doesn’t depend on any of these choices. For / G Cscusp{G{F)), 

we dehne a function 6f on X{G) by 

9f{n) = ^ e X{G) 

where aM{iT) is the dimension of Am{tt) the maximal central split subtorus of M{n). The 
spectral expansion of the distribution J(.) now reads as follows (cf theorem IQ.l.ip : 

Theorem 4 For every strongly cuspidal function f G Cscusp{G{F)), we have 

J{f) = f D{ti) 6 f{'K)m{'K)dTi 

Jx{G) 

The factor D{tt) appearing in the formula above is a certain determinant function which 
comes from Arthur’s dehnition of elliptic representations. What is really important in the 
above spectral expansion of J(.) is the appearance of the abstractly dehned multiplicity min). 
Its presence is due to the existence of an explicit description of the space HomH{n°°,0- More 
precisely, for vr an irreducible tempered representation of G{F), we may dehne a certain 
hermitian form on n°° by 

CT,{e,e') = f {e,7r{h)e')f{h)dh, e, e'G 7r°° 

Jh{f) 

The above integral is not necessarily absolutely convergent and needs to be regularized (cf 
subsection 8.1), it is why we put a star at the top of the integral sign. In any case, Cj, is 
continuous and satishes the intertwining relation 

Cn{n{h)e, 7r(h')e') = f{h)'^C^{e, e'), e, e' G 7r°°, h, h' G H{F) 

In particular, we see that for all e' G the linear form e G 7r°° i—)■ £^(e, e') belongs to 
hf(7r°°, ^). Hence, if is not zero so is m[n). In section 8, we prove that the converse 
is also true. Namely, we have (cf theorem 8.2.1) 

Theorem 5 For every irreducible tempered representation vr of G{F), we have 

/Itt 0 m{n) 7 ^ 0 

This theorem has already been established in [Beni] when F is p-adic (theoreme 14.3.1 of 
[Beni]). An analogous result for special orthogonal groups was proved previously by Wald- 
spurger in [Wa4] (proposition 5.7) and then reproved in a different manner by Y. Sakellaridis 
and A. Venkatesh in [SV] (theorem 6.4.1) in a more general setting but under the additional 
assumption that the group is split. The proof given in [Beni] followed closely the treatment 
of Sakellaridis and Venkatesh whereas here we have been able to give an uniform proof in 
both the p-adic and the real case which is closer to the original work of Waldspurger. 





As already explained, theorem [5] is a crucial step in the proof of the spectral expansion 
(theorem 0]) . Actually, once theorem O is established, theorem 0] essentially reduces to the 
spectral expansion of Arthur’s local trace formula ([Al]) together with an argument allowing 
us to switch two integrals. This step is carried out in section 9. 

We now come to the geometric expansion of J{-)- It involves again the space of conjugacy 
classes r(G, H) that appears in the formula for the multiplicity (theorem [2]). The other main 
ingredient is a function Cf : Gss{,F) —)■ C that is going to take the role played by the function 
Ctt in the multiplicity formula. The dehnition of c/ involves the weighted orbital integrals of 
Arthur. Recall that for all Levi subgroup M of G and all x G M{F) fl Greg{F), Arthur has 
dehned a certain distribution 


feC{G{F))^JM{x,f) 

called a weighted orbital integral. If M = G, it simply reduces to the usual orbital integral 
Jg{xJ)= [ f{9-^xg)dg, f e C{G{F)) 

JGa:{F)\G{F) 

When M G, the distribution Jm{x, .) depends on the choice of a maximal compact sub¬ 
group K of G{F). However, as for weighted characters, the restriction of Jm{x,.) to the 
subspace Cscusp{G{F)) of strongly cuspidal functions doesn’t depend on such a choice. For 
/ G Cscusp{G{F)), we dehne a function 9f on Greg{F) by 

^fi^) = {-^T^’-"^JMix){xJ), X G Greg{F) 

where M{x) denotes the minimal Levi subgroup of G containing x and aM{x) denotes, as 
before, the dimension of Am(x) the maximal central split subtorus of M{x). The function 6f 
is invariant and we can show that it shares a lot of the good properties that characters of 
representations have. It is what we call a quasi-character (cf section 0]). In particular, as for 
characters, there is a natural extension of to a function 


Cf : Gss{F) C 

and we can now state the geometric expansion of J(.) as follows (cf theorem 111. 2. ip . 

Theorem 6 For all strongly cuspidal function f G Cscusp{G{F)), we have 

J{f) = lim [ Cf{x)D^{xy^'^A{xy~^^‘^dx 

s^0+ Jt{G,H) 

Once again, the expression of the right hand side of the equality above is absolutely con¬ 
vergent for all s G C such that Re{s) > 0 and the limit as s ^ O'*" exists (cf proposition 

fTTXTD . 

It is from the equality between the two expansions of theorem0]and theorem[6]that we deduce 
the formula for the multiplicity (theorem [2]) . To be more precise, we hst prove the spectral 
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expansion (theorem 0]) and then we proceed to show the geometric expansion (theorem [6]) 
and the formula for the multiplicity (theorem [2]) together in a common inductive proof. The 
main reason fo proceeding this way and not in a more linear order is that we use the spectral 
expansion together with the multiplicity formula for some ’’smaller” GGP triples in order to 
show that the distribution J(.) is supported in the elliptic locus G{F)eii of G{F). This fact is 
used crucially in the proof of theorem [6] and the author was not able to give an independent 
proof of it. 

We now give a quick description of the content of each section of this paper. The hst two 
sections are mainly intended to set up the notations, £x some normalizations and remind 
the reader of some well-known results. In particular, the second section contains the basic 
material we will be using on tempered representations. It includes a strong statement of 
the Harish-Ghandra-Plancherel theorem sometimes called matricial Paley-Wiener theorem 
which in the p-adic case is due to Harish-Ghandra ([Wa2]) and in the real case is due to 
Arthur ([A2]). In section 3, we recall the Harish-Ghandra technics of descent. There are 
two: descent from the group to the centralizer of one of its semi-simple element (semi-simple 
descent) and descent from the group to its Lie algebra. In both cases, the descent takes 
the form of a map between some function spaces. We will be particularly concerned by the 
behavior of invariant differential operator (in the real case) under these two types of descent 
and we collect the relevant results there. The last subsection (3.4) is devoted to a third type 
of descent that we may call parabolic descent. However, we will be mainly interested in the 
dual of this map which allows us to ’’induce” invariant distributions of Levi subgroups. In 
section 4, we define the notion of quasi-characters and develop the main features of those 
functions that in many ways looks like characters. The main results of this section are, in 
the p-adic case, already contained in [Wal] and so we focus mainly on the real case. Section 
5 is devoted to the study of strongly cuspidal functions. In particular, it is in this section 
that we dehne the functions 6f and Of to which we alluded before. This section also contains 
a version of Arthur’s local trace formula for strongly cuspidal function (theorems 5.5.1 and 
5.5.2). The proof of these two theorems, which are really just slight variation around Arthur’s 
local trace formula, will appear elsewhere ([Beu2]). In section 6, we dehne the GGP triples, 
the multiplicity m(7r) and we show some estimates that will be needed in the proof of the 
main theorems. It is in section 7 that we prove theorem [31 We also show an analog theorem 
on the Lie algebra q{F) of G{F) and this allows us to dehne a distribution J'^*®(.) on the Lie 
algebra which is the analog of the distribution J(.). In section 8, we prove theorem [5l The 
purpose of section 9 is to prove the spectral expansion (theorem 0]). As we said the main 
ingredient in the proof is theorem O In section 10, we establish some ’’spectral” expansion 
for the Lie algebra analog More precisely, we express in terms of weighted 

orbital integrals of /, the Fourier transform of the function /. Section 11 contains the proofs 
of theorem 0] and theorem [21 As we said, these two theorems are proved together. The 
last section, section 12, is devoted to the proof of the main result of this paper (theorem 
[1]) following the outline given above. Finally, 1 collected in two appendices some dehnitions 
and results that are used throughout the text. Appendix A is concerned with locally convex 
topological vector spaces and particularly smooth and holomorphic maps taking values in 
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such spaces whereas appendix B contains some general estimates. 
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1 Preliminarities 

1.1 General notations and conventions 

Throughout this paper, we hx a held F which is either p-adic (i.e. a hnite extension of 
Qp) or R the held of real numbers. We denote by |.| the normalized absolute value on F 
i.e. for every Haar measure dx on F we have d{ax) = |a|(ix, for all a & F. We hx once 
and for all an algebraic closure F for F. We will also denote by |.| the unique extension 
of the absolute value to F. All varieties, schemes, algebraic groups will be assumed, unless 
otherwise specihed, to be dehned over F. Moreover we will identify any algebraic variety X 
dehned over F or F with its set of F-points. For G a locally compact separable group (for 
example the F-points of an algebraic groups dehned over F), we will usually denote by dig 
(resp. dRg) a left (resp. a right) Haar measure on G. If the group is unimodular then we 
will usually denote both by dg. Finally 5g will stand for the modular character of G that is 
dehned by dL{gg'~^) = dG{g')dLg for all g eG. 

We hx, until the end of section [5l a connected reductive group G over F. We denote by g 
its Lie algebra and by 


G X 0 0 

{g,X)^gXg-^ 

the adjoint action. A sentence like ’’Let P = MU be a parabolic subgroup of G” will mean 
as usual that P is dehned over F, U is its unipotent radical and that M is a Levi component 
of P dehned over F. We dehne an integer 6{G) by 

(5(G) = dim(G) - dim(T) 

where T is any maximal torus of G. It is also the dimension of any regular conjugacy class 

in G. 

Let us recall some of the usual objects attached to G. We shall denote by Zg the center of 
G and by Ag its split component. We dehne the real vector space 

Ag = Hom{X*{G),K) 

and its dual 

A*g = X*(G) ®R 

where X*{G) stands for the module of F-rational characters of G. We have a natural 
homomorphism 


Hg : G(F) ^ Ag 
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given by 


{x, Haig)) = log M9)\), geGiF), xeX*{G) 

Set Ag,f = Hg{G{F)) and Ag,f = Hg{Ag{F)). In the real case, we have Ag,f = Ag,f = 
Ag- In the j 9 -adic case, Ag,f and Ag,f are both lattices inside Ag- We also set Aq p = 
Hom{AG,F,‘2'n''Zi) and *4,^^ = F[om{AG,F,‘^T^'^)- In the p-adic case, Aq p and Aq p are 
this time lattices inside Aq whereas in the real case we have = Aq p = 0. We set 

Aq p = A*qIA^p and we identify iA*Q p with the group of unitary unramihed characters of 
G{F) by mean of the pairing {X^g) G iA*Q p x G{F) i-)- e^'^Gig))_ yy-g g^all also denote by 
Ag,c and Aq the complexihcations of Ag and Aq. 

Let P = MU be a parabolic subgroup of G. Of course, the previous constructions apply 
to M. We will denote by R{Am, P) the set of nonzero roots of Am in the Lie algebra of 
P. If iL is a maximal compact subgroup of G{F) which is special in the p-adic case, we 
have the Iwasawa decomposition G{F) = M{F)U{F)K. We may then choose maps mp : 
G{F) —)■ M{F), Up : G{F) —)■ U{F) and kp : G{F) —)■ K such that g = rnp{g)up{g)kp{g) 
for all g G G{F). We then extend the homomorphism Hm to a map Hp : G{F) —)■ Am by 
setting Hp{g) = HM{mp{g)). This extension depends of course on the maximal compact 
K but it restriction to P{F) doesn’t and is given by Hp{mu) = HMijn) for all m G M{F) 
and all u G U{F). By a Levi subgroup of G we mean a subgroup of G which is the 
Levi component of some parabolic subgroup of G. We will also use Arthur’s notations: if 
M is a levi subgroup of G, then we denote by V{M), C{M) and F{M) the finite sets of 
parabolic subgroups admitting M as a Levi component, of Levi subgroups containing M and 
of parabolic subgroups containing M respectively. If M C L are two Levi subgroups, we set 
Am = Am!A p. We have a canonical decomposition 

Am = Ap © Am 

and its dual 

Am = Ap © {A^') 

If H is an algebraic group, we shall denote by its neutral connected component. For 
X E G (resp. X G g), we denote by Zq{x) (resp. Zq{X)) the centralizer of x (resp. X) 
in G and by G^ = ZQ(xf (resp. Gx = Zq(X)^) the neutral component of the centralizer. 
Recall that if X G 0 is semi-simple then Zq(X) = Gx- We will denote by Ggs and Greg 
(resp. 0 SS and fhe subsets of semi-simple and regular semi-simple elements in G (resp. 
in g) respectively. For all subset A of G(F) (resp. of g(F’)), we will denote by Areg the 
intersection A fl Greg{F) (resp. A n Qreg{F)) and by 4ss the intersection A fl Gss{F) (resp. 
4ngss(F)). We will usually denote by T(G) a set of representatives for the conjugacy classes 
of maximal tori in G. Recall that a maximal torus T of G is said to be elliptic if Ap = Aq. 
Elliptic maximal tori always exist in the p-adic case but not necessarily in the real case. An 
element x G G{F) will be said to be elliptic if it belongs to some elliptic maximal torus 
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(in particular it is semi-simple). Similarly an element X G q{F) will be said to be elliptic 
if it belongs to the Lie algebra of some elliptic maximal torus. We will denote by G{F)eii 
and Q{F)eu the subsets of elliptic elements in G{F) and g{F) respectively. We will also set 
Greg{F)ell = G{F)ell fl Greg{F) and greg{F)ell = g{F)ell H greg{F). For all X G Gss{F) (resp. 
all X G we set 

D^{x) = |det(l - Ad(a;))| 0 / 0 j (resp. D^{X) = |det ad(X)|g/g^|) 

If a group F[ acst on a set X and A is a subset of X, we shall denote by NormniA) the 
normalizer of A in H. For all Levi subgroup M and all maximal torus T of G, we will denote 
by W{G,M) and W{G,T) the Weyl groups of M{F) and T{F) respectively, that is 

W{G,M) = NormGiF){M)/M{F) and W{G,T) = NormGiF){T)/T{F) 

If / is a function on either G{F) or q{F), for all g G G{F) we will denote by the 
function / o Ad{g). We shall denote by R and L the natural actions of G{F) on functions 
on G(F) given by right and left translation respectively. That is (R(q)f) ( 7 ) = fHa) and 
{L{g)f) ( 7 ) = /(^-^ 7 ) for all function / and all ^,7 G G{F). 

Assume that F = R. Then, we will denote by U{g) the envelopping algebra of g = g(C) 
and by Z{g) its center. The right and left actions of G{F) on smooth functions on G{F) 
of course extends to U{g). We still denote by R and L these actions. For 2 : G 2(g), we 
will simply set zf = R(z)f = L{z)f for all / G G°°(G(F)). We will also denote by S'(g) 
and >S'(g*) the symmetric algebras of g and g* respectively. We will identify >S'(g*) with 
the algebra of complex-valued polynomial functions on g and we will identify 5'(g) with the 
algebra of differential operators on g with constant coefficients. More precisely for u E S{g), 
we shall denote by d{u) the corresponding differential operator. We denote by /(g) and 
I(g*) the subalgebras of G-invariant elements in S'(g) and S'(g*) respectively.We will also 
need the algebra Diff(g) of differential operators with polynomial coefficients on g{F). We 
will denote by m 1 —)■ the unique C-algebra automorphism of both //(g) and S'(g) that sends 
every X G g to —X. We then have 



(R(u)fi) (g)f2(g)dg 



fi(g) (R(u*)f2) (g)dg, 


for all/i,/2GGr(G(F)),MG//(g) 



(d(u)f\) (X)UX)dX 



/i(X) (d(u*)f2)(X)dX, 


for all/i,/2GGr(g(F)),wG A(g) 


For all maximal torus T of G, the Harish-Chandra homomorphism provides us with an 
isomorphism 


Z{g) ~ 

Z Zt 
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where W{G(c,Tic) denotes the Weyl group of Tc in Assume that H \s a. connected 
reductive subgroup of G of the same rank as G, for example H can be a Levi subgroup 
or the connected centralizer of a semi-simple element. Let T C iL be a maximal torus. 
Since W{H<c,T<c) C ld^(Gc,Tc), the Harish-Chandra isomorphism for T induces an injective 
homomorphism 


Z(g) ^ Z(t)) 

Z I—^ Zff 

which is in fact independent of T and such that the extension 2(())/2(g) is hnite. Similarly, 
over the Lie algebra we have isomorphisms 

I(g*) ~ ^(r)^(Gc,Tc) jj'g) ^ 

p ^ Pt u ut 

The first one is just the ’’restriction to t” homomorphism, the second one may be deduced 
from the hrst one once we choose a G-equivariant isomorphism 0 — 0* (but it doesn’t depend 
on such a choice). As for the group, if iL is a connected reductive subgroup of G of the same 
rank as G, we deduce from these isomorphisms two injective homomorphisms 

j(0 *)^/(r) /(0)^/(i)) 

p ^ Ph u uh 

which are such that the extensions I{g*) and /(l))//(g) are hnite. Also the two isomor¬ 
phisms Z{g) ~ and /(g) ~ induces an isomorphism Z{g) ~ /(g) 

that we shall denote by 2 : e-)■ 

We will also adopt the following slightly imprecise but convenient notations. If / and g are 
positive functions on a set X, we will write 

f{x) g{x) for all a; G X 

and we will say that / is essentially bounded by g, if there exists a c > 0 such that 

f{x) ^ cg{x), for all a; G X 

We will also say that / and g are equivalent and we will write 

fix) rNJ g{x) for all a; G X 

if both / is essentially bounded by g and g is essentially bounded by /. 
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1.2 Reminder of norms on algebraic varieties 

We will make an heavy use of the notion of norm on varieties over local held introduced by 
Kottwitz in [Kott3]. Actually, we will use a slight variation of Kottwitz’s norms that is more 
convenient for us and that we will call log-norms because these are essentially logarithms of 
Kottwitz’s norms. For the convenience of the reader, we will recall here the dehnitions and 
main features of these log-norms. 

First, an abstract log-norm on a set X is just a real-valued function x e-)■ (t{x) on X such 
that crix) ^ 1, for all a; G X. For two abstract log-norms ai and a 2 on X, we will say that 
(72 dominates ai if 


(Ji{x) < 0 - 2 ( 0 ;) 

for all a; G X in which case we shall write ai <^ 0 ^ 2 . We will say that ai and 0^2 are equivalent 
if each of them dominates the other and in this case we will write ai ~ 0 ^ 2 . 

Let X be an affine algebraic variety over F and denote by 0(X) its ring of regular functions. 
Choosing a set of generators /i,..., /^ of the F-algebra 0(X), we can dehne an abstract 
log-norm ax on X by setting 

ax(x) = 1 -h log(maa;{l, |/i(a;)|,..., \fmix)\}) 

for all a; G X. The equivalence class of ax doesn’t depend on the choice of /i, ..., /^ and by 
a log-norm on X we will mean any abstract log-norm in this equivalence class. Note that if 
U is the principal Zariski open subset of X dehned by the non-vanishing of Q G 0{X), then 
we have 


au{x) ax{x) + log { 2 + \Q{x)\ 

for all X E U. 

More generally, let X be any algebraic variety over F. Choose a hnite covering of X 

by open affine subsets and £x log-norms af/. on Ui, i E F Then 

(Xx(x) = inf{(Tf/.(a;); i G / such that x E Ui} 

defines an abstract log-norm on X the equivalence class of which doesn’t depend on the 
various choices. An abstract log-norm in this equivalence class will be just called a log-norm 
on X. 

Let / : X —)■ K be a morphism of algebraic varieties over F and ay be a log-norm on Y, we 
define the abstract log-norm f*aY on X by 

fayix) = ayifix)) 

for all X E X. The following lemma will be used without further notice throughout the text 
(cf proposition 18.1(1)[Kott3]) 
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Lemma 1.2.1 Let ax be a log-norm on X. Then f*aY ax- If f is moreover a finite 
morphism (in partieular if it is a elosed immersion), then f*aY ~ ax- 

Let this time / : X —)■ F be a morphism of algebraic varieties over F and let ax be a log- 
norm on X (but we will only consider its restriction to X{F)). Dehne an abstract log-norm 
f,ax on Jm(X(F) ^ F(F)) by 


f*(^x{y) 


inf axix) 

xeX(F)-, f{x)=y 


Let (Ty be a log-norm on Y. By the previous lemma, f*ax dominates uy (as abstract log- 
norms on Im{X{F) Y{F))). We say that / as the norm descent property if ay and f*ax 
are equivalent as abstract log-norm on Im{X{F) —)■ Y{F)). Of course, if /*ay and ax are 
equivalent, then / has the norm descent property, and so this is the case in particular if / is 
hnite. We state here the basic facts we will be using regarding to the norm descent property 
(cf proposition 18.2 [Kott3]). 


Lemma 1.2.2 (i) The norm deseent property is loeal on the basis- In other word if f : 

X —)■ y is a morphism of algebraie varieties over F and is a finite covering by 

Zariski-open subsets of Y, then f has the norm deseent property if and only if all the 
fi : f~^{Ui) Ui, i E I, have the norm descent property- 

(ii) If f admits a section, then it has the norm descent property- 
We will also need the following nontrivial result (cf [Kott3] proposition 18.3). 


Proposition 1.2.1 Let G be a connected reductive group over F and T an F-subtorus of G 
then the morphism G —)■ T\G has the norm descent property. 

We will assume that all algebraic varieties X in this article (be they dehned over F or F) 
are equipped with a log-norm ax- Note that if X = P is a vector space over F, then we 
may take 


aviv) = log (2 -h |n|), v eV 

where |. | is a classical norm on V. We will usually assume that it is the case. Also, we will 
denote a^ simply by a and all closed subvarieties of G will be equipped with the log-norm 
obtain by restriction of a. Note that we have 

a(xg) < a(x) -L a{y) < a{x)a{y) 

for all x,y E G. It follows from the last proposition that we may assume, and we will 
throughout the paper, that we have 

( 1 ) aT\G(^) = inf cT(t^) 
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for all g G G{F). We will also need the following 

(2) For all maximal torus T C G, we have 

a{g-^Xg) + log (2 + D^{X)-^) ~ ag(X) + arxcig) + log (2 + D^{X)-^) 
for all X e treg{F) and all g G G{F). 

Indeed, this follows from lemma [T.2.II and the fact that the regular map T\G x heg —t Qreg, 
{g,X) i-G- g~^Xg is hnite. 

As we said, our log-norms are essentially the logarithm of Kottwitz’s norms. For G and its 
Lie algebra g, it will be convenient at some points to work with norms instead of log-norms. 
We therefore set 


IIsIIg = g€G 

IIA'II, = e’-W, A'6 0 

Let X be an algebraic variety over F on which a log-norm ax has been chosen. We will also 
use the following notations 

W [< G] := {x G X(F); ax{x) < G} 

X G] := {x G X(F); ax{x) ^ G} 

for all G > 0. We have the two following estimates. The hrst one is easy to prove and the 
second one is due to Harish-Chandra (cf theorem 9 p.37 of [Va]). 

(3) Let Id be a hnite dimensional F-vector space and Q be a polynomial function on 
V. Set V = {Q 7^ 0} and let coy C V he a relatively compact subset. Then, for 
all fc ^ 0, there exists 5 > 0 such that 

[ log(2 + |g(X)|-i)"dX<e" 

J V'[sge] Dcdy 

for all e > 0. 

(4) Let T C G be a maximal torus. Then, for all Aq > 0 there exists A > 0 such that 

[ \\9-'Xg\\-/dg « ||A'||-"» 

for all X G treg{F). 
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1.3 A useful lemma 

Fix a minimal parabolic subgroup Pmin = MminUmin of G and let Amin = Am^^ be the 
maximal split central subtorus of Mmin- Set 

^min ^ Amini^F^i |o!(u)| ^ 1 Vtt G RciciyAmini Pmin)} 

Let Q = MqUq be a parabolic subgroup containing Pmin, where Mq is the unique Levi 
component such that Mmin ^ Mq. For all 5 > 0, we dehne 

■= {« 6 Kin, |a(«)l > Va € Rac{A.nin, %)} 

Let Q be the parabolic subgroup opposite to Q with respect to Mq and denote by Uq its 
unipotent radical. 

Lemma 1.3.1 Let e > 0 and <5 > 0. Then, we have an inequality 

a(a) sup (a(g), a(a~^ga)) 

for all a E A^^{6) and all g E G{F)\ [Q [< e(T(a)] oUq [< e(j(a)] a~^). 

Proof: Let us set 


= W{G,Mmrn), = W{MQ,Mm^n) 


for the Weyl groups of Mmin in G and Mq respectively. We will need the following: 


(1) G= IJ QUqw 
wew^Q\wG 

Let Pmin = MminUmin be the parabolic subgroup opposite to Pmin with respect to Mmin- 
We have PminUmin ^ QUq. So, in order to prove (1), it is clearly sufficient to establish that 


G PminUminK! 


This follows from the Bruhat decomposition 


G 


U 


P wU 

^ min 'AJ min 


and the fact that PminWUmin P PminUminW, for all w E . 

Fix a set W C of representatives of the left cosets such that 1 G W. Set 

Uw = QUqw for all w E W. These are affine open subsets of G that are all naturally 
isomorphic to Q x Uq. For all w E W, we may dehne a log-norm a^j on lAw by 


(2) a^iiquw) = sup{(T(g), (t(u)} 
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for all g G Q and all u G Uq. By (1) the family is a Zariski open cover of G and so 

we have 


(3) (y{.g) inf{(T^(g); tc G W snch that g G 

for all g E G. 

Obviously we may assume that e as small as we want: if we replace e by another positive 
constant e' < e then the assertion of the proposition becomes stronger. Moreover, the 
following is easy to see 

(4) If e is sufficiently small (depending on 5), there exists a bounded subset Gq C Q 
such that 


a ^Q[< €a{a)~\a C GqMq{F) 

for all a G 

Henceforth, we will assume e sufficiently small so that it satisfies (4). For all tc G W and all 
c > 0, let us set 


Gw[< c] = {g e a^ig) < c} 

Let us now show the following 

(5) Let w G W. Then we have 

a{a~^ga) ~ (T^(a“^ga) 
for all a G 9 ^ ^w[< ea{a)]. 

By (4) we have 

a~^Unj[< ea{a)]a C GqMq{F)Uq{F)w 

for all a G A^^{ 6 ) and a and are equivalent on GqMq{F)Uq{F)w . The point (5) follows. 
By (3), we have an inequality 


a(a) < a{g) 

for all a G Amin and all g G G\\J^^y^Uw[< ea{a)]. Combining this with (5), we see that 
to get the inequality of the proposition it is now sufficient to establish the two following 
inequalities 

(6) We have 


a(a) (Ti(a ^ga) 


22 



for all a G A2^^(6) and all g eUi[< e(T(a)]\ [Q [< ea{a)] aUq [< €a{a)] a~^). 

and 

(7) If e is sufficiently small, then for all tc G W such that tc 7^ 1, we have an inequality 

a{a) a^{a~^ga) 
for all a G and all g G Uyj[< ea{a)]. 

Proving (6) is easy using the dehnition of the log-norm ai and the fact that 


Wi[< ea(a)]\ (Q [< ea{a)] aUq [< ea{a)] a C Q{F) [Uq{F)\aUq [< ea{a)] a 

Let us prove (7). Fix w E W such that tc 7^ 1. For all g = quw G Uw with q E Q, u E Uq 
and for all a E Amin, we have 

a~^ga = a~^qw{a) (w{a)~^uw{a)) w 
Here a~^qw{a) E Q and w{a)~^uw{a) E Uq. Thus by (2), we have 

<^w ^ a [a~^qw{a)) 

For all c > 0, we have Uw[< c] = Q[< c\Uq[< c\w. Consequently, to prove (7) it is sufficient 
to establish the following 

(8) If e is sufficiently small,we have 

a{a) a (a~^qw{a)) 

for all a E A^^{S) and all q E Q[< ea{a)]. 

We have an inequality 


for aW q E Q. Hence, we have 


%(9)l < 


\HQ{w{a))-Hq{a)\-\Hq{q)\ ^ |%(n;(a)) - + 77^® 

= \Hq{a~^qw{a))\ 
a [a~^qw{a)) 

for all a G Amin and all g G Q- Consequently, (8) follows from 



Set Amin = aiid ^min = Denote by A C R{Amin, Pmin) the subset of simple 

roots and by C Amin, A C A*mm the corresponding sets of simple coroots and simple 
weights respectively. The coroot and coweight associated to a G A will be denoted by a'^ 
and zua respectively. Set Ag = A fl R{Amin, Uq)- We have 

{xD ni, a, Hminifl^') 

for all a G Ag and all a G Amin- Consequently, to prove (9) it is sufficient to show 
(10) There exists a G Ag such that 


< 7 (^( 1 ^ (zUci, Hmini^^) ( 1 ( 7 ( 0 ))) 

for all a G ^2)^(5). 

Let w = Sqj ... Sdf, be a minimal decomposition of w in distinct simple reflections with 
ttj G A for all i. Let X G Amin- The following formula is easy to establish by induction 

k 

X - w{X) = {a() 

i=\ 

So that if a G A, we have 

k 

{Wa,X - W{X)) = '^{ai,X){zUa,Sai - . . (ct)')) 

i=l 

Remark that {zUa, Sai - - - Sai_i{o:'^)) ^ 0 for all 1 ^ i ^ k. Consequently, if A G v4,A„, 
meaning that (o;, X) ^ 0 for all a G A, then we have 

{Wa,X - W{X)) ^ {ai,X){Wa,Sai - - - 

for all 1 ^ i ^ A;. Since w ^ there exists i such that a* G Ag. Let i be the minimal 

such index and set a = Ui. By the above, we have 

(w„, X -w{X)) ^ (a, X){a^)) 
for all X G APn- Since 7 ^ a for 1 ^ j ^ i — 1, we have 

(zUa-i . . . Scn_i (cr )) (cOo, Oi ') 1 

So hnally 


{w^,X-w{X)) ^ (a. A) 

for all A G Amm- Now (10) follows immediately since by dehnition of Am^{S), we have 


(tt, Hmin(^(k)') ^ (5(j(o) 

for all a G aJ^+(5). ■ 
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1.4 Usual functions spaces 

Let X be a locally compact Hausdorff totally disconnected topological space and let M be a 
real smooth manifold. In this paper the adjective smooth will have two meanings: a function 
from X to a topological vector space E is smooth if it is locally constant whereas a function 
from M to & topological space E is smooth if it is weakly C°° in the sense of appendix IA.3I 
We shall denote by C°°{X) and C°°{M) the spaces of all smooth complex-valued functions 
on X and M respectively and by C“(X), C^{M) the subspaces of compactly-supported 
functions. We equip C^{M) and C°°{M) with their usual locally convex topology. If M is 
countable at inhnity, C°°{M) is a Frechet space whereas C^{M) is a LF space. We endow 
C“(X) with its hnest locally convex topology. If X admits a countable basis of open subsets, 
C“(X) is also a LF space (since it admits a countable basis). Restrictions to compact-open 
subsets induces an isomorphism 


C°°(X) ~ 1^C'“(X) 

wehre /C runs through the compact-open subsets of X. We shall endow C°°{X) with the 
projective limit topology relative to this isomorphism. We also denote by Dif the 

space of all smooth differential operators on M which are globally of hnite order and by 
Dif A; G IN, the subspace of smooth differential operators of order less than k. 

Dif carries a natural locally convex topology and if M is countable at inhnity, it is a 

Frechet space. We endow Dif f^{M) with the direct limit topology relative to the natural 
isomorphism 


=limDz//-(M) 

k 

(so that if M is countable at inhnity, Dif f°°{M) is a LF space). We denote by V'{M) and 
V\X) the topological duals of C^{M) and C^{X) respectively and we call them the spaces 
of distributions on M and X respectively. If we have hxed a regular Borel measure dm on 
M (resp. dx on X), then for all locally integrable function E on M (resp. on X), we will 
denote by Tp the associated distribution on M (resp. on X) i.e. we have 

{TpJ)=[ E{m)f{m)dm, f E C^{M) 

J M 

fresp. (Tf . /) = ^ F{x)f(x)dx, f € C,”(A') j 

Let V he a. hnite dimensional F-vector space. Then, for all / G C°°{y) and all A G F^, we 
will denote by f\ the function dehned by 

f\{v) = /(A"^n), V eV 


25 




We extend this action of to the space of distributions V'iV) by setting {Tx, f) = 
IA|dim(^)^2"^for all T G V'(y), all / G C'^iV) and all A G . Moreover, we will 
say that a distribution T EViV) is homogeneous of degree d if 


Tx = \X\-^T 

for all A G 

We will also need the Schwartz spaces iS(g(F)) and S{G{F)). If F is p-adic, we have 
5(g(F)) = C'r(0(^)) and 5(G(F)) = C^{G{F)). Assume that F = R. Then, 5(g(F)) is 
the space of all functions / G C°°(g(F)) such that 

qN,u{f) = sup ||A||f \{d{u)f) (X)| < cx) 

Xeg{F) 

for all ^ 1 and all u G S'(g). We endow iS(g(F)) with the topology dehned by the semi¬ 
norms qN,u, for all ^ 1 and all u E S{q). It is a Frechet space. The natural inclusion 
C“(g(F)) C iS(g(F)) is continuous with dense image. We will say that a distribution T 
on g{F) is tempered if it extends to a continuous linear form on iS(g(F)). We denote by 
iS'(g(F)) the space of tempered distributions on g{F). 

Similarly, we dehne S{G{F)) to be the space of all functions / G G°°{G{F)) such that 

qN,u,vif) = sup ||a:|lG \iL{u)R{v)f) (a;)| < cx) 

x£G{F) 

for all A^ ^ 1 and all u,v E W(g). We endow S{G{F)) with the topology dehned by the 
semi-norms qN,u,v, for all A^ ^ 1 and all u,v E W(g). It is also a Frechet space. 

Assume that a non-degenerate symmetric bilinear form B and a measure have been hxed on 
q{F) (this will be done in subsection II.6p . Then we dehne the Fourier transform on S{q{F)) 
by 


/(A) = / Y))dY, f E S{g{F)),X E g{F) 

JgiF) 

and we extend this dehnition to tempered distributions by setting 

(f, /) = (T, /) 

for all T G S'{g{F)) and all / G iS(g(F)). In the real case there exists two isomorphisms 
S'(g) ~ *S'(g*), u HG- Pu, and *S'(g*) ~ 5'(g), p hg- Up, such that 

d{u)T = puT and pT = d{up)T 

for all T E iS'(g(F)), all u E S{g) and all p E 5'(g*). Note that if B is chosen to be G- 
invariant, then these isomorphisms restrict to give isomorphisms /(g) ~ /(0*) and I{g*) — 

lid)- 
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1.5 Harish-Chandra-Schwartz space 

We will denote by the Harish-Chandra function. Let us recall its definition. Let Pmin be a 
minimal parabolic subgroup of G and let K he & maximal compact subgroup of G{F) which 
is special in the p-adic case. Then we have G{F) = Fmin{F)K (Iwasawa decomposition). 
Consider the (smooth normalized) induced representation (cf subsection 12.3p 

(1)“ - {e e C“(G(F)); e(pg) = ti„(p)‘Ge(g) Vp e P„UF),9>^ G(F)} 
that we equip with the scalar product 

(e,e')=/ e{k)e'{k)dk, e, e'e Jl)°° 

JK 

Let ck G (1)°° be the unique function such that exik) = 1 for all k ^ K. Then the 
Harish-Chandra function is defined by 

= {ipmiA^^9)eK,eK) , g e G{F) 

Of course, the function depends on the various choices we made, but this doesn’t matter 
because different choices would yield equivalent functions and the function will only be 
used to give estimates. The next proposition summarizes the main properties of the function 
that we will need. We indicate references for these after the statement. 

Proposition 1.5.1 (i) Set 

= {me M^in{F)] \a{m)\ ^ 1 Vo G Fmin)} 

Then, there exists d > 0 such that 


for all m G M+.„. 

(a) Let : G{F) Mmin{F) be any map such that g G mp^^^{g)Umin{F)K for all 

g G G{F). Then, there exists d > 0 such that 

^^{g) < SPrmA^Prmn{g)y^^(^{g)'^ 

for all g G G{F). 

(Hi) Let F = MU he a parabolic subgroup that contains F^in. Let mp : G{F) —)■ M{F) be 
any map such that g G mp{g)U{F)K for all g G G{F). Then, we have 
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= [ Sp{mp{kg)Y^^E^{mp{kg))dk 

JK 

for all g E G{F). 

(iv) Let P = MU he a parabolic subgroup of G. Then, for all d > 0, there exists d' > 0 
such that 


5p{mY^‘^ / E^{mu)a{mu) du {m)a{m) 

Ju{F) 


for all m E M{F). 

(v) There exists d > 0 such that the integral 


lG{F) 


‘^dg 


is convergent. 

(vi) (Doubling principle) We have the eguality 


:G 


{gikg2) = E^{gi)E^{g2) 


'K 


for all gi,g 2 E G{F). 


Proof: ...■ 

Using the function we can define the Harish-Chandra-Schwartz space C{G{F)) as follows. 
For all function / E G{G{F)) and all d G R, we set 


If F is j9-adic then 


pAf) ■■= sup \ng)\3°(g)-G(gr 

aeaiF) 


C(G(F)) = lJCi.,(G(f)) 

K' 

where K' runs through the open-compact subgroups of G{F) and Ck'{G{,F)) is the space of 
functions f E G {K'\G{F)/K') such that Pd{f) < oo for all d > 0. We endow the spaces 
Ck'{G{F)) with the topology defined by the semi-norms {pd)d>o- These are Frechet spaces 
and we equip C(G(F)) with the direct limit topology. Thus C(G(F)) is a LF space in this 
case. 

If F = R then C(G(F)) is by dehnition the space of all / G G°°(G(F)) such that 



Pu,vAf) ■= Pd{R{u)L{v)f) < OO 

for all d > 0 and all u,v E U{q). We equip C{G{F)) with the topology dehned by the 
semi-norms Pu,v,d) for all u,v E U{q) and all d > 0. In this case, C(G(F)) is a Frechet space. 

We now dehne what we will call the weak Harish-Chandra-Schwartz space C^(G(F)). Again, 
its dehnition differs in the p-adic and the real case. 

If F is p-adic, we have 


C”'(G(F)) = 1JCa-(G(F)) 

K' 

here again K' runs through the open-compact subgroups of G{F) and 

Cl,(G(F)) = Uc;".,_,(G(F)) 

d>0 

where C^, JJG{F)) denotes the space of functions f E G {K'\G{F)/K') such that P-d{f) < 
OO. Equipped with the norm p_rf, C^, ^{G{F)) is a Banach space. We endow C^,{G{F)) and 
C"'(G(F)) with the direct limit topologies. These are LF spaces. We will also set 

C?(G(F)) = 1JC?,,,(G(F)) 

K' 

and we will equip this space with the direct limit topology. It is also a LF space. 

If F = R, we have 


c”-(g(f)) = 1Jc(g(f)) 

d>0 

where C^{G{F)) denotes the space of functions / E G°°{G{F)) such that 

Pu,v-d{f) := P-d{R{u)L{v)f) < OO 

for all u,v eU{q). We equip C^(G(F)) with the topology dehned by the semi-norms pu,v-di 
for all u,v E U{q). It is a Frechet space. Finally, we endow C^{G{F)) with the direct limit 
topology so that it becomes a LF space. 

The natural inclusion C{G{F)) C C'^{G{F)) is continuous in any case and we have the 
following 


(1) C{G{F)) is dense in C"'(G(F)). 

Indeed, we may even prove that C“(G(F)) is dense in C^{G{F)). For all t > 0, denote by 
Kt the characteristic function of {g E G{F)] a{g) < t}. Let ip E G^{G{F)) be any positive 
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function such that / (p{g)dg = 1 and set ipt = ip * Ht * for all t > 0. Then we leave to 
Jg{f) 

the reader the task to prove that for all / G C'^{G{F)) we have 

lim iftf = f 

t^OO 

in C'^{G{F)). This proves the claim. 

We end this subsection with a lemma that will be useful for us. The second part of this 

lemma gives a criterion for a function taking values in C'^{G{F)) to be smooth. 

Lemma 1.5.1 (i) Let d> 0 and let v be a continuous semi-norm on C^{G{F)). Then 

(a) In the p-adic case, for all ipi,ip 2 G Gf^{G{F)), there exists a continuous semi-norm 

on Cf{G{F)) such that 

u {R{ipi)L{(p2)R{gi)L{g2)f) ^ iy^,^^,{f)E^{gi)E^{g2)a{giYa{g2Y 

for all f G Cf{G{F)) and all gi,g 2 G G{F). 

(b) In the real case, there exists k^O (which depends on v) such that for all ‘Pi,ip 2 G 

G^{G{F)), there exists a continuous semi-norm on Cf{G{F)) such that 

V {R{^i)L{^2)R{gi)L{g2)f) ^ v^^,^^{f)'EF{gi)'EP{g2)a{giYa{g2Y 
for all f G C'f{G{F)) and all gi, g 2 G G{F). 

(a) Let V be a real vector space and let ip :V x G{F) <C be a function such that 

(a) In the p-adic case: for all g G G{F) the function A G fo p){\,g) is smooth 
and there exists a compact-open subgroup K' of G{F) such that for all \ E V the 
function ip {\,.) is K'-biinvariant. 

(b) In the real case: for all \ E V, the function g E G{F) i—)■ (p{\,g) is smooth and 
for all u,v E U{q) and all g E G{F) the function A G fo e-)■ {R{u)L{y)(p) {\,g) is 
smooth. 

(c) In the p-adic case: for all differential operator with constant coefficients D E SiV), 
there exist two constants G,d > 0 such that 

liDp,) i\,g)\^GE^ig)aigY 
for all g E G{F) and all X E V. 
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(d) In the real case: for all differential operator with constant coefficients D G 

there exists d > 0 such that for all u,v E W(g) there a positive continuous function 
Cu,v{-) on V such that 

\{DR{u)L{vM{\,g)\ i C„(X)S°{gHg)‘‘ 
for all g G G{F) and all X E V. 

Then, the man A i-G- ip(\,.) takes value in C^iGiF)) and defines a smooth function 
from V to C^{G{F)). 

Proof: 


(i) We will only prove (b), the proof of (a) being similar and easier. We may assume with¬ 
out lost of generality that z/ = Pu,v,-d for some u,v G W(g). Set k = max (deg(M), deg(n)). 
Then, we have 


ly {R{ipi)L{ip2)R{gi)L{g2)f) = P-d {R {uipf) L {vip2) R{gi)L{g2)f) 

for all G Gf{G{F)), all gi,g2 E G{F) and all / G Cf(G(F)), where uipi and Vip2 

stand for L{u)ipi and L{v)ip 2 respectively. Hence, we may assume that z/ = p_d. Let 
(pi,(p 2 G Gc{G{F)). Then, we have 


iR{Ti)L{T 2 )R{gi)L{g 2 )f) (g) = / Ti{ 7 i)T 2 { 72 )f {g 2 S 2 ^^ 71 ^ 1 ) d-fid-f 2 

Jg{F)xG{F) 

for all / G Cf{G{F)) and all g,gi,g2 £ G{F). Since a{xy) -C a{x)a{y) for all x,y E 
G{F), it follows that 


m^,)L{^2)R{gi)L{g2)f) (^)|« 

P-d{f)(T{gY(T{giya{g 2 y / lv?i(7i)l \T 2 {i 2 )\tP {gf^if^giigi) a(72)'^cT(7i)'^d7id72 

Jg{F)xG(F) 

for all / G Cf{G{F)) and all g,gi,g 2 £ G{F). Moreover, by the doubling principle 
fproposition ll.S.lT viH. we have 


Ig{F)xG{F) 


lv?i(7i)l \T2{,12)\TP (c/2 S 2 ^^ 71 ^ 1 ) (T{.l2Y(T{.liYd-iid^2 < S^(c/)H^(^i)S^(c/2) 


for all g,gi,g 2 G G{F). So finally, we get 
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p-d {R{(pi)L{(p2)R{gi)L{g2)f) < p_rf(/)S^(^i)S^(^ 2 )f^(^i)"'cT(^ 2 )"' 

for all / G C^{G{F)) and all gi,g 2 G G{F) and this ends the proof of (i). 

(ii) Assnme hrst that F is p-adic. Let K' be as in (a). Then the condition (c) implies that 
for all /c ^ 0 there exists d > 0 snch that A i—)■ .) dehnes a strongly G^ map from 

V to Cf j^,{G{F)) and the resnlt follows. 

Assnme now that F = R. Then, by the condition (d), for all u G U{q) and for all 
D G S{V) the fnnction 

{\,g)eVxG{F)^{DR{u))p{\,g) 

is locally bonnded. It follows that p is smooth (as a fnnction on R x G{F)). In 
particular, for all u,v E U{q) and all D G SiV), we have 

DR{u)L{v)(p = R{u)L{v)Dlp 

Let A; ^ 0 be an integer. It now follows from (d) that there exists d > 0 such that 
{D(p) (A,.) G C^{G{F)) for all A G R and all D G S{V) of degree less than k. From 
this we easily deduce, using (d) again, that the map A i—)■ (/^(A,.) dehnes a strongly G^ 
map from V to C^(G(F)). The result follows. ■ 

1.6 Measures 

We hx once and for all a continuous non-trivial additive character : F —)■ and we equip 
F with the autodual Haar measure with respect to We also hx a Haar measure d^t on 
F^ to be \t\~^dt where dt is the Haar measure on F that we just hxed. 

Fix a G(F)-invariant nondegenerate bilinear form B on g(F). If F = R, we choose B so 
that for all maximal compact subgroup K of G{F) the restriction of B to {(F) is negative 
dehnite and the restriction to {(F)-*- (the orthogonal of {(F) with respect to B) is positive 
dehnite. We endow 0 (F) with the autodual measure with respect to F, it is the only Haar 
measure dX on 0 (F) such that the Fourier transform 

f{Y) = [ (F(X, F)) dX, / G 5(0(F)) 

JaiF) 

satishes f{X) = f{—X). We equip G{F) with the unique Haar measure such that the 
exponential map has a Jacobian equal to 1 at the origin. Similarly, for every algebraic 
subgroup F of G such that the restriction of F(.,.) to 1)(F) is non-degenerate, we equip f)(F) 
with the autodual measure with respect to B and we lift this measure to H{F) by mean of 
the exponential map. This hxes for example the Haar measures on the Levi subgroups of G 
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as well as on the maximal subtori of G. For other subgoups of G{F), for example unipotent 
radicals of parabolic subgroups of G, we £x an arbitrary Haar measue on the Lie algebra 
and we lift it to the group, again using the exponential map. 

For all Levi subgroup M of G, we equip Am and iA\j with Haar measures as follows. In 
the real case we choose any measures whereas the p-adic case, we choose the unique Haar 
measures such that meas {^m/Am,f^ = 1 and meas {iA\i/iAF]^ p^ = 1 . 

Let T be a maximal subtorus of G. Besides the Haar measure dt that has been hxed above 
on T{F), we will need another Haar measure that we shall denote by dct. First, we dehne a 
Haar measure dc® on At{F) as follows. If F is p-adic, it is the unique Haar measure such 
that the maximal compact subgroup of At{F) is of measure 1. In the real case, dcO is the 
unique Haar measure such that the surjective homomorphism Ht : At{F) —)■ At is locally 
measure preserving (note that At coincide with Am for a certain Levi subgroup M so that 
a Haar measure has already been hxed on At)- Finally, in both cases dA is the unique Haar 
measure on T{F) such that the quotient measure dct/dca gives T{F)/At{F) the measure 1. 
To avoid confusions, we shall only use the Haar measure dt but we need to introduce the 
only factor i^(T) > 0 such that dA = i>iT)dt. 

Denote by NU^q) the set of nilpotent orbits in q{F). Let O G Nil(g). Then, for all 
X ^ O the bilinear map (Y, Z) i-G- B(Y,[X,Z]) descents to a non-degenerate symplectic 
form on g{F)/gx{Y) that is the tangent space of at X. This dehnes on a structure 
of symplectic F-analytic manifold. Using the Haar measure on F, this equipped O with a 
natural ’’autodual” measure. This measure is obviously G(F)-invariant. 

The following considerations will be useful for section [TU] only. Let U be a subspace of g. 
Even if V is not dehned over F we can talk of Haar measures on V: these are elements 
of A™“'^U\{0} modulo multiplication by an element of norm 1 in F. Assume that a Haar 
measure fiy has been hxed on V (for example one of the measures that we hxed above). 
There is a natural notion of dual Haar measure py on V*: it is the unique Haar measure 
on V* such that the image of py <8 py by the natural pairing —)■ F is of 

norm 1. Let U"*- be the orthogonal of V with respect to B. Then, we may associate to py 
a Haar measure py on as follows. Using the form B we have a natural isomorphism 
^ p^maxy* ^ pmaxy^^ Then py is the unique Haar measure on V-^ such that via 
this isomorphism we have Pg = Py <8 Py (modulo a scalar of norm 1) where pg denotes the 
autodual Haar measure on g that we hxed above. If V is dehned over F, we have the formula 

(1) f /(u)dpy(u) = [ /(u^)dpy(u^) 

JV{F) Jv^{F) 

for all / G iS(g(F)). We easily check that 

(2) (p^)^ = py 

Also, if we have a decomposition g = Vi © V 2 and two Haar measures py^, fiv2 ^1 V 2 
such that 
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then we also have the equality 


hg — hVi ® ^^V2 


(3) /ig = 0 

relative to the decomposition g = © V^. 

Finally, suppose that V and W are subspaces of g and that T : V ^ W is a bijective 
linear map. Then T induces an isomorphism —)■ and if av is a Haar 

measure on V then we will denote by T^av the image of av by this isomorphism (a measure 
on W). Remark that if R = hF then T*av = |det(T)|Ay. 

1.7 Orbital integrals and their Fourier transforms 

For X G Greg{,F) (resp. X G Qreg{.F)), we dehne the normalized orbital integral at x (resp. 
at X) by 


Ja(x,f) = D°(x)'/^ f(g-'xg)dg, f£C(G(F)) 

Jg^(f)\g(f) 

(resp. Ja(X, f) = [ f{g-KXg)dg, f € S(b(F))) 

JGx(F)\G(F) 

the integral being absolutely convergent for all / G C(G(F)) (resp. for all / G iS(g(F))). 
This dehnes a tempered distribution Jg{x,.) (resp. Jg{X,.)) on G{F) (resp. on g(R)). 
For all / G C{G{F)) (resp. / G iS(g(F))), the function x G Greg{F) Jg{x, f) (resp. 
X G gregiF) I—)■ Jg{X, /)) is locally bounded on G{F) (resp. on g(R)). 

Similarly, for O G Nil{g), we dehne the orbital integral on O by 

Mf) = [ f{X)dX, f G S{g{F)) 

Jo 

We have 


(1) Mh) = |A|'““<°>/Vo(/) 

for all O G Nil{g) and all A G (recall that f\{X) = f{X~^X)). Denote by Nilreg{g) the 
subset of regular nilpotent orbits in g(F). This set is empty unless G is quasi-split in which 
case we have dim(C>) = S{G) for all O G Nilreg{g)- By the above equality, the distributions 
Jo for O G Nilregig) homogeueous of degree 5{G)/2 — dim(g). This characterizes the 

distributions Jo-, O E Nilreg{g), among the invariant distributions supported in the nilpotent 
cone. More precisely, we have 

(2) Any invariant distribution on g(F) which is homogeneous of degree 
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5{G)/2 — dim(g) and supported in the nilpotent cone is a linear combination of 
the distributions Jo, O E Nilregid)- 

This follows from lemma 3.3 of [HCDS] in the p-adic case and from corollary 3.9 of [BV] in 
the real case (there is a sign error in this last reference, n — a should be replaced by a — n 
and the inequality a ^ should be replaced by a ^ ^^)- 

According to Harish-Chandra, there exists an unique smooth function j on Qreg{,F) x Qreg{,F) 
which is locally integrable on q{F) x g{F) such that 

Jg{xJ)= [ J{X,Y)f{Y)dY 
JsiF) 

for all X G Qreg{F) and all / G S{g{F)). We have the following control on the size of j: 

(3) The function (X, Y) G greg{F) x greg{F) i—)■ D^{YyFj(^x, Y) is globally bounded. 

cf theorem 7.7 and lemma 7.9 of [HCDS] in the p-adic case and proposition 9 p.ll2 of [Va] 
in the real case. We will need the following property regarding to the non-vanishing of the 
function j 

(4) Assume that G admits elliptic maximal tori. Then, for all Y G greg{F) there 
exists X G greg{,F)eii such that j{X, Y) ^ 0. 

In the p-adic case, this follows from theorem 9.1 and lemma 9.6 of [HCDS] whereas in the 
real case, it is a consequence of theorem 4 p.l04 and theorem 11 p.l26 of [Va]. 

Similarly, for any nilpotent orbit O G Nil(g), there exists a smooth function j(0,.) on 
greg{F) which is locally integrable on g{F) such that 

Jo{f)= [ 7{0,X)f{X)dX 

■h{F) 

for all / G iS(0(F)). We know that the function .) is locally bounded on g{F) 

(theorem 6.1 of [HCDS] in the p-adic case and theorem 17 p.63 of [Va] in the real case). By 
(1), the functions j{0, .) satisfy the following homogeneity property 

(5) j(0,AX) = |A|-''‘“(^)/2j(A0,X) 

for all O G Nil{g), all X G greg{F) and all A G F^ . Recall also that for all nilpotent orbit 
O G Nil{g), we have \0 = O for all A G 

1.8 Spaces of conjugacy classes 

If 77 is a connected algebraic group dehned over F, we will denote by r(77) the set of 
semi-simple conjugacy classes in H{F). Thus, we have a natural projection 
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HUF)^T{H) 

and we endow T{H) with the quotient topology. Then, T{H) is Hausdorff and locally com¬ 
pact. Moreover for every connected algebraic group H' over F and every embedding H' H 
the induced map T{H') —)■ T{H) is continuous and proper. We dehne similarly the space 
r(l)) of semi-simple conjugacy classes in 1)(F). This space satisfies similar properties. 

We will denote by Teii{G) and Treg{G) (resp. reii( 0 ) and rreg( 0 )) the subsets of elliptic and 
regular conjugacy classes in r(G) (resp. in r(g)) respectively. The subset rezz(G) (resp. 
rezz( 0 )) is closed in r(G) (resp. in r( 0 )) whereas Treg{G) (resp. ^£ 3 ( 0 )) is an open subset 
of r(G) (resp. of r(g)). Let T{G) be a set of representatives for the conjugacy classes of 
maximal tori in G. We equip r(G) and r(g) with the unique regular Borel measures such 
that 



(pi{x)dx 


= 5^ |H''(G,r)|-‘ 

TeTiG) 



It{f) 


(pi{t)dt 


't(F) 


MX)dX 


for all If I G Cc(r(G)) and all f 2 £ C'c(r(g)). We have the Weyl integration formula 


[ fig)dg= [ D^{xyFjGixJ)dx fresp. [ fiX)dX= [ D«(X)'/Vg(X,/) dX 

Jg(f) Jr{G) \ JsiF) Jr{s) 

for all / G S{G{F)) (resp. for all / G iS(g(F))). We deduce from this and the local 
boundedness of normalized orbital integrals the following fact 

(1) the function x 1 —)■ D^(x)~^F (resp. X 1 —)■ D'^(X)~^F'\ jg locally integrable on 
G{F) (resp. on g(F)). 

We dehne an abstract norm ||.||r(0) on r(g) as follows. Fix a set of tori T(G) as above. Then, 
we dehne ||.||r( 0 ) by 

||X||r„| = mf 1 + |A"|, A€r( 8 ) 

where the inhmum is taken over the set of X' G UTer(G) that belong to the conjugacy 
class of X. We will need the two following estimates 


(2) For all A; ^ 0 and for all iV > 0 sufficiently large, the integral 



log(2+CqA')-')‘||A||-"<iA 
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is absolutely convergent. 

(3) Assume that F = R. Then, for all > 0, there exists a continuous semi-norm 
z/^r on iS(g(F)) such that 

\Jg{XJ)\ ^ MmxWrl',) 

for all / G 5(0(F)). 

We say that an element x G G{F) is anisotropic if it is regular semi-simple and Gx{F) is 
compact. We will denote by G{F)ani the subset of anisotropic elements and by ra„j(G') the 
set of anisotropic conjugacy classes in G{F). We equip with the quotient topology 

relative to the natural projection G{F)ani ra„j(G). Let Tani{G) be a set of representatives 
for the G'(F)-conjugacy classes of maximal anisotropic tori of G (a torus T is anisotropic if 
T(F) is compact). We equip ra„j(G) with the quotient topology and we endow it with the 
unique regular Borel measure such that 

f ip(x)ih^ Y. \W(a,T)\-'v{T) f ^{t)dt 

Jrar,i{G) Jt{F) 

for all ip G GciTaniiG)), where the factor z^(T) have been dehned in subsection 11.61 Note 
that if Ag 7 ^ 1 then ra„j(G) = 0. 


1.9 (G, M)-families 

Let M be a Levi subgroup of G and V a locally convex topological vector space. A (G, M)- 
family with values in R is a family {cp)p^'p(M) of smooth functions on iA\j taking values 
in V such that for all adjacent parabolic subgroups P, P' G V{M), the functions cp and cp/ 
coincide on the hyperplane supporting the wall that separates the positive chambers for P 
and P'. Arthur associates to any (G, M)-family {cp)pgp{m) (taking values in V) an element 
Cm of V as follows. The function 

cm{X) = cp{\)9p(X) 

P&V{M) 

where 


0p(A) = meas ^ JJ A(a''), P G V{M) 

oeAp 

extends to a smooth function on iA*M and we have cm = cm(0). Here, Ap denotes the set of 
simple roots of Am in P, Ap denotes the corresponding set of simple coroots and for every 
a G Ap we have denoted by a'^ the corresponding simple coroot. For all P G V{M), Arthur 
also constructs an element Cp G V from the (G, M)-family {cp)p^p(^M)- This element is the 
value at A = 0 of the function 
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c'p(A) = 

PCQ 

where the sum is over the parabolic subgroups Q = LqUq containing P, 6q is defined as 
above, \q denotes the projection of A onto iA\ , and 

^(A) = meas (a^m/J. ^ JJ K'^1) 

where this time Ap denotes the set of simple roots of Am in P fl Lg, Ap denotes the 
corresponding set of simple coweights and for every a G Ap we have denoted by the 
corresponding simple coweight. 

Let L G C{M) and Q = LqUq G P'(L). Starting from a (G, M)-family {cp)p^p(^M), we can 
construct a (Lg, L)-family (cpjpgp^Q^P^ as follows: for all R G V^^{L) and all A G iA*p^ 

we set Cp(A) = cp(A) where P is any parabolic subgroup in P(M) such that P C Q{R) = 
RUq. Applying the previous formal procedure to this new (Lg, L)-family, we obtain an 
element Cp G V. We will usually simply set cp = Cp. Remark that using the (G, L)-families 
(cq)qgp(l), L G P(M), we may define as above elements Cg G V for all Q G P(M). 

Assume now that V is equipped with a continuous multiplication V xV ^ V making it into 
a C-algebra. Starting from two (G, M)-famihes {cp)p^p(M) and {dp)pQp(M) we may form 
they product {{cd)p)p^p(^M), given by {cd)p = cpdp, which is again a (G, M)-family. We 
have the following splitting formulas (cf lemma 17.4 and lemma 17.6 of [A3]) 


and 


( 1 ) {cd)M = 

Q&T{M) 


( 2 ) (cd)M — d^{Li, L2 )c^ d^ 

Li,L2GC(M) 

where in the second formula Qi G P(Li), Q 2 G V{L 2 ) are parabolic subgroups that depend 
on the choice of a point X G Am in general position and d‘^{Li,L 2 ) is a non-negative real 
number that is nonzero if and only if Ap_^ © Ap^ = Am- Moreover, we have d^{G,M) = 
d^{M,G) = 1. Starting from only one (G, M)-family, we also have the following descent 
formula (cf lemma 17.5 of [A3]) 

(3) cp = d^{L,L)c^ 

l'gc(m) 

A (G, M)-orthogonal set is a family (Yp)p^p(^M) of points in Am such that for all adjacent 
parabolic subgroups P, P' G V{M) there exists a real number rp^pi such that Yp — Ypi = 
rp^pia'^, where a is the unique root of Am that is positive for P and negative for P'. If 
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moreover we have rp^pi ^ 0 for all adjacent P,P' G V{M), then we say that the family is 
positive. Obviously, if iYp)p^p(^M} is a (G, M)-orthogonal set, then the family {cp)p^p(^M} 
dehned by cp(A) = is a (G, M)-family. If the family {Yp)p^p(M) is positive then there 

is an easy interpretation for the number cm'- it is the volume in of the convex hull of 
the set {Yp, P G P{M)}. 

1.10 Weighted orbital integral 

Let M be a Levi subgroup of G. Choose a maximal compact subgroup K of G{F) that is 
special in the p-adic case. Recall that using K, we may construct for every P G V{M) a 
map 


Hp : G(F) —)■ Am 

(cf subsection II.ip . For every g G G(F), the family {Hp{g))p^p(M) is a positive {G,M)- 
orthogonal set. Hence, it dehnes a (G, M)-family {yp{g, .))p^p{m) and the number VM^g) 
associated to this (G, M)-family is just the volume in A^ of the convex hull of the Hp{g), 
P G V{M). The function g i-G- VM{g) is obviously invariant on the left by M{F) and on the 
right by K. 

Let X G M{F) fl Greg{F). Then, for / G C(G(F)), we dehne the weighted orbital integral of 
f at X to be 


JM{x,f) = D^{xY/^ [ f{g ^xg)vM{g)dg 

JG^(F)\GiF) 

(note that the above expression is well-dehned since Gx C M). The integral above is abso¬ 
lutely convergent and this dehnes a tempered distribution Jm{x, .) on G{F). More generally, 
we have seen in the last section how to associate to the (G, M)-family {vp{g, .))pe'P{M) com¬ 
plex numbers v^{g) for all L G C{M) and all Q G F{L). This allows us to dehne tempered 
distributions Jp{x ,.) on G{F) for all L G C{M) and all Q G F{L) by setting 

jf(xJ) = D°(x)^/A f{s-^xg)vf(g)dg, feC{G(F)) 

Jg^{f)\g{f) 

The functions x G M{F) fl Greg{F) i—)■ Jp{x, f) are easily seen to be M(F)-invariant. 

Let X G m(F) n0reg(-^)- We dehne similarly weighted orbital integrals Jp{X ,.), L G C{M), 
Q G F{L). These are tempered distributions on q{F) given by 

J?(X, /) = D°(xy'^ [ f(s-"Xg)v2(g)dg, f £ S(0(F)) 

JGxiF)\G{F) 

When Q = G, we will simply set Jp (X, /) = Jl{X, /). For all L G C{M) and all Q G F{L), 
we have an inequality Vp{g) crM\G{g) for ah g G G{F). Using [L2f 21 and ll.2r 4j. we easily 
deduce the following 
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(1) Assume that F = R. Then, there exists /c ^ 0 such that for all ^ 0 there exists 
a continuous semi-norm on S{g{F)) such that 

J^iX, /)| ^ !.„(/) log (2 + £>°(A')-')‘ IIA'Ilf" 
for all / e S(s{F)). 

We will need the following lemma regarding to the behavior of weighted orbital integrals 
under the action of invariant differential operators (cf proposition 11.1 and lemma 12.4 of 

[A6]). 

Lemma 1.10.1 Assume that F = R and let T C M be a maximal torus. Then, we have 

(i) For all f G C(G(F)) the function x G Treg{F) i—)■ JM{x,f) is smooth and for all 

z G 2{g), there exists smooth differential operators on T^eg^F) for all L G 

C{M)\{M} such that 

Jm{x, zf) - ztJm{x, /) = zl)Jl{.x, f) 

LeC{M) 

Lj^M 

for all f G C{G{F)) and all z G Treg{F). 

(a) For all f G iS(g(F)) the function X G treg{F) i—)■ JM{X,f) is smooth and for all 

u G I{g), there exists smooth differential operators on ireg{F) for all L G 

C{M)\{M} such that 

.JM{X,d{u)f)-d{uT)JM{X,f)= Y, d’f,{X,UL)JL{X,f) 

L&C{M) 

L^M 

for all f G iS( 0 (F)) and all X G treg{F). 

2 Representations 

2.1 Smooth representations, Elliptic regularity 

Recall that a continuous representation of G{F) is a pair (tt, 14) where 14 is a locally convex 
topological vector space and n : G{F) —)■ G/(14) is a morphism such that the resulting action 

G{F) X 14 ^ 14 

{g,v) ^ 7r{g)v 

is continuous. If 14 is complete or even quasi-complete, we get an action of (Fc(G(F)), *) 
on 14 given by 
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f{g)n{g)vdg, f e Cc{G{F)),v e 

Jg(f) 

A vector w G K- is said to be smooth if the orbit map 

'yv: g e G{F) h- 7r{g)v e K 

is smooth (i.e. it is locally constant in the p-adic case and weakly inhnitely differentiable 
in the real case). We will denote by the subspace of smooth vectors. This subspace is 
G(F)-invariant and, if F = R, it carries a natural action of U{q). These two actions will 
be denoted by 7r°° or even by tt is there is no risk of confusion. For all / G G^{G{F)), the 
image of 7 r(/) is included in V^. A continuous representation (tt, W) is said to be smooth 

if w = KT- 

Let (tt, W) be a smooth representation of G{F). In the p-adic case we always have 

7r{G^{G{F)))V^ = W 

In the real case it is not always true. By a theorem of Dixmier-Malliavin ([DM]), it is at least 
true when 14 is a Frechet space. For example C(G(F)) is a smooth Frechet representation 
of G(F) for the action given by left translation. Hence, we have a factorization 

(1) C(G(F)) = G:°(G(F))*C(G(F)) 

where * denotes the convolution operator. Assume that F = R and let H be an algebraic 
subgroup of G. Fix a basis Xi,..., Xh of I)(F) and set 

The differential operator R{Ah) on H{F) is elliptic. Hence, by elliptic regularity (cf lemma 
3.7 of [BK]), for all integer m such that 2m > dim{H), there exists a function (pi G 
^2m-dim{H)-i aud a functiou (p2 G C^{H{F)) such that 

( 2 ) (fi * -\r (f2 = 

where (5i denotes the Dirac distribution at the identity and is viewed as a distribution 
supported at the origin. It follows in particular that for all smooth representation (tt, 14) of 
G(F), we have 

7r(<pi)7r(A^) + 7r((p2) = Idy^ 
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2.2 Unitary and tempered representations 

Recall that a unitary representation of G{F) is a continuous representation (tt, 71^,) of G{F) 
on a Hilbert space T-Lt^ such that for all g G G{F) the operator TT{g) is unitary. A unitary 
representation ( tt , 'Htt) is irreducible if is nonzero and has no nontrivial closed G{F)- 
invariant subspace. We will only consider unitary representations that are of hnite length. 
Such representations are hnite direct sums of irreducible unitary representations. To avoid 
multiple repetitions of the words ’’hnite length” we will henceforth say ’’unitary represen¬ 
tation” to mean ’’unitary representation of hnite length”. There is an action of iAQ on 
unitary representations given by (A, tt ) tta where tta acts on the same space as n and 
'^ a (5') = for all g G G{F). We will denote by iAq^ the stabilizer of tt for this 

action. Remark that we always have iA^ p C iA^ ^ C iA^ p. For ( tt , Tin) an unitary repre¬ 
sentation, we will denote by (W,'Hn) the complex-conjugate representation which identihes 
naturally (using the scalar product on to the dual representation. 

Let us hx a compact maximal subgroup K of G{F). We will denote by K the set of equiv¬ 
alence classes of irreducible representations of K. For p E K, we will denote by d{p) its 
dimension. For ( tt , a unitary representation of G{F) and p E K, we will denote by 
Tinip) the p-isotypic component of Every irreducible unitary representation {n^T-LAj of 
G{F) is admissible in the sense that 


dim'Hjr(p) < oo 

for all p E K. In the real case, we even have 

(1) dim'H^(p) ^ d{p)^ 

for all p E K. Still in the real case, let us choose a basis Xi,... ^Xn of 6(1R) such that 
B{Xi, Xj) = —Sij for i, j = ^, ■ ■ ■ ,n (recall that we choose the bilinear form B such that R|f 
is negative dehnite) and set = 1 — Xf — ... — X^ EU{t). Then, Ak is in the center Z{V) 
of U (6) and doesn’t depend on the basis chosen. It follows that for all p E K, Ak acts by a 
scalar c(p) on the space of p. We always have c(p) ^ 1 and there exists k ^ 1 such that the 
sum 


p&K 

converges absolutely. Moreover, there exists £ ^ 1 such that d{p) ^ c{pY for all p E K. 
Hence the sum 

J2d{pYc{p)-^ 

peK 

is convergent for k sufficiently large. By (1), it follows that for k ^ 1 sufficiently large there 
exists Gk > 0 such that 
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(2) ^c(p) ''dim'H^(p) < Cfc 

peK 

for all unitary irreducible representation (vr, "H^) of G{F). 

Let (vr, I-Lt,) be a unitary representation. We endow the subspace of smooth vectors 
with its own locally convex topology which is defined as follows. In the p-adic case, is 
equipped with its hnest locally convex topology. If F = R, we endow with the topology 
dehned by the semi-norms 


l|e|U = ||7r°°(M)e||, 

for all u EU{g), where ||.|| is the norm derived from the scalar product on In this case, 
is a Frechet space. A vector e G is smooth if and only if it is smooth for the iF-action. 
Moreover, if F = R, the semi-norms ||.||„, u G U{t), already generate the topology on 
More precisely, the topology on is generated by the family of semi-norms (||.||a" )nS !0 
and we have ||.||a»" ^ ll•llA" for m < n. 

We will denote by 7^“°° the topological dual of which following our convention of ap¬ 
pendix!^ is equipped with the strong topology (in the p-adic case this is just the algebraic 
dual of with the weak topology on it) and by 7r“°° the natural representation of G{F) 
on that space. It is a continuous representation. The scalar product on 1-1^, gives a natural 
embedding C and we have 

^-oo ^cr{G{F)))H-^ 

(we even have an equality by Dixmier-Malliavin). We will always use the slight abuse of 
notation of denoting by tt, vf, and 7r“°° both the representations and the spaces on which 
these representations act. Also, we will always denote by (.,.) the scalar product on a given 
unitary representation (linear in the first variable) and by ||.|| the induced norm. 

Let again tt be a unitary representation of G{F). Then we will denote by End{'K) the space 
of continuous endomorphisms of the space of vr. It is naturally a Banach space for the 
operator-norm 


|||T||| = sup ||Te||, T G End^ii) 

Moreover Endln) is a continuous representation of G{F) x G{F) for the action given by left 
and right translations. We will denote by End{TT)°° the subspace of smooth vectors and we 
will equip it with its own locally convex topology as follows. In the p-adic case we endow 
this space with its hnest locally convex topology whereas in the real case we equip it with 
the topology dehned by the semi-norms 

III^IIL,^ = llk(«)^7r(n)|||, G W(fl),r G Fnd(7r)°° 
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in which case it is a Frechet space. Once again, the topology on End{7r)°° is generated 
by the semi-norms (|||.|||^n a'* III-IIIa’" A"* ^ IIMIIa" A" m ^ n. Every 

T G End{TT)°° is traceable and for all / G C^{G{E)), the operator 7r(/) belongs to End{TT)°°. 
Moreover, by Harish-Chandra, there exists a smooth function on Greg{F) which is locally 
integrable on G{E) such that 


Trace{7i{f)) = [ 0^{g)f{g)dg 

Jg(f) 

for all / G 0^(G(F)). We call 9.„ the character of tt. 

We have a natural embedding 7r°° <8) 7r°° C End{'K)°° which sends e® e' io the operator T^^e' 
given by 


Co G vr !-)■ (eo, e')e 

In the p-adic case, we even have an equality End{7r)°° = <8) 7r°° whereas in the real case 

7 r°° 0 7r°° is only a dense subspace of End{n)°° and we have End{'K)°° = 'K°°®pTT°° where 0p 
denotes the projective topological tensor product (cf appendix lA.Sp . It is easy to infer from 
this description that any T G End{'K)°° extends to a continuous linear map T : 7r“°° 7r°°, 

the extension being necessarily unique since 7r°° is dense in This induces a natural 

linear map 


End{7i)°° —)■ H, 7i°°) 

which is continuous, where we equip H om{7i~°°, 7i°°) with the strong topology. 

We will say that a unitary representation tt is tempered if for all e, e' G 7r°° we have an 
inequality 


(3) |(7r(p)e,e')|«S«(p) 

for all g G G{E). This inequality extends to End{7r)°° in the sense that for all T G End{n)°°, 
we have an inequality 


(4) |Trace(7r(p)T)|«H^(p) 

for all g G G{E). If F = R and vr is moreover irreducible, we actually have a more precise 
inequality. Indeed, there exists n ^ 0 and G > 0 such that for all irreducible tempered 
representation tt and for all T G End{F)°°, we have 

(5) \Trace{7r{g)T)\ ^ 
for all g G G{E). In particular, we have 

(6) |(7r(p)e,e')| ^ ^“^(c/jllellA-||e'||A- 
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for all e, e' G 7r°° and all g G G{F) (still assuming that vr is an irreducible tempered repre¬ 
sentation). 

Twists by unitary characters preserve tempered representations. We will denote by Temp{G) 
the set of isomorphism classes of irreducible tempered representations. If vr is a tempered 
representation, then we may extend the action of G^{G{F)) on n°° to an action of C{G{F)) 
by setting 


(7r(/)e,e') = / /(^)(7r(^)e, e')d^ 

Jg{f) 

for all e, e' G C{G{F)) and all / G C{G{F)). Note that the vector n{f)v a priori belongs to 
7 r“°° (in the real case this follows from (6)), the fact that it actually belongs to 7r°° follows 
from the factorization 12.If f). This factorization also implies that we have vr(/) G End{'K)°° 
for all / G C{G{F)). In the real case, it is easy to infer from (5) that there exists a continuous 
semi-norm v on C{G{F)) such that 

(7) lk(/)e|| < i/(/)|le|| 

for all tempered representation tt of G{F), all e G vr and all / G C{G{F)). 

Let TT be an irreducible unitary representation of G{F). By Schur lemma Z{G){F) acts by 
an unitary character on tt. We call it the central character of vr and we denote it by We 
say that an irreducible unitary representation tt is square-integrable if for all e, e' G vr the 
function 


geGiF)/AGiF)^\in{g)e,e')\ 

is square-integrable. We will denote by 112(G) the set of isomorphism classes of square- 
integrable representations of G{F). Square-integrable representations are obviously pre¬ 
served by unramified twists. We will denote by Ii 2 {G)/iA*G p the set of orbits for this action. 
For TT G 112 (G), we define the formal degree d{'K) of tt to be the only positive real number 
such that 


/ (7r(^)eo,eo)(ei,7r(^)e'i)d^ = d(7r) ^(cq, e'i)(ei, e'o) 

Jg{f)/Ag{f) 

for all eo,eQ,ei,e'i G vr. Square-integrable representations are tempered, hence we have an 
inclusion 112(G) ^ Temp{G). 

Assume now that F = R. Let n G Temp{G). Recall that 2{g) denotes the center of 
the enveloping algebra U(g). By Schur lemma, Z{g) acts by a character on 7i°°. This is 
the inhnitesimal character of vr. We will denote it by Xn- R is convenient to introduce a 
norm vr i—)■ N^{7r) on Temp{G) as follows. Fix a maximal torus T <Z G. We have the 
Harish-Chandra isomorphism 


Z{g) ~ 
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Hence, the set of characters of 2{g) gets identihed with Tc). Fix an hermitian 

norm |.| on t* which is fF(Gc,Tc)-invariant. Then, we set 

N^{7i) = 1 + Ix^l 

for all TT G TempiG). Note that although the dehnition of N^{ti) depends on some choices, 
two different choices would give two norms that are equivalent. Since the norm N^{.) will 
only be used for estimates purpose, the precise choices involved in its dehnition won’t really 
matter and we will always assume implicitly that such choices have been made. We extend 
the norm to all tempered representations by 

TT = TTi © ... © TTfc H- N'^{7r) = max (iV‘^(7ri),..., N^{7rk)) 

where tti, ..., are irreducible tempered representations of G{F) (recall that all our unitary 
representations have hnite length). Later, we will need the following inequality 

(8) There exists an integer k ^ 1 such that 

d{n) < 

for all TT G n 2 (G). 


2.3 Parabolic induction 

Let P = MU be a parabolic subgroup of G and a a tempered of M{F). We extend a to 
a representation of P{F) trivial on U{F). We will denote by ip(o') the unitary parabolic 
induction of a. It is a tempered representation of G{F). The space on which ip(a) acts may 
be described as the completion of the space of continuous functions e : G{F) —)■ a satisfying 
e{mug) = 5p{mY^‘^a{m)e{g) for all m G M{F), u G U{F) and g G G{F) for the topology 
dehned by the scalar product 


(e,e')= [ {e{g),e'{g))dg 

JP{F)\G{F) 

The action of G{F) is given by right translation. The smooth subspace of ip(o') 

is exactly the space of smooth functions e : G{F) satisfying the equality e{mug) = 

5p{mY^'^a{m)ip{g) for all m G M{F), u G U{F) and g G G{F). The isomorphism class of 
ip((T) only depends on M and a and not on P. When we only consider this representation 
modulo isomorphism, we will denote it by i^(cr). 

If F = R, recall that in the previous section we constructed a norm on the set of 
(isomorphism classes of) tempered representations of G{F). Of course, this construction 
also applies to M and yields a norm on Temp{M). It is not hard to see that we may 
choose in such a way that 


46 



( 1 ) N%%{a)) = {a) 


for all a G Temp{M). 

Let K he a. maximal compact subgroup of G{F) that is special in the p-adic case. By the 
Iwasawa decomposition, restriction to K defines a iL-equivariant isomorphism between ip (a) 
and ixpi^Kp)) where Kp = K P{F) and axp denotes the restriction of a to Kp. This 
isomorphism restricts to an isomorphism of topological vector spaces ip{a)°° ~ '^Kpi'^Kp)°°- 
Note that if A G then {(J\)kp = ctkp- Hence we get topological isomorphisms ~ 

for all A G iAlj. 

Lemma 2.3.1 (i) For all tempered representation tt of G{F), the linear map 

Tr^ : End{Ti)°^ ^ C^{G{F)) 


T i-G- (p I—)■ Trace{n{g)T)) 


is continuous. 

(a) Let P = MU he a parabolic subgroup of G and a G n2(M). Let K be a maximal 
compact subgroup of G{F) which is special in the p-adic case. Set tik = '^pni 4 '(r’'|PnA') 
and TTx = ipicTx) for all A G iA^. Consider the isomorphism Tiff ~ Tiff, A G iA%j, 
given by restriction to K as an identification. Then the map 

iA*M Hom{End{TiKT,C^{G{F))) 


A H- 


is smooth. 

Proof: (i) follows from l2.2f 5L We prove (ii). Let us denote by the scalar product on 
tik given by 


(e, e') = f {e{k), e'{k))dk 
Jk 

(where the scalar product inside the integral is the scalar product on a). Using this 
scalar product we have an inclusion Tiff 0 Tiff C End{TiK)°° which induces an identihca- 
tion End{TiK)°° = Hence, bv lA.Sf lL it suffices to show that for all e, e' G the 

map 

A G iA*j^ !-)■ (p i-G- {Tix{g)e,e')) G C"'(G(F)) 
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is smooth. Fix two vectors e,e' G tt^ and set 


^{^, 9 ) = (7rA(^)e,e') 

for all g G G{F) and all A G iA\i. We are going to apply lemma fT.S.lf ii) to this fnnction 
ip. We need to check the varions hypothesis of this lemma. The condition (a) in the p-adic 
case, is obvions. Let ns show that, in the real case, the condition (b) holds. Let eU^q). 
Then, we have 


(2) {R{u)L{y)ip) (A, g) = {'Kx{g)T^\{u)e, '7i\{y)e') 
for all A G iA\j and all g G G{F) and it snffices to show that the two maps 

(3) A G iA^ H- 'Kx{g)T^\{u)e G vr^ 

(4) A G iA\^ H- 7rA(n)e' G 

are smooth. Denote by t"*- the orthogonal of 6 in 0 for the form B{.,.). Fix a basis Xi,, Xk 
of t(R) snch that B{Xi, Xj) = —for h j = 1,..., A: and £x a basis Yi,..., of 
snch that i?(Yj, Yj) = for i, j = 1 ,... ,p. Set 

XK = l-Xl-...-XlEU{t) 

Xg = ^k-Y^-...-Y^E U{q) 

Using elliptic regnlarity fl2.1f 2U. we easily see that the smoothness of (3) and (4) follows 
from the following claim 

(5) For all / G C'c(G'(F)), the maps 

A G iA*M ^ e End{'K’^) 

A G iA*M i-t T^xU) e End{7iK) 

are smooth. 

The difference Gq = is in the center Z{g) of U{g) and the map 

A G iA*]^ 

is easily seen to be smooth. This shows the hrst point of (5) since the map A G iA^^ 
71 x{Ak) = TiKi^Yx) is constant. For the second point, we hrst notice that 

( 6 ) TTxif) = [ f{9)mxig)Mg)dg 

Jg{f) 
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for all A G where m\{g) is the operator that multiply a function cq G vr^ by the 

function 


keK^ e^^’^Akg)) 

where Hp : G{F) —)■ Am is the extension of Hm to G{F) associated to K. The function 
g G G{F) I—)■ Hp{g) is easily seen to be smooth. It follows that the map A G iA%j e-)■ m\{g) G 
End{7i’^) is smooth and its derivatives are easy to compute. By (6) and the general theorem 
of differentiation under the integral sign, we deduce that the map A G iA%j e-)■ 7i\{f) is 
smooth. This ends the proof of (5). 

Next we need to check the conditions (c) (in the p-adic case) and (d) (in the real case) of 
lemma [T. 5. 11 Let D = d{Xi)... d{Xn) where Ai,..., A„ G iAl^. In the real case, by what we 
just saw, the functions A i—)■ 7ix{u)e and A i-G- 7rA(n)e' are smooth for all u,v E U{q). Hence, in 
both the p-adic and the real case it suffices to show the existence of a continuous semi-norm 
v on TT^ such that 


(7) |T>A(vrA(p)eo,ei)| ^ v{eo)v{ei)'EP{g)(T{gY 
for all A G iA*^^ all g G G{F) and all Cq, ei G tt^. We have 


(7rA(5')eo, ei) = f 6p{mp{kg)Y/‘^ (a {mp{kg)) cq {kp{kg )), ei(/c)) dk 

Jk 

for all A G iA*j^, all g G G{F), all eo,ei G tt^ and where mp : G{F) —)■ M{F) is as before 
and kp : G{F) -E- K is any map such that g G mp{g)U{F)kp{g) for all g G G{F). It follows 
that 


T>A(vrA(p)eo,ei) = / ^M{mp{kg)))e^^’^^^'^^^’'^^'^^6p{mp{kg)Y^‘^ 

^ i=i 

(cr {mp{kg)) Cq {kp{kg )), ei(fc)) dk 

for all A G iA*f^, all g G G{F) and all Cq, ei G vr^. Obviously we have an inequality 

n 

JJ \{XpHM{mp{kg)))\ < a(p)" 

i=\ 

for all g G G{F) and all k E K. Hence, 


|T>A(vrA( 5 ')eo,ei)| < ^(p)" [ 6p{mp{kg)y^'^\{a {mp{kg)) eo{kp{kg)) ,ei{k))\dk 

Jk 

for all A G iA\j, all g E G{F) and all cq, ei G vr^. By I2.2f 3) and I2.2f 6) there exists 
a continuous semi-norm i/g. on a°° such that |(cr(m)noWi)| ^ (m) for all 

UoWi £ 0"°° and all m E M{F). It follows that 
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|L>A(7rA(5')eo,ei)| < sup (eo(fc))] sup (ei(/c))] [ 6p{mp{kg)y^‘^E^{mp{kg))dk 

keK keK Jk 

= sup K(eo(fc))] sup [i/^(ei(/c))] 'E^{g)a{gY 

k&K k&K 

for all A G all g G G{F) and all eo,ei G vr^, where in the last equality we used 

proposition 11.5.iT iiih By the standard Sobolev inequality the semi-norm 

e sup [z/o- (e(/c))] 

k&K 

is continuous on vr^. This proves (7) and ends the proof of the lemma. ■ 

2.4 Normalized intertwining operators 

Let M be a Levi subgroup of G, a be a tempered representation of M{F) and fix K a 
maximal compact subgroup of G{F) which is special in the p-adic case. The dehnition 
of the representations P G V{M), actually still makes sense for any A G 

(although these are not anymore unitary representations in general). Moreover, restriction 
to K still induces iL-equivariant isomorphisms ~ for all A G and 

all P G V{M) (recall that Kp = P{F) nK). 

Let P = MU, P' = MU' G V{M). For Re{X) in a certain open cone, the expression 

{Jp'\p{(Tx)e) (g) := / e{u'g)du' 

J {U{F)r\U'(F))\U'{F) 

is absolutely convergent for all e G i^{(Tx)°° and dehnes a G(F)-equivariant continuous linear 
map 


Jpi\p{o'x) : ip(crA)°° ^ *%(o'a)°° 

Via the isomorphisms i^{ax)^ — 'iKpi^Kp)°° and i%{(Jx) — ^Kp,{'^Kp,)°°-, we can view the 
map A I—)■ Jp'|p(aA) as taking values in Horn {iKp{^Kp)°°■,iKpX^Kpi)°°^ the space of con¬ 
tinuous linear maps between iKpi.^Kp)°° and iKpX^Kp,)°°■ This function admits a mero- 
morphic continuation to Let P = MU G V{M) be the parabolic subgroup opposite 

to P = MU. Assume that the Haar measures du and du on U{F) and U{F) have been 
normalized so that dg = dp{m)~^dudmdu where dg and dm denotes the Haar measures on 
dg and dm respectively. Then the meromorphic function A i—)■ j{(Tx) = Jp\pi.^X)JT\p{^X) is 
scalar-valued and doesn’t depend on the choice of P. Moreover this function takes on iA\j 
positive real values (including cxd). We will need the following: 

(1) Assume that P = R. Then, there exists an integer k ^ 1 such that 
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for all a G Temp{M). 

We can also define normalized intertwining operators. They are constructed as follows. We 
introduce complex-valued meromorphic functions A i-G rpi\p{a\), for all P,P' G V{M), such 
that if we set 


Rp'\p{o'x) — rpi^p{ax) ^Jp'ip(o'a), P, G P(M), A G c 

these operators satisfy the conditions (R1)-(R8) of the section 2 of [AS]. The most important 
conditions for us will be the following: 

(2) i?p//|p/((TA)i?p'|p(o'A) = Rp>/\p{ax) for all P,P',P" G P{M); 

(3) A I—)■ i?p/|p((TA) is holomorphic on iA*j^; 

(4) For all A G iA*j^ and all P', P G V{M), Rp'\p{<Jx) is unitary; 

(5) If A G iA^, then Rpi\p{a\) = Rp'\p{o')x via the natural isomorphisms ip{<Jx) — *p(<^)a 
and i%{ax) ^ i%{cr)x; 

(6) For P,P' G V{M), \i Q = MqUq denotes the parabolic subgroup generated by P and 
P' then i?p'|p(o-A) = iq {Rp'nMQ\pnMQ{.(^x)) via the isomorphisms of induction by stages 

i^{ax) ^ (*mMQ(^A)) and i%{ax) ^ (vnMQ(^A)); 

(7) For all G G(F) and all P, P' G V{M),we]iSiYe Rgpig-i\gPg-i{gag~^) = Api{g)Rpi\p{a)Ap{g)~^ 
where Ap{g) is the isomorphism ip(o-) ~ i'^pg-i{9'^9~^) given by (Ap( 5 f)e)( 7 ) = e{g~^'y) 

(and Api{g) is dehned similarly). 

(8) Assume that P = R. Then, for all P, P' G V{M) and for all differential operator with 
constant coefficients D on iA*]^, there exists k,r ^ 1 such that 

\\DxRp'\p{ax)e\\ ^ ||i^(aA, A^)e||A^^(aA)^ 
for all a G Temp{M), all A G iAl^ and all e G ip(o'A)°°. 

(the last condition follows from lemma 2.1 of [AS]) 
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2.5 Weighted characters 

We keep the notations and assumptions of the previous section : M is a Levi subgroup of G, 
a a tempered representation of M{F) and K a maximal compact subgroup of G{F) that is 
special in the p-adic case. Fix P G V{M). For all P' G V{M), we may consider the function 
TZpi{a, P) on iA\j defined by 


TZpf{X^a,P) — Rpj\p{a) ^Rpi\p{(Jx) 

The family (Jlp/{a, P))p,^p(^j^-^ is a (G, M)-family taking values in End{i^^{aKp)°°)- Fol¬ 
lowing Arthur, we may associate to this family operators 7l^{a,P) in End{i^^{aKp)°°) for 
all L G C{M) and all Q G R{L) (cf subsection II.9p . Then for all / G C{G{F)) all L G C{M) 
and all Q G .F(L), we set 


= Tracein^ia, P)i${a, f)) 


The trace is well-defined in the p-adic case since then fp(cr,/) is a finite rank operator. 
To see that it is also well-defined in the real case, we may proceed as follows: by the 
factorization 12.If f) and by linearity, we may assume that / = /i * /2 where /i G G^{G{F)) 
and /2 G C{G{F)). Then P)ip{a, fi) extends continuously to an endomorphism of 

ip{cr) and since i${a, f 2 ) is traceable so is 7^p(cr, P)ip{a, f) = P)ip{a, fi)ip{cr, / 2 ). 


This defines a family of tempered distributions 



L,Q 


on G{F) which doesn’t depend 


on P but depends on K and the way we normalized the intertwining operators. Note that 
if L = Q = G, this reduces to the usual character, that is 


= Trace{7^(a, f)) 


G 


for all / G C(G(F)). 


Lemma 2.5.1 Assume F = R. Let L G C{M) and Q G fF{L). Then, for all k ^ 0, there 
exists a continuous semi-norm Vk on C{G{F)) such that 




\-k 


for all a G Temp{M). 


Proof: For all z ^ Z{g), we have 

for all a G Temp{M) and all / G C{G{F)). Moreover, there exist zi,...,Zn G 2{g) such 
that 
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for all a G Temp{M). Consequently, we only need to show the following 


(1) There exists k ^ 0 and a continuous semi-norm i> on C{G{F)) such that 


for all a G Temp{M) and all / G C{G{F)). 


It follows from l2.4f 8i that we may hnd two integers k 0 and r ^ 0 such that 

for all a G Temp{M) and all e G ip{a)°°. 

Let a G Temp{M) and / G C{G{F)). For all p & K, let us £x an orthonormal basis Bp{a) 
of ip{o'){p) (the p isotypic component of ip(cr)). Then, for all integer £ ^ 1, we have 




= \Trace P)i^{aJ))\ 

^ \{nM{(T,P)i%{(Tj)e,e)\ 

p&Ke&Bp(a) 

peif eGBp(o-) 
p&ke&Bp(a) 


By I2.2f 7). there exists a continuous semi-norm on C{G{F)) which doesn’t depend on a 
and such that the sum above is bounded by 


pfzke&Bpia) 

and bv I2.2f 2). if i is sufficiently large the sum above is absolutely convergent and bounded 
by a constant independent of a. This shows (1) and ends the proof of the lemma. ■ 


2.6 Matricial Paley-Wiener theorem and Plancherel-Harish-Chandra 
theorem 

Let us define Xtemp{G) to be the set of isomorphism classes of tempered representations of 
G{F) which are of the form i^(cr) where M is a Levi subgroup of G and a G 112 (M) is 
a square-integrable representation. According to Harish-Chandra two such representations 
i%{cr) and are isomorphic if and only if the pairs (M, a) and (M', a') are conjugated 

under G{F). Let At be a set of representatives for the conjugacy classes of Levi subgroups 
of G. Then, Xtemp{G) is naturally a quotient of 
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^temp(G)= U U ^ 

M£M oen2(M)/iA*^ p 

which has a natural structure of real smooth manifold since each orbit O G {112 (M)} is a 
quotient of iA\j ^ by a hnite subgroup hence is naturally a real smooth manifold. We equip 
^temp{G) with the quotient topology. Note that the connected components of Xt^mpiG) 
are then image of unramified classes O G (112 (M)}, M G Wl. The following is due to 
Harish-Chandra (cf theorem VIII. 1.2 of [Wa2]) 

(1) If F is p-adic, then for all compact-open subgroup K C G{F) the set 

(tt G Xtemp{G)] 7^ 0} 

is relatively compact in Xtemp{G) (i.e. is contained in the union of a finite number 
of components). 

Let V be a locally convex topological vector space. We will say of a function / : XtempiG) —?• 
V that it is smooth if the pullback of / to Xtemp{G) is a smooth function. We will denote 
by G°°{Xtemp{G), V) the space of smooth functions on Xtemp{G) taking values in V. We will 
also simply set G°°{Xtemp{G)) = G°°{Xtemp{G), C). 

We dehne a regular Borel measure dir on Xtemp{G) by requesting that 


/ ^{7i)d7i= \W{G,M)\ ^ Y W ^ ^{'i${ax))dX 

JXtempiG) M&M 0&n2(M)/iAlf p Aa%i p 

for all (p G Gc{Xtemp{G))^ where for all M G we have fixed P G V{M) and for all 
O G {112 (M)} we have fixed a base-point a G O. 

For all TT = i^(cr) G Xtemp{G), we set //(vr) = d{a)j{a)~^. This quantity really only depends 
on TT since another pair yielding vr, where M' is a Levi subgroup and a' G n 2 (M'), 

is G(F)-conjugated to {M,a). 

Assume that F = R. Recall that we defined in subsection 12.21 a norm on the set of 
(isomorphism classes of) tempered representations of G{F). By I2.2f 8i. I2.4f 11 and l2.3f lL 
there exists k ^ 0 such that /i(vr) for all tt G Xtemp{G). The following basic 

estimate will be used several times: 


(2) There exists an integer k ^ 1 such that the integral 



(G) 


N^{7l)-^dTl 


is absolutely convergent. 
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We are now going to define a space of functions C°°(JYternp(G), £(G)). The elements of that 
space are certain assignments T : tt E Temp{G) G End{7r)°° (remark that for all 

71 G Temp{G), the space End{7i)°° is well-dehned up to an unique isomorphism). First, 
we extend such an assignment to all (isomorphism classes of) tempered representation by 
vr = TTi © ... 0 TTfc I—)■ = Tjri © ... © G End{7i)°° where the TTj’s are irreducible. Let us 

hx a maximal compact subgroup K of G{E) which is special in the p-adic case. We may now 
dehne G°^{Xtemp{G),£{G)) as the space of functions tt G Temp{G) i—)■ G End{7i)°° such 
that for all parabolic subgroup P = MU and for all a G setting tik = *pnK('^Tnic) 

and TTx = ip{<Jx) for all A G iA*xp, the function 

A G iA*M ^ G EndiTTxr - EndiTiK^ 

is smooth. 

We dehne a subspace C{Xtemp{G),£{G)) of G°°{Xtemp{G),£{G)) as follows . This is the 
subspace of sections T G G°°(A!temp(G), S(G)) such that 


• in the p-adic case: Supp{T) = {tt G Atemp{G)] ^ 0} is compact (i.e. is contained in 
a hnite union of connected components); 

• in the real case: for all parabolic subgroup P = MU and for all differential operator 
with constant coefficient D on iA%j the function 

DT-.ae MM) ^Dx[\^ G EndMA^))^) 

has the property that 

PD,u,v,k{T) = sup |||(T)T)„|||^^^7 V((t)''< cx) 

o'^Il2 (Af) 

for all u,v E U{t) and all /c G IN. 

We equip the space C{Xtemp{G),S{G)) with a locally convex topology as follows. If F = R, 
it is the topology dehned by the semi-norms PD,u,v,k for all D,u,v and k as above. If E is 
p-adic, we remark that C{Xtemp{G),S{G)) is naturally a subspace of 

( 2 ) ^ ^ 

MeM c>e{n2(M)} 

where for all M G we have hxed a parabolic subgroup P E V{M) and for all O E 
{n 2 (M)} we have hxed a base-point a E O. The spaces G°° {iA\j p, EndMMKp))°°) have 
natural locally convex topologies. We endow the space (3) with the direct sum topology and 
C{Xtemp{G),£{G)) with the subspace topology. 
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We will need the following strong version of the Harish-Chandra-Plancherel formula also 
called matricial Paley-Wiener theorem (cf theorem VII.2.5 and theorem VIII.1.1 of [Wa2] in 
the p-adic case and [A2], [A8] in the real case). 


Theorem 2.6.1 (i) The map f G C(G) i-G- (vr G Temp{G) i-G- 7r(/) G End{n)°°) induces a 

topological isomorphism C{G) ~ C{Xtemp{G)^£{G)). 

(a) The inverse of that isomorphism is given by sending T G C{Xtemp{G),S{G)) to the 
function fT defined by 

frig) = [ Trace {Tr{g~^)T^) /i(7r)d7r 

^tempiG) 

Remark: The last integral above is absolutely convergent by I2.2f 5) and (2). 

2.7 Elliptic representations and the space X{G) 

Denote by RtempiG) the space of complex virtual tempered representations of G{F), that is 
Rtemp{G) is the complex vector space with basis Temp{G). We may extend almost all our 
constructions to virtual representations. In particular: 

• We extend the action of iA*Q p by linearity to Rtemp{G); 

• Let M be a Levi subgroup of G. Then the functor extends by linearity to give 
a linear map i^(.) : RtempiM) —)■ RtempiG). Also, we extend the weighted character 
a HG- JpG ,.) {L G C{M), Q G R{L)) of subsection 12.51 bv linearity to Rtemp{M); 

• If F = R, we extend the norm N'^ to RtempiG) by 

V^(Ai7ri + ... + AfcVTfc) = max (|Ai|V^(7ri),..., {XhlN^Gk)) 

• We will denote by vr i—)■ vf the unique conjugate-linear extension of tt G TempiG) i—)■ 
7f G TempiG) to RtempiG). 

In [A4], Arthur dehnes a set TeiiiG) of virtual tempered representations of G(F), that we will 
denote by XeiiiG) in this paper. The elements of XeiiiG) are actually well-dehned only up to 
a scalar of module 1. That is, we have XeiiiG) C RtempiG)/‘Sf. These are the so-called elliptic 
representations. Let us recall their dehnition. Let P = MU be a parabolic subgroup of G 
and a G 112(M). For all g G G(F), we dehne ga to be the representation of gMiF)g~^ given 
by iga)im') = aig~^m'g) for all m' G gMiF)g~^. Denote by NormG(F)G) the subgroup of 
elements g G NormG{F)iM) such that ga a and set Wia) = NormG(F)G)/MiF). Fix 
P G F(M). Then, we may associate to every w G Wia) an unitary endomorphism Rpiw) of 


56 







the representation ip(cT) that is well-defined up to a scalar of module 1 as follows. Choose a 
lift w G NormG{F){(^) of w and an unitary endomorphism A{w) of cr such that a{w~^mw) = 
A{w)~^a{m)A{w) for all m G M{F). We define the operator Rp{w) : ip{a)°° ip{a)°° as 

the composition Rp\^p^-i{a) o ^(-u;) o A('u;), where 

• A('u;) is the isomorphism ip{(j) ~ given by {X{w)e){g) = e{w~^g); 

• A{w) is the isomorphism i^p^-i{wa) ~ i^p^-i{(^) given by {A{w)e){g) = A{w)e{g)] 

• Rp\wPw-^{(^) ■ ip{(j)°° is the normalized intertwining operator defined 

in subsection 12.41 

We immediately check that Rp{w) is G(F)-equivariant and that it depends on all the choices 
{w, A{w) and the normalization of the intertwining operator Rp\wPw-^{(^)) only up to a scalar 
of module 1. We associate to any w E W(a) a. virtual tempered representation 
well-defined up to a scalar of module 1, by setting 

A) 

Aec 

where for all A G C, ip{a,w,X) denotes the subrepresentation of ip{cr) where Rp{w) acts 
by multiplication by A (as is indicated in the notation this definition doesn’t depend on 
the choice of P). Let Wo(cr) be the subgroup of elements w G W{a) such that Rp{w) is 
a scalar multiple of the identity and let W{a)reg be the subgroup of elements w G W{a) 
such that AJ^ = Ag- We will say that the virtual representation w G W{a), is 

elliptic if ILo(cr) = {1} and w G W{a)reg- The set Xeii{G) is the set of all virtual elliptic 
representations (well-defined up to multiplication by a scalar of module 1) that are obtained 
in this way. Let tt G XeiiiG) and write vr = with M, a and w G W{a)reg as before. 

Then we set 


D{7i) = \det{l-w)j^G\ ^\W{a)^\ ^ 

where hL(cr)^ denotes the centralizer of w in W{a). This number doesn’t depend on the 
particular choice of M, a and w representing tt because any other choice yielding tt will be 
G(F)-conjugated to {M,a,w). The set Xeii{G) satisfies the following important property. 
Denote by Reii{G) the subspace of Rtemp{G) generated by Xeii{G) and denote by Rind{G) 
the subspace of Rtemp{G) generated by the image of all the linear maps : Rtemp{M) —)■ 
Rtemp{G) for M a proper Levi subgroup of G. Then we have the decomposition 

(1) Rtemp{G) = Rind{G) © Reu{G) 

The set X^iG) is invariant under unramified twists. We will denote by X^iiiG) /iA\^ p the 
set of unramified orbits in Xeii{G). Also, we will denote by X_^ii{G) the inverse image of 
Xeii{G) in RtempiG). This set is invariant under multiplication by SL 

We define X{G) to be the subset of RtempiG)/'SX consisting in virtual representations of the 
form i^(cr) where M is a Levi subgroup of G and a G XeiiiM). Also, we will denote by 
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^{G) the inverse image of X{G) in Rtemp{G). Hence, the hbers of the natural projection 
^{G) —)■ A’(G) are all isomorphic to S^. Let be a set of representatives for the conjugacy 
classes of Levi subgroups of G. Then, X {G) is naturally a quotient of 

U U o 

M&MO&XM{M)liA*Mp 

This defines, as for XtempiG), a structure of topological space on X{G). We also define a 
regular Borel measure dn on X{G) by requesting that 


/ ip{7i)d7i= \W{G,M)\ ^ Mm,<x : ^ 

d^(G) m&M 0&XM{M)/iAljp diAlip 

for all (p G Gc{Xeu{G)), where for all orbit O G Xeu{M)/iA\jp we have fixed a base point 
(j G (9. We will need the following: 

(2) If F = R, there exists an integer k ^ 0 such that the integral 





is absolutely convergent. 

Finally, we extend the function tt i-g- Dij) to X{G) by setting D{n) = D{a) for vr = 
where M is a Levi subgroup and a G Xeii{M). 


3 Harish-Chandra descents 

3.1 Invariant analysis 

We will say of a subset A C 0 (F) (resp. A C G{F)) that it is completely G(F)-invariant if it 
is G(F)-invariant and if moreover for all W G H (resp. g & A) it semi-simple part Xg (resp. 
Qs) also belongs to A. Closed invariant subsets are automatically completely G(F)-invariant. 
We easily check that the completely G(F)-invariant open subsets of 0 (F) (resp. of G{F)) 
dehne a topology. We will call it the invariant topology. This topology coincide with the 
pull-back of the topology on r(0) (resp. on r(G)) dehned in subsection 11.81 bv the natural 
map 


0 (F) ^ r( 0 ) (resp. G(F) ^ r(G)) 


which associates to A G 0 (F) (resp. g G G{F)) the conjugacy class of the semi-simple part 
of X (resp. of g). In particular, we have the following property which will be used many 
times implicitly in that paper: If (u C 0 (F) (resp. H C G{F)) is a completely G(F)-invariant 
open subset and uj' F oj (resp. C fl) is invariant open and contains cOgs (resp. Hss) then 
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oj' = oj (resp. f2' = f2). We will say of an invariant subset L C g{F) (resp. L C G{F)) that it 
is compact modulo conjugation if it is closed and if there exists a compact subset JC C g(F) 
(resp. /C C G{F)) such that L = it is equivalent to ask that L is completely G{F)- 
invariant and that for all maximal torus T <Z G the intersection L fl i{F) (resp. L fl T{F)) 
is compact, it is also equivalent to the fact that L is compact for the invariant topology. 

Let u C g{F) (resp. hi C G{F)) be a completely G(F)-invariant open subset. We will 
denote by G^{u)'^ (resp. C'°°(r2)*^) the space of smooth and G(F)-invariant functions on u 
(resp. hi). It is a closed subspace of G°°{u) (resp. C°°(r2)) and we endow it with the induced 
locally convex topology. The notation F'{u)^ (resp. will stand for the space of 

G(F)-invariant distributions on u (resp. hi). We will also denote by iS(a;) (resp. S(n)) the 
space of all functions / G S(g(F)) (resp. / G iS(G(F))) such that Supp{f)^ C u (resp. 

Supp{f)G C n). 

Assume now that F = R. For all integer n ^ 0, we will denote by Dif (resp. 

Dif the space of smooth invariant differential operators on u (resp. on hi) that 
are of order less than n. It is a closed subspace of Diff^^{u) (resp. of Dif and we 

endow it with the induced locally convex topology. We will set 

Di/riojf = [J DtffZiojf (resp. Dtfr(nf = [J D'i//“ (0)°) 

and we equip this space with the direct limit topology. We dehne 

J°°{u) = {De FT = 0 VT G V\uf} 

(^resp. = {De FT = 0 VT G V\nf} 

and set 


Diff^{ur = Difr{uf/J^{u) (resp. Dif= Dif 

Note that we have a natural action of Dif (resp. Dif on (resp. 

F'(F)^). 

For all n ^ 0, we will also denote by Dif f^n{g)^ the space of invariant differential operators 
with polynomial coefficients on g{F) of order less than n and we will set 

n>0 

Note that I{g) and I{g*) are both naturally subalgebras of Diff{g)^. We dehne 

J{g) = {F G Dtffigf; FT = 0 VT G F'(g(T))^} 
and we will denote by Diff{g)'^ the quotient Fi//(g)'^/j7’(g). 
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Proposition 3.1.1 (i) Let u C g{F) (resp. 12 C G{F)) be a completely G{F)-invariant 

open subset. Then, there exists a sequence (uJn)n^i (resp. {Lln)n^i) of completely G{F)- 
invariant open subsets of u (resp. fl) such that 

• u = \Jun (resp. 12 = y Ltn); 

• For all n ^ 1, Un (resp. fin) is compact modulo conjugation and included in oJn+i 
(resp. ftn+i)- 

(a) Let (resp. (12j)ig/j be a family of completely G{F)-invariant open subsets and 

L F 0 (-^) (resp. L C G{F)) an invariant compact modulo conjugation subset such that 

L Fy^ooi j resp. 22 C |^ 12 j 

iel V i&I 

Then, there exist a finite subset J F I and functions (Pi G (resp. G 

G^ifljf) such that 

• For all j E J, 0 ^ (pj ^ I and Supp^^.^ipj) (resp. SuppQ.{(pj)) is compact modulo 
conjugation. 

• '^^ipj = 1 on some invariant neighborhood of L. 
ieJ 

(Hi) Let L F g(F) (resp. L F G{F)) be invariant and compact modulo conjugation. Then, 
there exist two constants c > 0 and m ^ 1 and a compact subset JC F q{F) (resp. 
1C F G{F)) such that for all X E L (resp. g E L) there exists an element 7 G G{F) 
satisfying the two following conditions 

• hll ^c||X||”^ (resp. II 7 II ^ elixir;; 

• 7 “^X 7 G /C (resp. 7 “^ 5'7 E X). 

(iv) Let ip G G°°{q{F))^ (resp. (p G G°°{G{F))^) be compactly supported modulo conju¬ 
gation. Then, multiplication by (p preserves S{g{F)) (resp. preserves S{G{F))), that 
is: for all f E S{g{F)) (resp. for all f E S{G{F))), we have p>f E S{g{F)) (resp. 
^f E S{G{F))). 

(v) Assume that F = R and let u F g{F) be a completely G{F)-invariant open subset. 
Then, for all integer n ^ 0, there exists a finite family {Di,... ,Dk} F Diff^ri{.Q)^ 
such that the linear map 

{C’>={u)°Y ^ 

(ipi,..., tpk) I—)■ p>iDi + ... + ipkDk 
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is a topological isomorphism (in particular the -module Dif is free of 

finite rank). 

(vi) Still assuming that F = R. the C-algebra Diff{g)^ is generated by the image of I{q) 
and I{g*). 

Proof: (i) is contained in lemma 2.2.1 of [Bou2] and lemma 2.2.2 of [Boul] whereas (ii) 
follows from lemma 2.3.1 of [Bou2] and lemma 2.3.1 of [Boul]. 

(iii) We prove it for the group the proof for the Lie algebra being similar and easier. Let 
Pmin = MminUmin be a minimal parabolic subgroup of G and Amin = Am^^ be the 
split part of the center of Mmin- Set 

^min = ^ ^ ^ Amin, Pmin)} 

Then by the Cartan decomposition, there exists a compact subset Cg ^ G{F) such 
that 


G(F) = CoAt,„.Co 

Let L C G{F) be invariant and compact modulo conjugation and £x a compact subset 
^ Cl{F) such that L = {JCg)^■ Replacing fCc by (/Cg)'"° if necessary, we may 
assume that L = Since Go is compact, it suffices to show the following 

(1) There exists a constant c > 0 such that for all g G /Cg and all a G AF^, there 
exists a' G satisfying the three following conditions 

a' G a{a') ^ ca{a~^ga) and a{a'a~^gaa' ^ c 


We prove this by induction on dim(G), the case where G is a torus being trivial. Denote 
by Pmin = MminUmin the parabolic subgroup opposite to Pmin with respect to Mmin- 
Choose (5 > 0 and set 


= {ae /!+,„; |a(a)| J Va € %)} 

for all parabolic subgroup Q = MqUq D Pmin- If d is chosen sufficiently small, and we 
will assume that it is so in what follows, the complement of 

_ U A^;*(S) 

Pmin^Q¥^G 
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in is compact. Hence, to get (1) it suffices to prove the following for all parabolic 
subgroup Pmm 

(2) There exists c = Cg > 0 such that for all g G ICq and all a G there 

exists a' G satisfying the three following conditions 

a' G AG^, a{a') ^ ca{a~^ga) and a{a'a~^gaa' ^ c 


Fix such a parabolic subgroup Q = MUq, where M is the only Levi component of 
Q containing Mmin, and let Q = MUq be the parabolic subgroup opposite to Q with 
respect to M. Fix also e > 0, that we will assume sufficiently small in what follows, 
and set 

= /Cg n {Uq[< ea{a)]M[< ea{a)]aUQ[< ea{a)]a~^) 

for all a G Amin{,F). By lemma fT.S.II and since /Cg is compact, there exists cq > 0 such 
that a{a) ^ CQa{a~^ga) for all a G A^^{S) and all g G )Cc\}Cf^. Hence, we only need 

to prove the existence of c ^ Cq such that (2) holds for all a G and all g G 

(otherwise, we just take a' = a). Choosing e > 0 sufficiently small, we may assume that 
the subsets aUQ[< ea{a)]a~^ remain uniformly bounded as a varies in Then, 

there exists compact subsets /C^ C Uq{F), Km F M{F) and Ku C Uq{F) such that 

JC% F KtjKmKu 

for all a G A^^{5). Since the subsets a~^)Cjja remain uniformly bounded for a G AF^, 
to get (2) we only need to show the following 

(3) There exists c > 0 such that for all m G /Cm, ah u G ICu and all a G AF^, there 
exists a' G AF^ satisfying the three following conditions 

a' G AF^, a{a') ^ ca{a~^mua) and a{a'a~^muaa' ^ c 


Since a{mu) ~ a{m) + a{u) for all m G M{F) and all u G Uq{F) and a{aua~^) -C a{u) 
for all u G Uq{F) and all a G AF^, the last claim will follow from the combination of 
the two next facts 


(4) There exists cu > 0 such that for all u G JCu and all a G AF^, there exists 
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a' G satisfying the three following conditions 

a' E ^ cua{a~^ua) and a{a'a~^uaa' ^ cu 

(5) There exists cm > 0 such that for all m E /Cm and all a E A^-^, there exists 
a' E satisfying the three following conditions 

a' E a{a') ^ CMO'{a~^ma) and a{a'a~^maa' ^ cm 

The proof of (4) is easy and left to the reader. The point (5) follows from the induction 
hypothesis applied to M. Indeed, by the induction hypothesis there exists cm > 0 such 
that for all m E /Cm and all a E A^^^, there exists a' E A^l^ such that 

(6) a' E A^i^, a{a') ^ CMO'{a~^ma) and a{a'a~^maa' ^ cm 
where we have set 

^min = £ Amin{F)', |(a(n)| ^ 1 Vo: E R{Amin, M fl Pmin)} 

Denote by A C R(Amin, Pmin) the subset of simple roots and set Aq = Ar\R{Amin, Uq). 
Let A% = {a E Am] x(a) = 1 Vy G A*(G)} and = {a G a(a) = 1 Va G 

Aq}. The multiplication map A^ x A^^ —)■ is an isogeny. Hence, since A^{F) 

is in the center of M{F), up to increasing the constant cm we see that for all m G /Cm 
and all a G^A+.„, we can hnd a' E = A^f^{F)j^ satisfying (6). But 

obviously A^^^ C AA^ and for all a E AA^ and a' E the first condition of (6) 

is equivalent to a'~^a E AA^. This proves (5) and ends the proof of (iii). 

(iv) This is clear in the p-adic case. Assume that F = R. Then the result will follow at 
once from the following fact which is an easy consequence of (iii) 

(7) For all u E /(g) (resp. u E //(g)), there exists A ^ 1 such that we have 

mu)^) (A)| « lixr (resp. |(/?(«)^) {g)\ « \\g\0 
for all X E g{F) (resp. for all g E G{F)). 
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(v) By corollaire 3.7 of [Bou3], the C°°(a;)‘^-module Dif is free of finite rank and 

we can find a basis consisting in elements of Dif ■ Fix such a basis {Di ,..., D^) 

then the linear map 

(991, . . . , (fk) e-)■ (piDi + . . . + (fkDk 

is continuous and bijective. Since both and Dif are Frechet spaces, 

by the open mapping theorem, this is a topological isomorphism. 

(vi) This follows from theorem 1, theorem 3 and theorem 5 of [LS] ■ 

3.2 Semi-simple descent 

Let X G gss{F). An open subset ux F Qx{F) will be called G-good if it is completely 
Gx(F")-invariant and if moreover the map 

(1) Ux Xgx{f) G{F) ^ g{F) 

{Y,g)^g-^Yg 

induces an F-analytic isomorphism between ux Xgx(f)G{F) and Ux, where ux XGxiF)G{F) 
denotes the quotient of ux x G{F) by the free Gx(F)-action given by 

9x-{Y, g) = {gxYQx^-: 9xg), gx ^ Gx{F), {Y, g) e Ux X G{F) 

The Jacobian of the map (1) at (Y,g) G ux XcxiF) G{F) is equal to 

Vx(X) = Idetad(F) 10/0^1 

It follows that an open subset ux F gx{F) is G-good if and only if the following conditions 
are satished 

• Ux is completely Gx(F)-invariant; 

• For all Y G ux, we have g^{Y) ^ 0 

• For all g G G{F), the intersection g~^uxg Fux is nonempty if and only if G Gx{F). 

Let Ux F gx{F) be a G-good open neighborhood of X and set u = u^. Then u is completely 
G(F)-invariant (since ux is completely Gx(F)-invariant). Moreover, the completely G{F)- 
invariant open subsets obtained in this way form a basis of neighborhood for X in the 
invariant topology. We have the integration formula 

(2) [ f{Y)dY = / f f(g-Xg)^°(Y)dYdg 

Juj JGxiF)\G{F) Jujx 
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for all / G L^{uj). For all function / defined on ca, we will denote by fx,uix ^^e function on ux 
given by fx,wxO^) — VxO^y^"^fO^)- The map / hG fx,u}x induces topological isomorphisms 

C^iuf ~ C^iuxf’^ C^iUregf ^ C^iu;x,regf^ 

(Note that ux H gx,reg{F) = ux n Qreg{F) SO that the notation ux,reg is unambiguous). We 
also have an isomorphism 


V'{uf ~ V'{ux)^^ 


T^T 


X,uix 


where for T G V'{u)^, Tx^ujx i® i'h® unique Gx(F’)-invariant distribution on ux such that 


{T,f)= [ {Tx,.x,yf)x,.x)d9 

JGx{F)\GiF) 

for all / G C^{u). If / is a locally integrable and invariant function on u, then by the 
integration formula (2), fx,Lox i® locally integrable and we have 


y^f)x,ujx 


T, 


fx, 


ux 


Let X G Gss{F). We dehne similarly the notion of G-good open subset of Gx{F). More 
precisely, an open subset hla, C G^^F) is G-good if it is completely ZG'(a;)(F)-invariant and 
if moreover the map 


(3) hla; XZcix)iF) G{F) —)■ G(F) 

{y,9) ^ 9~^y9 

induces an F-analytic isomorphism Xzq{x)(f) G{F) ~ where this time hla, Xzg{x){f) 
G{F) denotes the quotient of VLx x G{F) by the free Zg{x){F) action given by 


9x-{y,9) = {9xy9x^,9x9), 9x e ZG{x){F),{y,g) G x G(F) 
The Jacobian of the map (3) at {y,9) is given by 


(4) vy{y)= det{l-Ad{y)) 




Thus, an open subset hla, C Gx{F) is G-good if and only if the following conditions are 
satished 


• fla, is completely ZG(a;)(F)-invariant; 

• For all y G hla;, we have y^iy) 7^ 0 

• For all g G G{F), the intersection g~^Qx9AQx is nonempty if and only if 5^ G Zc(xnF). 
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Let C Gx{F) be a G-good open subset and set We have the integration formula 

(5) [ f{y)dy= [ [ f{g~^yg)Vxiy)dydg 

Jn JZg(x)[f)\g{f) Jqoo 

= [Zg{x){F) : Gx{F)]-^ f f f{g~hg)Vxiy)dydg 

Jg^(f)\g{f) Jn^ 

for all / G For all function / on fl, we will denote by fx,n^ the function on Qx dehned 

by fx,nSy) — VxiyY^'^fiy)- Again, the map / i-G- fx,n^ induces topological isomorphisms 

~ G^iQxf^^^^ C^i^regf ^ 
which extend to an isomorphism 

v'{n) ~ 

Finally if F = R, we may also descent invariant differential operators. The result is sum¬ 
marized in the next lemma. We just need to introduce hrst some notations. Recall that 
for all X G Qss{F) and all x G Gss{F), the Harish-Chandra isomorphisms induces injective 
C-algebra homomorphisms 

did*) ^ d{g*x) /(g) ^/(gx) ^(g) —t ^(g^) 

P ^ PGx “ '^Gx ^ ^ 

(cf subsection 11.11) . We shall denote these homomorphisms simply by p i—)■ px, ux and 

z ^ Zx respectively. Note that the image of z Zx is included in 

Lemma 3.2.1 Assume that F = R. 

(i) Let X G gss(F) and let ux F gx(F) be a G-good open subset. Set u = Ux- Then, 
there exists a unique topological isomorphism 


Diff°°{u)^ ~ Diff°°{ux)^^ 

D i-G- Dx,uix 

such that for all T G and all D G Dif , we have 

(a) {DT)x^^^ = Dx,ioxTx,u>x 

Moreover, we have 

ib) (5(m))x,^^ = diux) and (p)x,a;x = Px 

for all M G /(g) and all p G /(g*). In particular, by yro'position \3 .1. iV vi) . the image of 
Diffig)'^ by the map D i-)- Dx,ujx ^Fs in Diff{gx)^^. 
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(a) Let X G Gss{F) and let C Gx{F) he a G-good open subset. Set f2 = . Then, there 

exists a unique topological isomorphism 

Dif — Dif 

D i-G- 

such that for all T E T>'{VL)^ and all D E Dif , we have 

(a) 

Moreover, we have 


(b) {z)x,n„: — Zx 


for all z E 2{g). 

Proof: 

(i) Since T i-G Tx,ujx is an isomorphism V'{u)^ ~ V'{ux)^^, for all D E Dif f°°{u)^ there 
exists at most one operator Dx,uj„, E Dif f°^{ux)^^ such that the relation (i)(a) is sat- 
ished for all T G F'{u)^. Moreover, such an operator is constructed in theorem 11 p.30 
of [Va] (although in this reference only analytic differential operators are considered, 
the construction applies equally well to smooth differential operators). This yields an 
injective linear map 


Diff^{u)^ -E Diff^{ux)^^ 

D l-G- Dx,lox 

and we need to prove that it is a topological isomorphism. Since both Dif f°^{u)^ 
and Dif f°°{ujx)^^ are LF spaces, by the open mapping theorem, we only need to 
construct a continuous right inverse to the previous linear map. Actually, we are going 
to construct a continuous linear map 

DtfTiuxf- -E DtfTiuf 
D e-)- 


such that 


{D..) 


X,u)x 


D 
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for all D G Dif , where we have denoted by D and the image of D and 

in Diff°°{ujx)^^ and Diff°°{uj)^ respectively. The construction is as follows. A 
smooth differential operator D on ujx (resp. on uj) may be seen as map Y G ux ^ 
Dy G >S'(gx) (resp. F G a; i—)■ Dy G 5'(g)) which has its image in a hnite dimensional 
subspace and is smooth, the action of D on smooth function being given by 

{Df){Y) = {d{Dy)f){Y) 

for all / G C°°{ux) (resp. / G C°°(a;)) and all Y E Ux (resp. Y G u). Let 
D G Diff^{ux)^^ be an invariant and smooth differential operator on ux- We 
hrst associate to D a differential operator on u by setting 

Dly = g-^Dy,g G ^(g) 

for all Y G UJ, where g G G{F) and Y' G ux are any elements such that Y = g~^Y'g. 
Since D is invariant and ux is G-good, this dehnition doesn’t depend on the choice 
of g and Y' and is a smooth invariant differential operator on u. The function 
rjx ^ C°°{ux)'^^ uniquely extends to a smooth and invariant function on u. Still 
denoting by rjx ^^is extension, we now set 

Doj = ° o 

for all D G Dif f°^{ujx)^■ Then it is easy to see that the linear map D i-G has all 
the desired properties. 

The second equality of (i)(b) is obvious whereas the hrst one follows from theorem 15 
p.30 of [Va]. 

(ii) Once again, there exists at most one linear map 


( 6 ) Dtff^{n)G 

D I—)■ Dx^n^ 

such that the relation (ii)(a) is satished for all D G Dif and all T G and 

such a linear map, if it exists, is necessarily injective. The construction of proposition 
4 p.224 of [Va] proves the existence of such a map, where once again the extension 
of the construction of that reference from the analytic case to the smooth case is 
straightforward. Moreover, we may construct explicitely, analogously to what has been 
done in the proof of (i), a right continuous inverse to (6). Since both Dif and 

are LF spaces, this proves by the open mapping theorem that (6) is 
a topological isomorphism. The equality (ii)(b) follows from theorem 12 p.229 of [Va]. 



Consider the particular case where Gx = T {X G Qss{F)) is a maximal torus. Then, if 
F = R, the lemma provides us with a morphism Diff{Q)'^ —)■ Diff{t) that we shall denote 
by F I— )■ Drp in this particular case. For u C q{F) a completely G(F)-invariant open subset 
and / an invariant function on Ureg, we will denote by /r the function on t(F) n Ureg given 
by 


fT{Y) = D^{YyFf{Y), Yei{F)nUJreg 

Hence, we have 


(-D/)t — DtJt 

for all / G C^{ureg)^ and all D G Diff{Q)^. Note that an invariant function / on Ureg is 
smooth if and only if frp is a smooth function for all maximal torus T <Z G. 

Remark: We can extend the dehnition of G-good open subsets to the case where G is not 
necessarily reductive (but is still a connected algebraic group over F). The dehnition is as 
follows. Let X G Gss{F)^ an open subset hla, C Gx{F) is G-good if it is invariant by translation 
by Gx,u{F), where Gx,u denotes the unipotent radical of Gx, and if moreover its image in 
Gx{F)/Gx,u{F) = {G/Gu)x{.F) is a G/G^-good open subset, where this time G„ denotes the 
unipotent radical of G. If Ra, C Gx{F) is a G-good open subset, then the map (3) still induces 
an F-analytic isomorphism onto hi = whose Jacobian at {y,g) G Ra, 'Xzg(x)(f) G{F) is 
again given by the formula (4). It follows in particular that the integration formula (5) is 
still valid in this more general setting. 


3.3 Descent from the group to its Lie algebra 

We will say of an open subset u C 0 (F) that it is G-excellent, if it satishes the following 
conditions 


• a; is completely G(F)-invariant and relatively compact modulo conjugation; 

• The exponential map is dehned on u and induces an F-analytic isomorphism between 
u and R = exp(a;). 

For all X G Ig{F) (in particular X = 0), the G-excellent open subsets containing X forms 
a basis of neighborhoods of X for the invariant topology. 

Let oj C 0 (F) be a G-excellent open subset and set hi = exp(a;). The Jacobian of the 
exponential map 


at X G ujss is given by 


exp : a; —)■ n 
X ^ 
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(1) f{X) = D^{e^)D^{X)-^ 


Hence, we have the integration formula 

( 2 ) [ f{g)dg = [ f(e’‘)f(X)dX 

Jo. J CO 

for all / G L^(r2). For all function / on hi, we will denote by the function on oo dehned 
by /a;(df) = The map f ^ fu) induces topological isomorphisms 

^OC(^) _ C°^{nreg) ^ {Ureg) 

We will also denote by 

V'iSl) ~ V\oj) 

the isomorphism defined by the relations 


(T^,^) = (T,/) 

for all T E and all / E By (2), if / is a locally integrable function on hi, we 

have 

(r,)„ = T;. 

There also exists an unique topological isomorphism 

Dtfnn) ^ Dtfriu) 

D e-)- 

such that (DT)^ = for all D E Dif and all T G V'{Q). By theorem 14 p.231 of 

[Va], we have 


(3) {z)^ = d{u^) 

for all G Z{g) (recall that we are denoting hy z t-E- the Harish-Chandra isomorphism 
2{g) zz 1(g)). 

We will denote by / i—)■ /q, T e-)■ and D i—)■ the inverse of the previous isomorphisms. 

So for example fn(g) = (logig))-^/"^f (\og(g)) for all f E (ca) and all g E il, where 
log : n —)■ a; denotes the inverse of exp. 

The exponential map actually also induces an isomorphism between the corresponding 
Schwartz spaces. This is the object of the next lemma. 
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Lemma 3.3.1 Let u C g{F) be a G-excellent open subset and set 12 = exp(ci;). Then, the 
map f ^ foj induces a linear isomorphism 

S{Q) ~ 5(a;) 

Proof: This is clear in the p-adic case. We assume from now on that F = R. We need to 
prove the two following facts 

(4) For all / G 5(12), the function belongs to S{u). 

(5) For all / E S(u), the function /q belongs to 5(12). 

We will prove (4), the proof of (5) being analog (it suffices to replace exp by log and log 
by exp in what follows). Let / E S(Q). Since lj is relatively compact modulo conjugation, 
Supp{f)^ is compact modulo conjugation. Hence, there exists a compact subset JCq F fl 
such that Supp{f)^ = JC^. Then, we have 

Supp{f,^)^ C exp"^ iJCo)^ 

where of course exp“^ (/Co) C ca is compact. Since u is completely G(F)-invariant, the closure 
G 

of exp“^ (/Co) in q{F) is still contained in ca. Hence, we have 

Supp{fS)^ C u 

and it only remains to show that belongs to iS(g(F)) i.e. that f^j and all its derivatives 
are rapidly decreasing. Set Lq = Supp{f)^ and Lg = Supp{fuj)^ so that Lq and Lg are 
invariant and compact modulo conjugation subsets of G{F) and q{F) respectively and exp 
realizes an homeomorphism Lg ~ Lq- We start by proving that 

(6) crg(X) ~ for all X E 

Since Lq is compact modulo conjugation, by proposition 13 .1.1 f iii). we may find a compact 
subset /C C Lg and two maps 


gELc^-fgE G{F) 

g E Lg gc E K, 

such that 


9 = 13 ^9clg and a{'^g) < a{g) 
for all g E Lg- Since log(/C) is compact, we have 

{%x log ((e^)c) 7e^) < (^(7e^) < 
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for all X G Lg. This proves one half of ( 6 ). The other half can be proved similarly, using 
proposition I3.1.1f iiii for the Lie algebra rather than for the group. 

The function is bounded on oj (since it is an invariant function on q{F) and oj is relatively 
compact modulo conjugation) and hence, it already follows from ( 6 ) that the function 
is rapidly decreasing. Let u G ^'(g). We want to show that the function d{u)fui is rapidly 
decreasing. Since we have 


d{u)f^ = {d{u)nf)^ 

by what we just saw it suffices to prove that the function d{u)nf is rapidly decreasing (as a 
function on G{F)). For all D G Diff°°{Vt) and all (7 G fi, let us denote by Dg G ^/(g) the 
unique element such that 


{Df){g) = {L{Dg)n (g) 

for all /' G C°°(f2). Obviously, if u is of degree k, then we have d{u)Q,^g G L/^fc(0) for all 
g ^ Q. Let us £x a classical norm |.| on U^kid)- Then, since / is a Schwartz function, to 
show that d{u)nf is rapidly decreasing we only need to prove that there exist c > 0 and 
m > 1 such that 


(7) |a(«)^,,| ^ c||77r 

for all g G Lq- We have the following easy to check equality 

5(m)o, 7-197 = 7"^^(7W7"^)o,g7 

for all G O and all 7 G G{F). Let us introduce a compact subset /C C Lq and functions 
g jg and g gc as before. Then, by the previous identity, for all (7 G O we have 

d{u)n,g = %^d{-fgU-f-%^g^Jg 

for all g G Lq- The inequality (7) is now easy to deduce from this (note that for all v G *S'(g), 
the function g i-G- d{v)n,g is bounded on /C and for all G the function f G S'(g) d{v)n,g 
is linear). ■ 

Remark: We can extend the definition of G-excellent open subsets to the case where G is 
not necessarily reductive (but is still a connected algebraic group over F). The definition 
is as follows: an open subset u C g(F) is G-excellent if it is invariant by Qu{F), where 
g^ denotes the Lie algebra of the unipotent radical of G, and if moreover its image in 
g(F)/g„(F) = (g/g^) (X) is a G/G„-excellent open subset. If cj C g(F) is a G-excellent 
subset, then the exponential map still induces an F-analytic isomorphism between u and 
= exp(a;) whose jacobian at X G Ugg is again given by the same formula (1). It follows in 
particular that the integration formula ( 2 ) is still valid in this more general setting. 
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3.4 Parabolic induction of invariant distributions 

Let M be a Levi subgroup of G. Choose a parabolic subgroup P = MU G V{M) and 
a maximal compact subgroup K of G{F) which is special in the p-adic case. Fix a Haar 
measure on K such that 



f {muk)dkdudm 


for all / G G{G{F)). We define a continuous linear map 


by setting 


GT{G{F)) ^ GTmF)) 
f ^ 


f f f{k ^muk)dudk 
JK Ju(F) 


Dually, this defines a linear map 


V'{M{F)) ^V'{G{F)) 

T ^Tp 

which is uniquely determined by the relations 

for all T G V\M{F)) and all / G C“(G(F)). For T G V\M{F))^ an invariant distribution, 
the distribution Tp is also invariant and doesn’t depend on the choices of P or K. In this 
case, we shall denote this distribution by i^{T). If F = R, we have 

(1) zi^{T) = ifj{zMT) 

for all T G V\M{F))^ and all 2 ; G (Recall that z zm denotes the homomorphism 
Z{q) —)■ Z{xn) deduced from the Harish-Chandra isomorphism, cf subsection II.ip . 

If T = Tpj^ where Fm is an invariant and locally integrable function on M{F), then the 
distribution i%{T) is also representable by an invariant locally integrable function Fq on 
G{F). We shall also write Fq = i^^Fm)- The function Fq admits the following description 
in terms of Fm- Let us denote by Gsreg the subset of strongly regular elements in G (i.e. x G 
Gsreg T Zg{x) is a torus) and let us fix for each x G GgregiF) a set (x) of representatives 
for the M(F)-conjugacy classes of elements in M{F) that are G(F)-conjugated to x. Then, 
we have the equality 


( 2 ) D^{xY/^Fg{x)= 

(x) 
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for almost all x G Gsreg{F). 

If a G Temp{M) and tt = then we have 

(3) djt = i^ida) 

We dehne similarly an induction map from the space of invariant distributions on vn{F) 
to the space of invariant distributions on q{F). Once again, if Fm is an invariant and locally 
integrable function on rri(F), the distribution i^^Fm) is also representable by an invariant 
function Fg and we have 

(4) D^{XYFFg{X) = D^iXf/^FuiY) 

Y&XM(X) 

for almost all X G Qsreg{F), where this time X^{X) is a set of representatives for the 
M(F)-conjugacy classes of elements in m(F) that are G(F)-conjugated to X. We have for 
example 


4 (?'( v .))=?( a ',.) 

for all X G rri(F) HQregiF). In particular, if G is quasi-split, i? is a Borel subgroup of G and 
Tqd C -B is a maximal torus, it follows from (4) that we have 


(5) D^{Y)F^3^{Xq,,Y) 


Yhw&WiGqdYqd) ^ wY)) if F G tgd^reg{F) 

0 if F ^ igd,reg{Ff 


for all Xqd G tqd,reg{F) and all F G greg{F). Still assuming that G is quasi-split,we have 


from which it follows that 


C(i)= E 

OSNilreg (g) 


(6) D-(xyr^ j: 

ilreg (s) 

for all X G Qreg{F). On the maximal torus Tqd, we even have the following more precise 
equality 


(7) D^{XyF3{0,X) = \W{G,Tqd)\\mireg{Q)\-^ for all X G tgd,reg{F) and all 

O G Nilregig). 


Indeed, by (6) it suffices to show that for all C>i, O 2 G Nilreg{g) we have j{Oi, X) = j{02, X) 
for all X G iqd,reg{,F). Fix Oi,C >2 G Nilregig)- Then, there exists gad G Gad{F) such that 
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g^^OiQad = C^ 2 , where Gad denotes the adjoint group of G. Up to multiplying gad by an 
element in Im{G{F) -)■ Gad{F)), we may assume that g~^Bgad = B and g~^Tqdgad = Tqd- 
But then gad belongs to Tqd^ad the image of Tqd in Gad- Hence,we have 

=%-JO,gad,g-^Xgad) =3(02, X) 
for all X G tqd,reg{X) and this proves the claim. 

4 Quasi-characters 

4.1 Quasi-characters when F is j9-adic 

In this subsection we assume that F is p-adic. The dehnition and basic properties of quasi¬ 
characters in this case have been established in [Wal]. We recall them now. Let u C g{F) 
be a completely G(F)-invariant open subset. A quasi-character on a; is a G(F)-invariant 
smooth function 6 : Ureg —t C satisfying the following condition: for all X G Ugg, there exists 
(-^x ^ Qx{F) a G-good open neighborhood of X such that Ux F uj and coefficients ce^o{X) 
for all O G Nil{Qx) such that we have 

9(r)= ^ c,.o(X)](0,Y) 

oemiisx) 

for all Y G ujx,reg- Note that if 6* is a quasi-character on u and / G G°°{u)'^ then f9 is also 
quasi-character on u. We will denote by QG{u) the space of all quasi-characters on u and 
by QGc{uj) the subspace of quasi-characters on u whose support (in u) is compact modulo 
conjugation. We will endow QGc{uj) with its hnest locally convex topology. Note that we 
have a natural isomorphism 


QG{uj) ~l^gGc(a;') 

U)' 

where u' runs through the completely G(F)-invariant open subsets of u that are compact 
modulo conjugation, the maps QG{oj) QGc{oj') being given by 6* i-G- loj'9. We equip 
QG{u) with the projective limit topology relative to this isomorphism. To unify notations 
with the real case, we will also set SQG{g{F)) = QGc{g{F)) and we will call elements of 
that space Schwartz quasi-characters on g{F). 

Let H C G{F) be a completely G(F)-invariant open subset. A quasi-character on H is 
a G(F)-invariant smooth function 6 : Q^eg C satisfying the following condition: for 
all X G Hss, there exists ojx F a Ga,-excellent open neighborhood of 0 such that 

(a;exp(a;a,))'^ C Q and coefficients cg^o{x) for all O G Nil{gx) such that we have the equality 

e{xe^)= ^ ce,oix)jiO,Y) 

o&miis:,) 
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for all V G 0Jx,reg- As before, we will denote by QCiVL) the space of quasi-characters on 
n and by QCci^t) the subspace of quasi-characters that are compactly supported modulo 
conjugation. We again endow QCci^t) with its hnest locally convex topology and QCiVL) 
with the projective limit topology relative to the natural isomorphism 

QCiSl) ~ i^gc'c(fi') 

O' 

where hi' runs through the completely G(F)-invariant open subsets of hi that are compact 
modulo conjugation. 

Proposition 4.1.1 (i) For all X G greg{F), j{X,.) is a quasi-character on g{F). For 

all O G Nili^g), j(0,.) is a quasi-character on q{F). For all irreducible admissible 
representation n of G{F), the character is a quasi-character on G{F). 

(a) For all 9 G QG{G{F)) (resp. 6 G QG{q{F))) the function {D^y^‘^9 is locally bounded. 

(Hi) The Fourier transform preserves SQG{g{F)) in the following sense: for all 6 G SQG{q{F)), 
there exists 6 G SQG{g{F)) such that Tq = T^. Moreover, for all 6 G SQG{g{F)), we 
have the equality 

9 = [ D^{X)F^9{X)j{X,.)dX 

dm 

the integral being absolutely convergent in QG{g{F)). 

(iv) Let u C g{F) be a G-excellent open subset. Set hi = exp(a;). Then, the linear map 

9 ^ 9i^ 

induces topological isomorphisms QG{Q) ~ QG{u) and QGc{Tl) — QG^tv). 

(v) Let X G gss{F) and let ux F gx{F) be a G-good open neighborhood of X. Set u = Ux- 
Then, the linear map 

9 e-)■ 9x,uix 

induces topological isomorphisms QG{uj) ~ QG{ux) and QGc(cv) ~ QGc{uJx)- 

(vi) Let X G Gss{F) and let hla, C Gx{F) be a G-good open neighborhood of x. Set hi = Off. 
Then, the linear map 

9 e-)- 

induces topological isomorphisms QG{il) ~ andQGc{Ll) ~ QGc{LlxY‘^^^'^‘^F _ 
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Proof: 


(i) The first part follows from theorem 4.2 of [Wal] and the second from theorem 16.2 of 
[HCDS]. 

(ii) This follows from the fact that the fnnctions X X) are locally 

bonnded for all O G Nil{g) (cf snbsection ll.7p . 

(hi) By theorem 4.2 of [Wal], the Fonrier transform Tg of a compactly snpported modnlo 
conjngation qnasi-character 6 is representable by a qnasi-character 6. To see that 6 
is again compactly snpported modnlo conjngation we may appeal to lemma 6.1 and 
proposition 6.4 of [Wal]. Indeed, by proposition 6.4 of loc. cit there exists a strongly 
cnspidal fnnction / G snch that 9 = 9f (cf section 0 for the dehnition of 

strongly cnspidal fnnctions and of the associated qnasi-character 9f). Now, by lemma 
6.1 of loc. cit we have 9^ = 9j where / denotes the nsnal Fonrier transform of the 
fnnction / (again a strongly cnspidal fnnction). Bnt, by its very definition, the qnasi- 
character 9jis clearly compactly snpported modnlo conjngation. Hence, so is 9. Finally, 

we sketch qnickly the proof of the integral formnla for 9 since we are going to prove 
an analogous result over R (cf lemma l4.2.2f iiiH. By Weyl integration formula and the 
definition of the functions j{X ,.), X G Qregi^), for all (f G C^(g(F)) we have 



9{Y)(p{Y)dY 


9{X)^{X)dX 
D^{Xf/^9{X)JG{X,^)dX 
D^{Xf/^9{X) [ 'j{X,Y)ip{Y)dYdX 

ds{F) 

D^{XY/^9{X)J{X,Y)dx]^{Y)dY ( 1 ) 

0(F) \Jr(0) / 


’eiF) 


'r(0) 


'r(0) 


By (ii), the function {D^Y^'^9 is locally bounded. Hence, bv 11.71 31 the function 


K 6 |«(.Y)| ](X,Y) 


'r(g) 


dX 


is well-defined (i.e. absolutely convergent) and locally essentially bounded by 
Consequently, bv ll.Sf l). the expression (1) above is absolutely convergent as a double 
integral. This legitimates the above computation and moreover shows that we have an 
equality 


9{Y)= [ D^{XY/^9{X)3{X,Y)dX 

dm 
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almost everywhere. To conclude, it suffices to prove that the integral 



.)dX 


is absolutely convergent in QC{q{F)). By dehnition of the topology on this space, it 
suffices to show that for all compact modulo conjugation open subset u C g{F) the 
integral 



D^{xY/^e{x)'jix,.)^^dx 


is absolutely convergent in QCc(uj). But by Howe conjecture, the space spanned by 
the quasi-characters j{X, X G Supp{9) fl Qreg{F), is hnite dimensional and so the 
absolute convergence of the above integral educes to the pointwise absolute convergence 
already established. 


(iv) and (v) are obvious from the dehnitions. ■ 


4.2 Quasi-characters on the Lie algebra for F = R 

In this subsection and until the end of subsection 14.41 we assume that F = R. Let u C 
0(R) be a completely G(R)-invariant open subset. A quasi-character on ca is a function 
9 G C°°{ureg)'^ which satishcs the two following conditions 

• For all u G /(g), the function {D^Y^‘^d{u)9 is locally bounded on u (so that bv ll.Sf l). 
the function d{u)9 is locally integrable on a;); 

• For all M G /(g), we have the following equality of distributions on oj 


d{u)Tg — TQ(^u)e 

Remark that the notion of quasi-character is local for the invariant topology: if 6^ G C°°{ujreg)^ 
then 0 is a quasi-character on u if and only if for all X G Uss there exists ca' C ca a completely 
G-invariant open neighborhood of X such that 9\^i is a quasi-character on u'. We will say 
that a quasi-character 0 on cj is compactly supported if its support (in uj) is compact modulo 
conjugation. Finally, a Schwartz quasi-character is a quasi-character 9 on g(R) such that for 
all M G /(g) and for all integer ^ 1, we have an inequality 

D‘^(xy'^ia(uMx)i «||x||-,;, 

for all X G gr-ec,(R). Note that a compactly supported quasi-character is automatically a 
Schwartz quasi-character. 
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Any invariant distribntion T on some completely G(R)-invariant open snbset u C ^(R) such 
that dim(J(g)T) < oo is the distribution associated to a quasi-character on oj. This follows 
from the representation theorem of Harish-Chandra on the Lie algebra, cf theorem 28 p.95 of 
[Va]. In particular, the functions j{X ,.), X G greg(R), and the functions j{0, .), O G NU^q), 
are quasi-characters on 0 (R). In our study of quasi-characters, we will need the following 
lemma which reduces essentially to proposition 11 p.l59 of [Va] using semi-simple descent 
to maximal tori (cf the remark after lemma [3.2.ip . 

Lemma 4.2.1 Let u C 0 (R) be a completely G(R)-invariant open subset. Let J C /(g) be 
a subalgebra such that the extension I{q)/J is finite. Let us define the following topological 
vector spaces 

• Lfffiuj, Diff)^ is the space of all invariant functions 6 G C°°{ureg)'^ such that 

qL,D{^)= sup D^{XY/YDe{X)\<oo 

JC ^Lreg 

for all D G -Df//(g)'^ and all invariant compact modulo conjugation subset L (1 oo. We 
eguip L'f^fioj, Diff)'^ with the topology defined by the semi-norms ql^d for all 

D and L as before. 

• L'^fiu, is the space of all invariant functions 6 G C°°{ureg)'^ such that 

qL,u{0) < oo 

for all M G /(g) and all invariant compact modulo conjugation subset L oo. We eguip 
Lfffioo, (-D*^)^/^, I)^ with the topology defined by the semi-norms qL,u for all u and L as 
before. 

• ^loc {UJ, is the space of all invariant functions 9 G C°°{ureg)'^ such that 

qL,u{9) < oo 

for all u ^ J and all invariant compact modulo conjugation subset L C cj. We equip 
LffcioJ, J)*^ with the topology defined by the semi-norms qL,u with L and u as 

before. 

• L'^fioj, iT)'^ is the space of all invariant functions 9 G C°°{ureg)^ such that 

qT,u,LT = sup \d{u)9T{X)\ < oo 

for all maximal torus T G G, all u E S'(t) and all compact subset Lt C ujt (recall 
that ujt = UJ n t(R) and 9t{X) = D^{XY^‘^9{X) for all X G UT,reg)- We equip 
Lfijfioj., (-D*^)^/^, T)*^ with the topology defined by the semi-norms qT,u,LT with T, u and 
Lt as before. 
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Then, we have the following equalities of topological vector spaces 


LZ,(u>, (C®)'-'", Dtfff = LZ(^, If = LZf, Jf = Lff, (Df'/^Tf 


Proposition 4.2.1 1. Let 9 G C°°(greg(I^))'^ and assume that there exists k ^ 0 such 

that for all N ^ 1 we have an inequality 

D‘‘(Xy/^\e(X)\ « log (2 + C«(A')-‘)‘ IIA'Ilr" 

for all X G Qreg{X). Then 

(i) The function 9 is locally integrable, the distribution Tg is tempered and there exists 
a quasi-character 9 on 0(R) such that 

Te = T^ 

Moreover, we have 

9{Y)= [ D^{Xy/^9{Xjj{X,Y)dX 

dm 

for all Y G 0reg(R); the integral being absolutely convergent, and the function 
X G 0reg(R) D^{Xyt‘^9{X) is (globally) bounded. 

(a) Assume moreover that 9 is a quasi-character and that for all m G /(g) there exists 
k ^ 0 such that for all N ^ 1 we have an inequality 

D°(Xyfd[u)e(X )\« log (2 + C«(A)-‘)‘ ||A||4 

for all X G greg{F)- Then the function 9 is a Schwartz quasi-character and so is 
9. 

(Hi) The Fourier transform preserves the space of Schwartz quasi-characters on g(R), 
that is: for all Schwartz quasi-character 9 on g(R), the distribution Tg is tempered 
and there exists a Schwartz quasi-character 9 such that Tg = T^. 

(iv) For all Schwartz quasi-character 9 on g(R) and for all D G Dif f{g)^, the func¬ 
tion D9 is a Schwartz quasi-character and we have DTg = Teg. 

2. Letu C g(R) be a completely G(R)-invariant open subset and let 9 G C°°{ureg)^■ Then 

(i) Let X G gss(R) and ux F gx(R) be a G-qood open neighborhood of X. Assume 
that u = Ux- Then 9 is a quasi-character on u if and only if 9x,wx ® quasi¬ 
character on Ux- 
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(a) Let J O I[q) be a subalgebra such that the extension I{q)/J is finite. Assume 
that 9 satisfies the two following conditions 

• For all u & J, the function {D^y/‘^d{u)9 is locally bounded on u; 

• For all u E J, we have the eguality of distributions on u 

d{u)TQ = Tg(^u)e 

Then, 9 is a guasi-character on u. 

(Hi) Assume that 9 is a guasi-character on u. Then for all D G Difthe 
function D9 is also a guasi-character on u and we have the following eguality of 
distributions on oj 


DTg = Toe 


Proof: 

1. (i) First, note that the function 9 is locally integrable and the distribution Tq is 

tempered bv ll.8f 2) and ll.8f 3). Let ip G C^( 0 (R)). Then, by the Weyl integration 
formula, we have 



9{X)fi{X)dX 



D^{Xy/^9{X)JG{X,(p)dX 


Moreover, by dehnition of the function j{., ■), we have 


JG{X,fi)= [ J{X,YMY)dY 
Js{R) 

for all X G greg(K')- Hence, we get 

(1) [ 9iX)fi{X)dX= [ [ D^{XY^‘^9{X)3{X,Y)ipiY)dYdX 

JsO^) Jr{s) ig(R) 

If we introduce an absolute value inside the double integral above we get an 
expression which bv ll.7f 3) is essentially bounded by 



D^{xy/y9{x)\dx 



D^{Y)-^/^\(p{Y)\dY 


This product is hnite by ll. 8 f l) and I1.8f 2). Hence the double integral (1) is 
absolutely convergent. Switching the two integrals, we get 



9{X)(p{X)dX 



9{Y)ip{Y)dY 
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where 


e{Y)= [ D^{x)^/^e{x)j{x,Y)dx 

dYs) 

for all Y G gr-e 5 (lR'), the integral being absolutely convergent. This shows that 
Tg is represented by the locally integrable function 6. It follows from I1.7f 3) 
and I1.8f 2h that the function {D^y^‘^9 is globally bounded. Let us now show 
that 6^ is a quasi-character. For this, it suffices to show that for all u G /(g) 
the distribution d{u)T^ is representable by a function which is locally essentially 
bounded by Let u G /(g). Since = Tg, the distribution d{u)T-g is 

the Fourier transform of PuTg = Tp^g. But it is not hard to see that Pu9 satishes 
the same hypothesis as 6 and so its Fourier transform is also representable by a 
function which is (globally) essentially bounded by This shows that 6 

is indeed a quasi-character. 

(ii) Let u G /(g) and p G /(g*). Then the function pd{u)6 satishes the same hypoth¬ 
esis as 6 in l.(i) and we have TpQ(u)g = pd{u)Tg (since 0 is a quasi-character). 
Hence, by l.(i), the Fourier transform of pd{u)Tg is representable by a function, 
which is necessarily d{up){pud), and moreover the function (D'^Y/‘^d{up){pud) is 
globally bounded. Let us show 

(2) For all u G /(g) and all p G /(g*), the function 

// e g,e,(R) ^ D^{XY/YpiX)mu)9{X)\ 

is bounded. 

Let u and p be as above. Since p is bounded (in absolute value) by an element 
in /(g*) which is positive and bounded by below on g(R) (just take 1 + pp), 
we may assume that p has this property. By what we just saw, for all integer 
k ^ 1 the function {D'^y^‘^d{u){p^9) is bounded. Consider the endomorphisms 
R{p), L{p) and ad{p) of Dif f{g) given by R{p)D = Dp, L{p)D = pD and ad{p) = 
L{p) — R{p). They all commute with each other and ad{p) is locally nilpotent. 
Hence, there exists an integer M ^ 1 such that ad{p)^{d{u)) = 0. It follows that 
for all integer n ^ M, we have 

p^d{u) = L{pY{d{u)) = 


{R{p) + ad{p)Y d{u) 


M-l 


k=0 
^M-1 




. k=0 
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The last sum above stays in a subspace of dimension less than M as n varies. It 
easily follows that we may hnd two integers n, m ^ 1 and scalars Ai,..., G C 
such that 


pn+^d{u) = Xip'^+^-^d{u)p + ... + p'^d{u)p^ 

Because the functions d{u){p^9), 1 ^ fc ^ m, are all globally bounded, 

we get an inequality 

D^{xf/^\p{x)\^+^\d{u)e{x)\ < |p(x)p+”^-i +... + b(x)p 

for all X G 0 reg(lT). Since \p\ is bounded by below, the last sum above is essen¬ 
tially bounded by Then, after dividing by we obtain 

( 2 ). 

It is easy to see that we may hnd p G I{q*) such that ||X||r(g) <C |p(X)|, for 
all X G g(lEl). Hence, it follows from (2) and l.(i) that 6 ^ is a Schwartz quasi¬ 
character. It implies in particular that 6 satishes the same condition as 6, hence 
its Fourier transform, which is just the function X i—)■ 6{—X), is also a Schwartz 
quasi-character. This shows that 6 is itself a Schwartz quasi-character. 

(iii) This follows directly from l.(ii) (Note that a Schwartz quasi-character 6 satishes 
the assumptions of l.(ii)). 

(iv) Denote by A the subalgebra of Diff{Q)^ consisting in the operators D such 
that for all Schwartz quasi-character 6, the function DO is also a Schwartz quasi¬ 
character and DTg = Tug. We want to show that A = Diffi^o)'^. Obviously 
we have /(g) C A. Since the Fourier transform preserves the space of Schwartz 
quasi-characters, it easily follows that /(g*) is also included in A. By proposition 
IS.l.lf vii. it follows that A = Diff(g)'^. 

2. We are going to prove 2.(i), 2.(ii) and 2.(iii) by induction on dim(G'). If dim(G) = 1, 
then G is a torus and everything is obvious. We henceforth assume that 2.(i), 2.(ii) 
and 2 . (iii) hold for all connected reductive groups G' with dim(G') < dim(G). 

We hrst establish 2.(i). The direction Ox,u]x quasi-character ^ 9 quasi-character is 
easy using lemma 13.2.If ih So assume that 0 is a quasi-character. If Gx = G, there is 
nothing to prove. If Gx 7 ^ G, by lemma 13.2.If ii. we see that 9x,u}x satishes 2 .(ii) for 
J ^ ^(dx) the image of /(g) by the morphism u 1 —)■ ux- By the induction hypothesis, 
it follows that 9x,u)x indeed a quasi-character and this ends the proof of 2 .(i). 

We now prove 2.(ii) and 2.(iii) together. That is, we take 9 and J as in 2.(ii) and we 
are going to prove that for all D G Dif the function D9 is a quasi-character 

on uj and that we have the equality DTg = Tj^g of distributions on oj. By dehnition, 
this amounts to show the two following facts 
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(3) For all D G Dif the function {D’^Y^^DO is locally bounded on u. 


(4) For all D G Diff°°{u)^ we have the equality DTq = T^e of distributions on uj. 

By proposition I3.1.1f v). we are immediately reduced to prove (3) and (4) only for 
D G Diff{g)^. By lemma 14.2.11 we already know that for all D G Diff{g)^ the 
function {D'^Y^'^DO is locally bounded on oj. Hence, we only need to show the following 

(5) For all D G Dif we have the equality DTq = Toe of distributions on oj. 

Let D G Diff{g)^. The question is local for the invariant topology i.e. we only need 
to prove that the equality holds near every X G Uss- So let X G coss- Assume hrst that 
Gx Y this case, we can use semi-simple descent and the induction hypothesis 

on Gx- More precisely, let ujx ^ be a G-good open neighborhood of X such 

that cjY ^ Then, by lemma [T.2. If ih the function 0x,ujx satishes the assumptions of 
2.(ii) on cjx with J replace by its image in I(gx) via the morphism u i—)■ ux- Since the 
two extensions I(gx)/-f(g) and I{g)/J are hnite, so is I{gx)/J- Hence, applying 2 .(ii) 
to Gx, we see that 9x,u}x is a quasi-character on ux- Then applying 2 .(iii) to Gx, we 
see that we have the equality of distributions DxTq^^^ = ToxOxu^x lemma 

13.2.If iL this implies that the equality of distributions DTq — Toe holds on coY- This 
proves the claim (5) near X in this case. Now assume that Gx = G. This condition is 
equivalent to X G 3g(1R) Flo;, where 3 g denotes the Lie algebra of Zq- Let Gder be the 
derived subgroup of G and let gder denote its Lie algebra. We have the decompositions 
0 = 3G©0der and I{g) = S{^G)HQder)- The question being local at X, we may replace 
UJ by any completely G(R)-invariant open neighborhood of X that is contained in uj. 
In particular, we may assume without lost of generality that uj = uj^ x ujder where 
© 3g(R) and uoder © 0 der(R) are open and completely G(R)-invariant. Note that we 
have UJreg = 1^3 X 0Jder,reg- Let fder ^ G°°(gder(^))^ be SUch that 

• Suppu}i^Yfder) is compact modulo conjugation; 

• fder = 1 near 0 . 

Then, we claim that the function fder9 satishes the same hypothesis as 6 *, that is: 

( 6 ) for all u E J, the function (D'^Y^^d{'^){fder9) is locally bounded on uj and we 
have the equality d{u)Tf^^^g = TQ(^u){faer9) distributions on u. 

This is true near x {0} since on some neighborhood of it fder9 coincide with 6. For 
X G uJss\oJi X {0}, we can use semi-simple descent and the induction hypothesis (note 
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that Gx 7^ G) to show that (6) holds near X. Indeed, we already saw that there exists 
ojx C ta a G-good open neighborhood of X such that Ox,ujx ^ quasi-character on 
ojx- By the property 2.(iii) applied to Gx-, it follows that {fder)x,uix^x,ujx is also a 
quasi-character on ux- Hence, by 2.(i), the function fderO is a quasi-character on Ux 
and so a fortiori (6) is satished on Ux- 

Since fder^^ and 9 coincide near X, we may replace 9 by fder9 (recall that we want to 
show that the equality DTg = holds near X). Doing this, the function 9 will now 
satisfy the following additional assumption 

(7) There exists a G(R)-invariant compact modulo conjugation subset Lder C u 
such that Supp{9) C x L^er- 

Let us now show the following 

(8) For all u G S'( 3 g) and all v E J, we have d{uv)Tg = TQ(^uv)e on u. 

Indeed, for all u G S{^g), all v E J and all (p G G^{u), we have 



where in the hrst equality we have used the equality d{v)Tg = in the third 

equality we have used the fact that the function G i—)■ {d{v)9)(Y^ + Yder) is smooth 
for all Yder G Uder,reg aud iu the fourth equality we have used the fact that the function 
d{uv)9 is locally integrable (since it is locally bounded by This proves (8). 

Up to replacing J by S{ig)J) we may now assume that S{])g) Y J. 

Choose /j G G“(a;j) such that /j = 1 near X. Then the function f\9 coincide near 9 
with X. By l.(iv), we thus only need to show that f^9 is a Schwartz quasi-character on 
g(lR). Since, by (7), the support of this function in u is compact modulo conjugation, we 
even only need to prove that it is a quasi-character. Actually, we are going to prove this 
for all /j G G“(a;j). For all X ^ 1, the function is globally bounded 

(since it is locally bounded, invariant and compactly supported modulo conjugation). 
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Hence, the function f^d satisfies the assumption of l.(i) (with k = 0) and so we know 
that the distribution Tj^g is tempered and that its Fourier transform is representable 
by a quasi-character f^6 on g(]R) which is globally bounded by We claim 

that we have the following 


(9) For all p e the function 

H e 0.e,(R) ^ D^{YY/MY)f;e{Y) 


is bounded. 

Since m i—)■ is an isomorphism /(g) ~ /(g*) and /(g) = S{^G)H5der), we only need 
to prove (9) when p is a product Pu^Pu^er with G S{^g) and Uder ^ HSder)- Note 
that the function Pu^{f^9) is the Fourier transform of d{u^)f^Tg. Since S{^g) Y J and 
the function f^6 is supported in u, this distribution is represented by a function of the 
form 


N 

5^('9(Mi)/3)(<9(t^*)^) 

i=l 

with Ui,Vi G S{^g), I ^ i ^ N. Note that the function d{vi)9 satisfies the same 
assumptions as 9 (including (7)) and that the functions d{ui)f\ belong to C“(a;j). 
Hence d{u^)f^9 is a sum of functions of the same type than f^9. It follows that we only 
need to prove (9) for p = Pu with u G I^Qder)- Since p is bounded (in absolute value) by 
an element of /(g^er) ^^at is positive and bounded by below on g(R), we may assume 
that p has this property. Because the extension /(g)/J is hnite, we may hud an integer 
n ^ 1 and elements uq, • • •, Vn-i G J such that 

U"' = Vn-lU'^~^ + . . . + ViU + Vo 

The function p'^{j]9) is the Fourier transform of 


n—1 n—1 

d(u’')f,Ts = = 5 ^ Sfi{u')d{vi)Te = 

Note that, although the equality d{vi)Tg = Tg(^y.')g only holds on u, we can use it here 
as if it holds everywhere since the support of f^9 in g(R) is contained in u. Applying 
the Fourier transform to this equality, we obtain 


(10) pA, 


n—1 

'y^,Pu^fid{vi)e 

i=0 
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Note that for all 1 ^ ^ n — 1, the function f^d{vi)6 is globally bounded by 

and compactly supported modulo conjugation. Consequently, its Fourier transform 
is also representable by a function that is globally bounded by (by l.(i)). 

Hence, by (10), we get an inequality 

D°(xy'^\p,xx)nf^e(x )\«1 + ip„(x)i +... + ip.(x)r-‘ 

for all X G 0 rec/(H). Since \pu\ is bounded by below, we easily deduce that the function 
{D'^Y^‘^Pu{f^9) is bounded. This proves (9). 

Since there exists p G I{g*) such that ||X||r( 0 ) b(-^)| foi’ all X G 0(1R.), it follows 

from (9) that the function f^6 satishes the assumptions of l.(i). Hence, its Fourier 
transform, which is the function Y i-G {f^6){—Y), is a quasi-character. This proves the 
claim that f^6 is a quasi-character and ends the proof of 2 .(ii) and 2 .(hi). ■ 

Let u C 0 (R) be a completely G(R)-invariant open subset. We will denote by QC{u) the 
space of quasi-characters on u and by QCc{uj) the subspace of compactly supported quasi¬ 
characters on ca. If L C ca is invariant and compact modulo conjugation, we will also denote 
by QCl{uj) C QCc{uj) the subspace of quasi-characters with support in L. Finally, we will 
denote by S'( 5 C( 0 (R)) the space of Schwartz quasi-characters on 0 (R). 

We will endow these spaces with locally convex topologies as follows. For L C a; as before 
and u G 1 ( 0 ), we dehne a semi-norm on QC{u) by 

qLA^)= sup D^{XY/Yd{u)e{X)\, 6 e QC{u) 

X^Lreg 

Then, we equip QCl{uj) with the topology dehned by the semi-norm {qL,u)uei{g) and QC(lj) 
with the topology defined by the semi-norms {qL,u)L,u where L runs through the invariant 
compact modulo conjugation subsets of u and u runs through /( 0 ). We have a natural 
isomorphism 


QCc{to) ~ \\^QCl{oj) 

L 

and we endow QCdoj) with the direct limit topology. Finally, we put on S'( 5 C( 0 (R)) the 
topology defined by the semi-norms 

quAd)= sup \\X\\Y^^^D^{XY/^\d{u)9{X)\, 9 e SQC{g{R)) 

XGQregi^) 

where u runs through I{q) and N runs through all positive integers. 

Lemma 4.2.2 Let u C 0 (R) be a completely G(R)-invariant open subset and L Y u be 
invariant and compact modulo conjugation. Then 
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(i) QC{uj), QCl{u) and S'( 5 C( 0 (R)) are Frechet spaces whereas QCduj) is a LF space. 
The inclusions QCc(uj) C QC(uj) and S'( 5 C( 0 (R)) C QC(g(R)) are continuous and 
moreover QC^oj), QCl{oj) and QC{uj) are nuclear spaces. 

(a) Let X G 0 ss(R) and ux ^ 0 x(R) be a G-good open neighborhood of X. Assume that 
u = Ux ■ Then the linear map 


9 I—)■ Ox,u}x 

induces topological isomorphisms QC{u) ~ QC{ux) and QCc(u) ~ QCc{ux)- 

(Hi) The Fourier transform 9 9 is a continuous linear automorphism of SQC{q{^)) and 

for all 9 G SQC{q{F)), we have 


9 = [ D^{Xy^^9{X)j{X,.)dX 
dm 

the integral above being absolutely convergent in QC{q{F)). Moreover, for all D G 
Dif f{g)^ the linear map 


9 G ^gC'(fl(R)) ^D9e ^QC'(fl(R)) 


is continuous. 

(iv) The two bilinear maps 

Diff°°{uf X QCe(a;) ^ QCc{u) Diff°°{uf x QC{u) QC{u) 

{D,9) ^ D9 

are separately continuous. 

(v) QCc{u) is dense in QC(u) and gCc( 0 (R)) is dense in S'gC( 0 (R)). 

Proof: 

(i) The claim about inclusions is obvious. Using proposition l3.1.lT i). it is clear that the 
topologies on QC(u), QCl{u) and SQC{u) may be defined by a countable number of 
semi-norms and that QCc{u) is the direct limit of a countable family {QCL„{u))n^i 
where (Tn)n^i is an increasing sequence of invariant compact modulo conjugation sub¬ 
sets of u. Moreover, QCl{u) is a closed subspace of QC(u) and the topology on 
QCl{u) is induced from the one on QC(u). Hence, it suffices to show that QC(u) and 
S'gU( 0 (R)) are complete and that QC(u) is nuclear. Let {9n)n^i be a Cauchy sequence 





in S'QC( 0 (R)). Then, it is also a Cauchy sequence in If this sequence ad¬ 

mits a limit 9 in QC'(g(R)), then it is clear that 9 belongs to S'(5C'(g(R)) and that 
it is also a limit of the sequence {9n)n^o in 5'(5C(g(R)). Hence, we are only left with 
proving that QC{u) is nuclear and complete. Let T(G) be a set of representatives for 
the G(R)-conjugacy classes of maximal tori in G. For all T G T{G) set ojt = ojr\ t(R), 
^T,reg = w H Leg(R) and dehue C^{uT,reg,<-^T) to be the space of all smooth functions 
/ : u)T,reg —t C such that d{u)f is locally bounded in ojt for all u G 5(1). We endow 
this space with the topology dehned by the semi-norms 

qT,u,LM)= snp \{d{u)f){X)\, f e C^{uT,reg,(^T) 

X ^LT,reg 

for all M G S'(t) and all compact subset C ojt- Then by lemma lA.5.11 the spaces 
C^{ojT,reg,^T), T G T {G), are all nuclear Frechet spaces (note that since 0JT,reg is the 
complement in ujt of a finite union of subspaces of t(R), the pair {ojT,reg,^T) trivially 
satishes the assumption of lemma IA.5.1D . Moreover, by lemma H. 2 . 1 L the linear map 


9 I—)■ {9t)t&t{g) 

where 9t{X) = D^{Xf/^9{X) for all X G ^T,regi iuduces a closed embedding 

QG{ljj)'^ G^{0JT,regi^T) 

TeT{G) 


The result follows. 

(ii) By proposition 14.2.If iL the map 9 i—)■ 9x,ujx induces linear isomorphisms QG{u) ~ 
QG{ux) and QGc(uj) ~ QGc{uJx)- Moreover, the inverses of these isomorphisms are 
easily seen to be continuous. By the open mapping theorem, it follows that these are 
indeed topological isomorphisms. 

(iii) First we prove the claim about the Fourier transform. By the closed graph theorem 
and proposition 14. 2. If i). it is sufficient to prove that for all 9 G S'QG(g(R)) the integral 

( 11 ) [ D^{XY/^9{X)3{X,.)dX 

is absolutely convergent in ( 5 G(g(R)) and that the linear map 

SQG{g{R)) ^ gG(g(R)) 

9^ f D^{Xy/^9{X)j{X, .)dX 
dm 












is continuous. Let L C 0(11) be invariant and compact modulo conjugation and let 
u E /(g). Since d{u)j{X ,.) = pu{-X)j{X ,.), by [121(3) we have 

f D^{XY/y{X)\qLMX,.))dX [ D^{XY/^\p^{-X)e{X)\dX 

Jm Jr{g) 

^qiAO) [ \Pu{-X)\\\X\^dX 

Jm 

for all 6 E SQC(g(R)) and all N ^ 1. There exists Nq ^ 0 such that \pu{—X)\ 

for all X E q{F) and so bv ll.8f 2L the last integral above is absolutely conver¬ 
gent for N sufficiently large (depending on u). This proves the convergence and the 
continuity in 0 G S'QC(g(R)) of the integral (11). 

We now prove the claim about differential operators. Let us denote by A the subalgebra 
of differential operators D E Diff{Q)^ that induce a continuous endomorphism of 
S'QC'( 0 (R)). It is obvious that /(g) C A. Since the Fourier transform exchange the 
actions of /(g*) with the action of /(g), it follows that we also have /(g*) C A. Hence, 
by proposition 13.1.If vi). we have A = Dif 

(iv) By the closed graph theorem, we only need to prove that the bilinear map 

X QC{uj) -E QC{u) 

(DA) ^ DO 

is separately continuous. Since for all m G /(g) multiplication by d{u) is a continuous 
endomorphism of Dif , it suffices to prove that the bilinear map above is sepa¬ 

rately continuous when the target space is equipped with the topology dehned by the 
semi-norms {qL,i)L- By dehnition of the topology on Dif , it is even sufficient 

to prove the following 

(12) For all invariant and compact modulo conjugation subset L u and for all 
n ^ 1, there exist a continuous semi-norm on Dif and a continuous 

semi-norm pn,L on QC(uj) such that 


qL,l{D9) ^ 

for all D E Dif and all 9 E QCiuj). 

By proposition 13.1.If v). to prove (12), we only need to show that for all D E Dif f{g)^ 
the linear map 
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QC(u;) QC(uj) 

DO 


is continuous. This follows from lemma 14.2. II 

(v) The density of QCc{oj) in QC{u) follows from the existence for all invariant compact 
modulo conjugation subset L C a; of a function ipi G that is compactly 

supported modulo conjugation and such that = 1 on some neighborhood of L. Let 
now (f G C'°°( 0 (R))‘^ be compactly supported modulo conjugation and such that (p = 1 
in some neighborhood of 0. Let us set = ip(t~^X) for alH > 0 and all X G fl(R). 

The density of QCc(fl(R)) in S'(5C(0(R)) will follow from the following claim 

(13) For all 6 G S'( 5 C'( 0 (R)), we have 

lim ipt6 = 6 

t^OO 


in SQC{q{R)). 

We need to see that for all n G /(g) and all integer iV ^ 0, we have 

lim qu,N{6 - = 0 

t—^OO 

Of course, it is sufficient to deal with the case where u is homogeneous. We henceforth 
hx an element u G /(g) which is homogeneous. Let oj C g(R) be a completely G(R)- 
invariant open neighborhood of 0 on which (p equals 1. It is not hard to see that 

for all f > 0 and all X G g(R) — too. Since for alH > 0 the function 9 — iptO is supported 
in g(R) — tuj, it follows that for all integers ^ 0, we have an inequality 


qu,N{d - iftd) -C t ''qu,N+ki9 - ^ptO) 

for all t > 0. Hence, it suffices to show the existence of an integer du such that for all 
integer N ^ 1, we have an inequality 

(14) qu,N{v^tO) < T'’* 

for all f > 1. We dehne an action of R;^ on /li//°°(g(R)) as follows: for all {t,D) G 
R; X Diff°°{g{R)), we dehne A e Diff°°{Q(R)) by 
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A/ = Wt-Ot 


for all / G C°°( 0 (R)), where as before ft{X) = f{t ^X) for all t G and all / G 
C°°( 0 (R)). Let X ^ 1 be an integer. Then, we have 

(15) qu,NM) = qN{d{u){^pt9)) = ro 

for all f > 0, where we have set qN = qi,N and where d{u) o (p denotes the differential 
operator obtained by composing d{u) with the mnltiplication by ip. By proposition 
I3.1.1f vi. there exists an integer n ^ 1, fnnctions ipi, ..., ipn G C°°(g(R))'^ and operators 
Di,..., Dn G Dif f{Q)^ snch that 

d{u) Oip = ip^Di + . . . + (PnDn 

Of conrse, we may assnme that the fnnctions Lpi,...,Lpn are compactly snpported 
modnlo conjngation and that for all 1 ^ z ^ n there exists an integer di snch that 
{Di)t = for all t G R!)_. It then easily follows from (15) that 


^=1 

for all f > 0. Since the fnnctions Di6, 1 ^ i ^ n are Schwartz qnasi-characters, the semi¬ 
norms qj^{Di6) are hnite. We dednce that (14) holds for = maxi^j^„((ij) — deg(M). 
This proves (13) and ends the proof of (v). ■ 

4.3 Local expansions of quasi-characters on the Lie algebra when 

F = R 


Let oj C g(R) be a completely G(R)-invariant open snbset and 9 a qnasi-character on u. 
Recall that, for T C G a maximal torns, we denote by 9t the fnnction on a; nLeg(R) dehned 
by 


9t{x) = D^{xy/^9{x), X eun Le5(R) 

Lemma 4.3.1 (i) Let T G be a maximal torus. Then for all connected component T C 

^ n trec/(R) and all u G 5(1) the function X G T i—)■ (cI(m) 6 *t)(X) extends continuously 
to the closure ofV in uj r\ t(R). 
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(a) Let X G oJss- Then, there exist constants cg^o{X) for O G NilregiQx) such that 


D^{X + YY/^eiX + Y) = D^{X + YY/^ ce,o{X)3iO,Y) + 0{\Y\) 

O^Nilreg {QX ) 


for all Y G 0x,reg(K') sufficiently near 0. 

Proof: 

(i) This follows directly from lemma H.2.11 and the mean value theorem (Note that h'eg(If) 
is the complement in t(R) of a hnite union of subspaces). 

(ii) By lemma I4.2.2r ii). we are immediately reduced to the case where X G 3g(R)- By 
translation, we may even assume that X = 0. Dehne a function Oq on gres(R) by 

d^(x)B20o(x) = lim D^{txY/^e{tx) 

t—^o+ 

for all X G greg(B). Note that for f > 0 sufficiently small, we have tX G Ureg and 
that the limit exists by (i). Moreover, the function 6o is invariant and homogeneous of 
degree —5{G)/2, that is 


( 1 ) OoitX) = 

for all X G 0reg(R) and all t > 0. Also, the function is (globally) bounded 

since is bounded near 0. By (i) again, for all maximal torus T <Z G and all 

connected component P C 0rec,(R), we have 

D°(X)B20(X) = T)^(X)B20q(x) + 0{\X\) 

as A G Pflo; goes to 0. Since there are only finitely many conjugacy classes of maximal 
tori, that for all of them tj.eg(lR) has only finitely many connected components and that 
|A| -C \g~^Xg\ for all g G G(R) and all X G t(R), it follows that for some completely 
G(R)-invariant neighborhood u' Y u of 0, we have 

(2) d^(a)B20(x) = D^{xy/^eo{x) + 0{\X\) 

for all X G It remains to show that the function 9q is a linear combination 

of functions j{0,.) for O G Nilregio)- Since the function {D^Y^‘^9q is bounded, the 
function 9q is locally integrable and so it defines a distribution Tg^. Let /'*”(0) C 
1 ( 0 ) denote the subalgebra of elements without constant term. We first establish the 
following 
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(3) For all u E we have d{u)Tg^ = 0. 


Let u E be homogeneous of degree d > 0. It follows easily from (1) that the 

distribution d{u)TQ^ is homogeneous of degree —d — 5{G)/2 in the following sense: for 
all / E C^( 0 (R)), we have 

for all f > 0 and where ft{X) = f{t~^X). Since the function {D^Yf‘^d{u)9 is locally 
bounded and locally integrable, it is easy to see that for all / E (^^(^(R)), 

we have 


(5) \{d{u)Tg){fY\ = \Ta(u)eUt )\« 

for all f > 0 sufficiently small (in particular so that Supp{ft) C ca). Set R = Tg^ 00- If 
is a distribution on u. By (2), we know that X i—)■ \X\~^D^{XY/‘^\6{X) — 6 'o(X)| is 
bounded on some neighborhood of 0. It follows easily that for all / E C“(g(R)), we 
have 


( 6 ) I {d{u)R) {ft) I < tl+dim( 0 )-d- 5 (G )/2 

for alH > 0 sufficiently small. Since we have d{u)R = d{u)Tg — d{u)Tg^, the equality 
(4) and the inequalities (5) and ( 6 ) cannot be compatible unless d{u)TgQ = 0. This 
proves (3). 

By lemma 2.2 of [BV], every homogeneous distribution is tempered. Hence, Tg^ is 
tempered. Consider its Fourier transform Tqo- It is an invariant and homogeneous 
distribution of degree — dim(g) — 5{G)/2. Also, by (3), we have PuTg^ = 0 for all 
u E I~^{q)- Since the common zero locus of the polynomials Pu for all u E I~^{q) is the 
nilpotent cone M of g(R), it follows that Supp{TgY) C M. Hence, bv I1.7f 2). Tg^ is a 
linear combination of the distributions Jq for O E Nilregid) and we are done. ■ 

4.4 Quasi-characters on the group when F = R 

In this subsection we still assume that F = R. Let H C G(R) be a completely G(R)- 
invariant open subset. A quasi-character on H is a function 6 E C°°{Qreg)'^ that satishes the 
two following conditions 

• For all z G Z{g), the function {D^)^^'^z9 is locally bounded on H (so that bv ll.Sf ll 
the function z9 is locally integrable on H); 
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• For all z & Z{q), we have the following equality of distributions on hi 

zTq = Tzo 

We say that a quasi-character 6 is compactly supported if it is compactly supported modulo 
conjugation. We will denote by QCiVL) the space of quasi-characters on hi and by QCci^t) 
the subspace of compactly supported quasi-characters. If L C is invariant and compact 
modulo conjugation we also introduce the subspace QCiiS^) C QCciP) of quasi-characters 
supported in L. We endow QCiiS^) with the topology dehned by the semi-norms 

= sup D^{xY^'^\z6{x)\ 

X^Lreg 

for all G Z{q) and we equip QC{Q) with the topology dehned by the semi-norms {qL,z)L,z 
where L runs through the invariant compact modulo conjugation subsets of hi and runs 
through Z(g). Finally, we put on QCc{^) the inductive limit topology relative to the natural 
isomorphism 


QCM ~ ih^ gc'i(fi) 

L 

As in the case of the Lie algebra, by the representation theorem of Harish-Chandra, any 
invariant distribution T dehned on some completely G(R)-invariant open subset hi C G(R) 
such that dim(Z( 0 )T) < cxd is the distribution associated to a quasi-character on hi. In 
particular, for every admissible irreducible representation tt of G(R) the character 6 ^^ of tt is 
a quasi-character on G(R). 

Proposition 4.4.1 Let hi C G(R) be a completely G(Ii)-invariant open subset and let L Z Ll 
be invariant and compact modulo conjugation. Then 

(i) Let u C g(R) be a G-excellent open subset and assume that hi = exp(a;). Then the 
linear map 

induces topological isomorphisms QG(Q) ~ QG(lv) and QGc{Tl) ~ QGc{uj). 

(a) QG(Q) and QGl{LI) are nuclear Frechet spaces and QGc(Lt) is a nuclear LF space. 

(Hi) Let X G G5s(R) and ^ Ga;(R) be a G-good open neighborhood of x. Assume that 
VL = Off. Then the linear map 


0 

induces topological isomorphisms QG(il) ~ andQGc{Ll) ~ 
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(iv) For all D G Diff°°{Q)‘^ and all 9 G QC{fl), the function DO is a quasi-character on 
and we have DT^ = T^g. Moreover, the two bilinear maps 


Diff°°{nf X QC{n) QC{n), Diff°°{nf x QC^in) QC^in) 

{D,0) ^ DO 


are separately continuous. 

(v) If G = Gi X G 2 with Gi and G 2 two reductive connected groups over F, and = 
X 0.2 where f2i C Gi(R) (resp. O 2 C G 2 (R)j is a completely Gi(R)-invariant 
(resp. completely G 2 (R)-invariant) open subset then there is a canonical isomorphism 
of topological vector spaces 


QG{0) ~ QG{0i)®pQG{02) 

(vi) For all 0 G QG{0) and all x G Gss(R), there exist constants cg^a(x) G C, for O G 
Nilregidx), such that 

D^{xe^y/^0{xe^) = D^{xe^y/^ ce^o{x)3{0, Y) + 0(|y|) 

OSNilreg {Qx) 

for all Y G 0x,reg(R) sufficiently near 0. 

Proof: (i) is a straightforward consequence of I3.3f 3). (vi) follows from (i), (iii) and lemma 
I4.3.ir iii. Before proving (ii)-(v), we need to show the following 


(1) Let J C Z{q) be a subalgebra such that the extension Z{q)/J is hnite. Assume that 
9 G G°°{Oreg)'^ satishes the two following conditions 

• For all z E J, the function {D^Y/‘^z9 is locally bounded on O; 

• For all z G J, we have the equality of distributions on 

zTg = TzO 


Then, 0 is a quasi-character on 


The proof is by induction on dim(G), the case of a torus being obvious. Let 9 and J be as 
in (1). We need to show that 0 is a quasi-character near every semi-simple point x G 
If Gx Y ^1 then we can use semi-simple descent (cf lemma I3.2.1f iii) and the induction 
hypothesis for Gx to conclude. Assume that Gx = G i.e. x G Zq{F), then translating 9 and 
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f2 by X, we may assume that x = 1. But then the result follows from (i), I3.3f 3l and the 
analogous result for the Lie algebra fproposition l4.2.1l 2.fiiB. 

We may now proceed to the proof of (ii)-(v). 

(i) Using proposition I3.1.1f i). it is easy to see that the topology on QCiVt) is dehned by 
a countable number of semi-norms and that QC'c(ff) is the direct limit of a countable 
family (QCL„(f^))n>i where {Ln)n^i is an increasing sequence of invariant and compact 
modulo conjugation subsets of ff. Moreover, QCl{^) is a closed subspace of QC{fl) 
and its topology is induced from the one on QC{Q). Hence, we only need to show that 
QC{fl) is nuclear and complete. For every x G choose Ux C Qx{.F) a G^j-excellent 
open subset such that = xexp(a;a:) C Gx{F) is a G-good open neighborhood of x 
such that C ff. The linear map 

OC(n) ^ n oc(np 

XGQss 

is a closed embedding. Hence, it suffices to show that the spaces x G are 

nuclear and complete. Let x G and consider the map 

( 2 ) 0 e QC{n°) ^ 6 

Set J = {uz^; z G Z(g)}. It is a subalgebra of I{gx) with the property that the 
extension I{Qx)/J is hnite. By (1), (i) and proposition 14.2.11 2. fii). we see that the 
linear map (2) induces a linear isomorphism QCiVt^) ~ QC{oJx)^'^^^^■ By lemma H.2.11 
it is even a topological isomorphism. Hence, by lemma H:.2.2f iL QC{VL^) is a nuclear 
Frechet space and this ends the proof of (ii). 

(ii) Once again, by (1) (where we take J = {zx, z G Z{g)}) and lemma 13.2.If i). the linear 

map 9 dx^n^ induces linear isomorphisms QG(f2) ~ and QCc{^) — 

■ The inverse of these isomorphisms are obviously continuous. Hence, by 
the open-mapping theorem these are topological isomorphisms. 

(hi) The hrst part of (iv) follows easily from (i), (hi) and proposition I4.2.1l 2.fiii). Choose, 
as in the proof of (i), for every x G a G^j-excellent open subset ojx ^ Qx{F) such 
that fla; = xexp(ci;a;) C Gx{F) is G-good and C Then, by the closed graph 
theorem, it suffices to show that for every x G the bilinear map 

Dzfnn^f X QG{n^) ^ QG{n^) 

{D,e) ^ DO 
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is separately continuous. But by (i), (iii) and lemma I3.2.ir iib we have topological 
isomorphisms 


QC(a°) ~ 

9 ^ {R(.x)e,.nX. 

Dif — Dif 

D IH- 

Hence, we are reduced to show that the bilinear map 

{D,e) ^ DO 

is separately continuous. This follows from lemma H:.2.2f ivb 
(iv) The natural bilinear map 

QC(fii) X QC{Q2) QC{Q) 

( 01 , ^2) [(01,02) '-t 01(01)02(02)] 

is continuous. Hence it extends to a continuous linear map 

QC(r2i)®pQC(r22) —y QC{n) 

and we would like to show that this is a topological isomorphism. By the open mapping 
theorem and proposition IA.5.11 of the appendix, this amounts to proving that for all 
0 G QC{Q) the two following conditions are satished 


(1) For all 01 G fli^reg, the function g 2 G fl 2 ,reg t 0 ( 5 fi, 5 f 2 ) belongs to QC{Q 2 )', 

(2) For all A G QC{Q 2 y, the function gi i-G- A(0(0i,.)) belongs to QC{^li). 


The hrst condition is easy to check and left to the reader. Let 0 G QC{fl). In order 
to prove that the condition (4) is satished, it is obviously sufficient to establish the 
following 

(5) The function gi G ^i^reg ^ •) ^ QC{fl 2 ) is smooth, for all Zi G 2(gi) 
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and all invariant and compact modulo conjugation subset Li C the set 


{Rl{zi)d) {gi, .), gi e U^reg} 


is bounded in QC{Q 2 ) and for all (pi G C“(r2i), we have the equality 



{Ri{zi)9) {gi, .)^i{gi)dgi = 



0{gi,-) (zlipi) {gi)dgi 


in QC{yL 2 )- 


(the index 1 in Ri{zi) is here to emphasize that we are deriving in the first variable). 
Note that if the function gi G ffi,reg •) ^ QC(ff 2 ) is smooth then for all 

u G ^(g), the derivative R{u) {gi ^ 6{gi,.)) {gi) G QC{yL 2 ) is necessarily equal to 
{Ri{u)6) (s'!,.), which is why we are using the function {Ri{zi)6) above. The 

second claim in (5) is obvious and the last equality of (5) need only to be checked after 
applying to it the continuous linear forms 


^2 £ QC{VL2) t— )■ [ d2{g2)g>2{g2)dg2, ^2 ^ C'^(f^2,reg) 

J SI2 

(because these linear forms separate elements of QC{VL 2 )) where then it is an obvious 
consequence of 9 being a quasi-character. Hence, we are only left with proving that the 
map gi G Hi,reg ^ d{gi ,.) G QC{Q 2 ) is smooth. This fact follows easily from the next 
claim 

(6) For all u G U{qi) and all gi G ffpreg, the function {Ri{u)9){gi, .) is a 
quasi-character on ^2 and for all compact subset /Ci C fli^reg, the family 

{{Ri{u)9){gi,.), gi G/Ci} 

is bounded in QC{yL 2 )- 

Let u G U{qi). In order to get (6), we only need to check the following 

(7) For all Z 2 G ^( 92 ), all compact subsets fCi C VLi reg and all invariant and 
compact modulo conjugation subset T 2 C H 2 , there exists C > 0 such that 

D<^\g2f/^\{R2 {z2)Ri{u) 9) {g,,g2)\ ^ C 
for all ( 5 - 1 , 5 - 2 ) e /Cl ^ L2,reg' 
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and 


(8) For all (p 2 £ <^^(^ 2 ) and for all Z 2 G ^( 02 ), we have the equality 



{R2{z2)Ri{u)e) {gi, g2)V2{,g2)dg2 



{Ri{u)e) (^ 1 ,^ 2 ) {R{zl)ip2) {g2)dg2 


for all gi G hlyreg- 


If (7) is satished, then both sides of the equality (8) are continuous in gi G ^i,reg- 
Hence, the equality need only to be checked after integrating it against a function 
(pi G C^{rii^reg) where it is again an easy consequence of 9 being a quasi-character. 
Let us prove (7). Fix Z 2 G ^( 02 ) and an invariant and compact modulo conjugation 
subset L 2 C r 22 - Then the functions {R2{z2)9) (., ( 72 ), 5'2 G L 2 ^reg, are all quasi-characters 
on hli and the family 


{D^^{g2y^^ {R2 {z2)9) (•,fi'2), g2 G L2^reg} 

is bounded in QC{Qi). Hence, to get (7) it suffices to see that for all compact subset 
^ ^i,reg, the linear forms 


9i G e-)- (R(u)9i) {gi), gi G /Ci 

form a bounded subset of QC{Vliy. This follows from example from (hi) (where we 
take points a; G hli which are regular). This ends the proof of (v). ■ 


4.5 Functions cg 

We henceforth drop the condition that F = R so that F can be p-adic as well. Let 6* be a 
quasi-character on G{F). Then for all x G Gss{F), we have a local expansion 


D^{xe^Y/^e{xe^) = ^ ce,o(a;)J(C>, X) + 0(|X|) 

OSNilreg (_Qx ) 

for all X G Qx,reg{F) sufficiently near 0 (in the p-adic case, this follows from the fact that 
F'^(X)^/^j(C>, X) = 0(|X|) near 0 for all O G Nil{g)\Nilregid))- It follows from the homo¬ 
geneity property of the functions j{0, .) and their linear independence that the coefficients 
ce,o{x), O G Nilregidx), dxe uniquely dehned. We set 


cg{x) = 


\Nilj.eg(^Qx') I 




ce,o[x) 


(D^Nilreg { Qx ) 


for all X G Gss{F). This dehnes a function 
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ce ■ Gss{i^) C 

Similarly, to any quasi-character 6 on g{F) we associate a function 


Cg ■ Qss{F) —)■ C 


Proposition 4.5.1 1. Let 9 be a quasi-charaeter on G{F) and let x G Gss{F). Then 

(i) If Gx is not quasi-split then cg(x) = 0. 

(a) Assume that Gx is quasi-split. Let Bx <Z Gx be a Borel subgroup and Tqd,x C Bx 
be a maximal torus (both defined over F). Then, we have 

D^{xY/\e{x) = \W{Gx,Tqd,.)\-^ lim D^{x'fGe^fi) 

(in partieular, the limit exists). 

(Hi) The funetion locally bounded on G{F). More precisely, for all invari¬ 

ant and compact modulo conjugation subset L C G{F), there exists a continuous 
semi-norm vl on QG{G{F)) such that 

sup {xY^‘^\cg{x)\ ^ VLifi) 

X^Lss 

for aliee QG{G{F)). 

(iv) Let TLx F Gx{F) be a G-good open neighborhood of x. Then, we have 

for all y G 

2. Let 9 be a quasi-character on 2 {F) and let X G gss{F). Then 
(i) If Gx is not quasi-split then cg{X) = 0. 

(a) Assume thatGx is quasi-split. LetBx C Gx be a Borel subgroup andTqd,x C Bx 
be a maximal torus (both defined over F). Then, we have 

D°(X)'X,(X) = \W(Gx,T,,,x)\-\.^ lim D°(Xr'^e(X') 

X'&qd,x(F)^X 

(in particular, the limit exists). 
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(iii) The function {D‘^y^‘^cg is locally bounded on q{F). More precisely, for all invari¬ 
ant and compact modulo conjugation subset L C q{F), there exists a continuous 
semi-norm ul on QC{g{F)) such that 

sup D^{Xy/^\ce{X)\^UL{e) 

XgLss 

for all 9 G QC{q{F)). 

(iv) For all X G F^ let Mx9 be the quasi-character defined by {M\9){X) = 
for all X G Qreg{F). Then we have 

D^{xy/^CMAX) = D^{X-AA^ce{X-A) 

for all X G Qss{F) and all A G F^ . 

(v) Assume that G is quasi-split. Let B (Z G be a Borel subgroup and Tq^ Z B be a 
maximal torus (both defined over F). Then, for all X G iqd,reg{F), we have 

Proof: l.(i) and 2.(i) are obvious since for G^ not quasi-split, NilregiSx) is empty, l.(ii) and 
2.(ii) follow easily from ld-df ?) whereas l.(iii), l-(iv), 2.(iii) and 2.(iv) are direct consequences 
of the preceding points and the fact that the function is locally bounded by a 

continuous semi-norm on QG{G{F)) (resp. on (5C'(g(F))) for all 9 G QG{G{F)) (resp. for 
all 9 G gC'(g(F))). Finally, 2.(v) follows from 2.(ii) andElKS). ■ 

4.6 Homogeneous distributions on spaces of quasi-characters 

For all A G F^, let us denote by Mx the continuous operator on gC'c(g(F)) (resp. on 
SQG{q{F)), resp. on gC(g(F))) given by 


Mx9 = \XA^'>/^9x, 9 G QGMF)) (resp. 9 G SQG{g{F)), resp. 9 G QC'(g(F))) 

(recall that 9x{X) = 9{X~^X) for all X G greg{F)). 

Proposition 4.6.1 Let A G F^ be such that |A| y 1. Then, we have the followings 

For all 9 G QGc{g{F)) (resp. 9 G SQG{g{F))) such that cg^o{0) = 0 for all O G 
Nilregig) and for all integer d ^ 1, there exist 9^,9^ G QGc{g{F)) (resp. 9^,9^ G 
SQG{g{F))) such that 

(n^ 9 = {Mx-lY9i + 92; 

• 0 ^ Supp{92). 
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(a) Let £ be a continuous linear form on QCc{q{F)) such that 


£{M^9) = £{9) 

for all 9 G QCc{q{F)). Then £ extends by continuity to SQC{g{F)). 

Proof: 

(i) Let A G F^ such that |A| 7 ^ 1. Since M\Mx-i = Id, we may assume that |A| > 1. 
Denote by QCo( 0 (-F)) the space of quasi-characters 9 G QC{g{F)) such that C 5 )^o( 0 ) = 0 
for all O G NilregidiF)). It is a closed subspace of Obviously, we only need 

to prove that (M^ — 1) is a linear bijection of QC'o( 0 (F)) onto itself. This will follow 
from the next claim 


(1) For all 9 G QC'o( 0 (F)), the series 


n=0 


converges in ( 5 Oo( 0 (F)). 


Let 9 G QCo{q{F)). Assume hrst that F is p-adic. Then, we need to show that for all 
open invariant and compact modulo conjugation subset uj C 0 (F), the series 


( 2 ) 

converges in QCc{oj)- In some invariant neighborhood of 0, we have 

9(A')= c,A0)3(O,X) 

oemi{g) 

Hence, for n sufficiently large, bv ll.7f 5). we have 

0&Nil{g) 

oeNiiis) 

for all X G oJreg- This shows that the family of quasi-characters {lu]{M\)‘^9; n ^ 1} 
generates a hnite dimensional space. Moreover, by the hypothesis made on 9 and since 
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dim((9) < 5{G)/2 for all nilpotent orbit O that is not regular, we see that the series 
( 2 ) converges in that hnite dimensional space. 

Assume now that F = R. Then, we need to show that for all invariant and compact 
modulo conjugation subset L C q{F) and all u G /(g), the series 


n=0 

converges. Actually, we are going to show that 

(3) qLAMx^0)<^\\\-^ 

for all n ^ 0. Obviously, we may assume that u is homogeneous. We distinguish two 
cases. First assume that deg(M) > 0. Enlarging L if necessary, we may assume that 
X~^L C L. Then, for all n ^ 1, we have 

gL,«(MAn 0 ) = sup D^{X-^xy/^\{d{u)e){X-^X)\ 

X^Lreg 

^ |^|-ndegH D^{Xf/\d{u)e){X)\ 

^ Lreg 

and this proves (3)in this case. Now assume that u = 1. Since ce^oi^) = 0 for all 
O G NilregiQ), have D^{XY/‘^9{X) = 0(|X|) for X in some invariant neighborhood 
of 0. Hence, L being compact modulo conjugation, we have 

qL,i{Mx^0) = sup D^{X-^XY/‘^\e{X-^X)\ < |A|-" 

X^Lreg 

for all n ^ 0. This proves (3) in this case too and this ends the proof of (1). 

(ii) There is nothing to prove in the p-adic case (since SQC{g{F)) = QCc{q{F))) so we 
assume F = R. Fix A G F^ such that |A| < 1. Consider the series 


CXD 

S{9) := J2{Mxr9 

n=0 

for all 9 G SQC{q{F)). Then, it is not hard to prove as above that this series converges 
in QC{g{F) — 0) and that this dehnes a continuous linear map S : SQC{q{F)) —)■ 
QC{q{F) — 0). Let ip G C°°( 0 (F))‘^ be compactly supported modulo conjugation and 
such that if = 1 near 0. Then, we claim that 
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(4) For all 9 G SQC{g{F)), the quasi-character (1 — ip)S{9) is a Schwartz 
quasi-character. 

Let 9 G SQC{g{F)). By proposition 14.2. Ilf hi). (1 —(p)S'(6*) is a quasi-character on g{F). 
Denote by L the support of <p. Let u E I{g) and N ^ 1. Since (1 — ip)S{9) = S{9) 
outside L, we only need to show that 

(5) B°(X)‘'=|(a(«)S(«))(X)| « ||X||4 

for all X G gregi^) ~ L. Of course, we may assume that u is homogeneous and 
N > deg(M). We have 


D°(X)'-'2|(9(t.)S(e))(X)| s: (X)| 

oo 

n=0 

oo 

n=0 

for all X G greg{F) — L. Since L is an invariant neighborhood of 0, we have an inequality 
||X||r(g) |/i| ||/i“^X||r(g) for all X G g(F) — L and all p G F^ such that |p| ^ 1. Hence, 

the last sum above is essentially bounded by 


Ei^i 

vn=l 


n{N—deg(u)) 


ll^ll 


-N 

r(0) 


for all X G greg{F) — L. Since we are assuming that N > deg(M) and |A| < 1, this last 
term is hnite and this shows (5). This ends the proof of (4). 


Consider the linear map 


^ QCMn) 

L,(»)=«+(M,-1) 1(1-»>)«(«)] 

It indeed takes value in QCc{g{F)) since (Ma — 1) [(1 — ^)S{9)] = —9 outside Supp{ip). 
Moreover, it is continuous by lemma l4.2.2f iv) and the closed graph theorem. Let £ be a 
continuous linear form on QCc{g{F)) that satishes £{Mx9) = £{9) for all 9 G QCc{g{F)). 
Then, we can extend £ to a continuous linear form on SQC{g{F)) by setting 

£{9) = £{L^{9)) 
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for all 9 G SQC{q{F)). It is indeed an extension since (1 — ip)S{9) G QCc{q{F)) for all 
9 G QCMF))- ■ 

4.7 Quasi-characters and parabolic induction 

Let M be a Levi subgronp of G. Let us fix for all x G Gss{F) a system of representatives 
for the M(F)-conjugacy classes of elements in M{F) that are G(F)-conjugated to x. 

Proposition 4.7.1 Let 9^ be a quasi-character on M{F). Then, 

(i) The parabolic induction i%{9^) is a quasi-character. 

(a) Let 9 = i^{9^). Then, we have 


D^{xf/\e{x) = [Zg{x){F) : G,{F)] [^m(|/)(F) : My{F)]-^D^ 

y£X^{x) 


for all X G Gss{F). 

Proof: 

(i) If F is p-adic, this is proved in [Wal]. Assume that F = R. We already know (cf 

subsection I3.4p that is representable by a smooth function 9 on Gsreg{F). It 

is not hard to see using [3^ 21. that 9 extends to a smooth function on Greg{F) and 
that the function {D^Y^‘^9 is locally bounded. Moreover, bv I3.4f l) and since 9^ is a 
quasi-character, for all 2; G the distribution zTg is represented by the function 

i%{.ZM9^). It easily follows that 6* is a quasi-character. 

(ii) Assume hrst that G^ is not quasi-split. Then, by proposition 14.5. ll l.fi). both sides 
are easily seen to be zero (remark that for y G Mss{F), My is a Levi subgroup of Gy). 
Assume now that G^ is quasi-split. Let us £x d G^ a, Borel subgroup and Tqd,x d 

a maximal torus (both dehned over F). Then, by proposition 14. 5. 11 1. (ii). we have the 
formula 


(1) D^{x)ce{x) = \W{G,,,Tqd,x)\-^ lim D^{x'YF9{x') 

x'eTgd,xiF)^x 

Moreover, bv l3.4lf 2L we know that for all x' G Tqd,x{.F) n Gsreg{F) we have 
(2) D^{x')F^9{x')= D^{y'f'^0^{y') 

y'&XM(x') 

For all y G X^{x), the group Gy is quasi-split and My is one of its Levi subgroup. 
Hence, we may £x for all y G X^{x) a Borel subgroup By d Gy and a maximal torus 
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Tqd,y C By (both again defined over F) snch that Tgd,y C My. Let ns also fix for all 
y G X^{x) an element Qy G G{F) snch that Qy^xQy = y and gy^Tqd^xQy = Tqd,y We 
claim the following 

(3) Let x' G Tqd^x{F) fl Gsreg{F). Then, for all y' G X^{x'), there exist y G (x) 
and g G N ormzQ{y){F){Tqd^y) such that y' and g~^gy^x' gyg are M(F)-conjugated. 
Moreover, for all yi, 2/2 £ X^[x) and all gi G Normza{yi){F)iTqd^yi), i = 1,2, the 
elements gi^ gy^x' gy^^gi and g2^gy^x'gy^g2 are M(F)-conjugated if and only if 
2/1 = 2/2 and g2 G giNormzM{yi){F){Tqd,yi)- 

Let x' G Tqd^,^{F)r\Gsreg{F) and y’ G X^{x'). Choose 7 G G{F) such that y' = ^~^x'^. 
Then the centralizer of y' in G is the maximal torus M^^Fyd^xl which is contained in 
M. It follows that 7“^a;7 G M{F). By definition of X^{x), up to translating 7 by 
an element of M{F) (and conjugating y' by the same element), we may assume that 
there exists y G X^(x) such that y = Then 7“^i?a;7 is a Borel subgroup of 

Gy and 'j~^Tqd^x'y is a maximal torus of '-y~^Bx'y which is the centralizer of y^^x'y and 
so is contained in My. Hence, up to translating 7 by an element of My{F) we may 
further assume that y^^T^^^j-y = Tq^^y. Consider the element g = gy^j- It centralizes 
y and normalizes Tqd^y. It follows that g G NormzQ(y){F)(Tqd,y) and this proves the 
first part of the claim. Let 2 / 1 , 2 / 2 , gi and g 2 be as in the second part of the claim 
and assume that g'^^g~^x'gy^gi and g^^gy^x'gy.^g2 are M(F)-conjugated. These two 
elements are conjugated by m = gi^gy^gy 2 g 2 - Since the centralizer of gi^gy^x'gy^gi 
is the torus Tqd^y.^ which is contained in M, we have m G M{F). But, we easily 
check that my 2 m~^ = 2 / 1 - By definition of X^{x), it follows that 2/1 = 2/2 and hence 
m = gi^g 2 e Normza{yi){F)(Tqd,yJ n M(F) = NormzMiyi){F)(Tqd,yJ and this ends the 
proof of (3). 

Let us fix for all y G X^{x), a set N^{y) of representatives for the left cosets of 
Normzj^(y){F)(Tqd^y) in NormzQ{y){F)(Tqd^y) . By (3), we may assume that for all x' G 
Tqd,x{F) n Gsreg{F) we have 

X^{x’) = {g~^gy^x'gyg-, y G X^{x) g G N^{y)} 

Hence, by (2), we get 

(4) D^{x'fl^e{x') = D^{g~^gy^x'gyg)F‘^e^{g-^gy^x'gyg) 

y&XM(x)NG(y) 

for all x' G Tqd^^{F) r\Gsreg{F). Remark that for all y G X^{x) and all g G N^{y), we 
have g~^gy^Tqd,xgyg = Tqd^y and g~^gy^x'gyg —)■ 2/ as x' —)■ x. Hence, taking the limit 
in (4) as x' x, we get, by (1) and proposition l4.5.1l l.fiiL 
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D°(xYI^-ce(x) = |H'(G„r,i4|-' \Ng(y)\\W(M,,T,i,,)\D’''(yYr‘c,M(y) 

y&X’^ix) 

To conclude, it suffices now to show that for all y G X^{x), we have 


(5) |H''(G„T„,J|-‘|Af£(!,)||H'(J\4, V„)| = [Zc{x){F) : G.AF)]\ZM{y){F) : M^F)]-' 

Let y G X^{x). By dehnition, we have 


I^m(|/)I = |^ormzG(j,)(F)(Tgd,j;)/iVormzM(y)(F)(Tgd,y)| 

— \^NormzQ(y){F)iTqd^y)/Tqd^yi^F)]^ x ^Nor'mz!^f(y)[F)iTqd^y)/Tq^yi^F) 
Since the pairs {x,Tgd,x) and {y,Tqd^y) are G(F)-conjugated, we have 

\XoTTnzQ[y)(F)(Tq(j^^y'^\^^^'^ZQ{x){F)(Tqd^x') /Tq(]^^x(^^')\ 

Hence, the left hand side of (5) is the product of the two following terms 
\W{Gx,Tqd^x)\ ^ \NormZaix){F){Tqd^x)/Tqd,x{F^)\ 

and 


I IT (Mj^, Tqd,y) I I Normz^ (y) (f) (Tq^^y) / Tqd,y (F) | 

Let us look at the hrst term above. Every coset of Gx{F) in Zg{x){F) contains an 
element that normalizes Tqd^x- Indeed, for all 2: G Zg{x){F) the torus zTqd,xZ~^ is 
also a maximal torus of Gx which is contained in a Borel subgroup, hence there exists 
g G Gx{F) such that gzTqd,xZ~^g~^ = Tgd^x- It now follows easily from this that we 
have 


( 6 ) |IT(G,,T,,,,)r' \Normzaix)iF){Tqd,x)/Tqd,x{F)\ = [Zg{x){F) : Gx{F)] 

We similarly prove that 


(7) \W(M„T,i.y)\ = |Z„(s)(F) : M,(F)]-' 

Now (5) follows from (6) and (7) and this ends the proof of the proposition. ■ 
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4.8 Quasi-characters associated to tempered representations 

Recall that a Whittaker datum for G is a G(F)-conjugacy class of pairs {Ub,^b) where Ub 
is the unipotent radical of a Borel subgroup B of G, dehned over F, and ^b ■ Ub{F) —)■ is 
a generic character on Ub{F) (generic means that the stabilizer of ^b in B{F) coincides with 
Zg{F)Ub{F)). Of course, Whittaker data for G exist if and only if G is qnasi-split. Using 
the bilinear form B{.,.) and the additive character ip, we can dehne a bijection O e-)■ {Uq, ^a) 
between Nilreg^Q) and the set of Whittaker data for G as follows. Let O G Nilregio)- Pick 
Y E O and extend it to an s[ 2 -triple {Y,H,X). Then X is a regnlar nilpotent element 
and hence belongs to exactly one Borel subalgebra bo of g that is dehned over F. Let 
Bo be the corresponding Borel snbgroup and Uo be its nnipotent radical. The assignment 
u G Uo{F) P.oi'^) = V’ {B(Y, log(M))) dehnes a generic character on Uo{F). Moreover, the 
G(F)-conjugacy class of {Uo,^o) only depends on O and this dehnes the desired bijection. 

Let TT be a tempered irreducible representation of G{F). For O G Nilreg{F), we will say 
that TT has a Whittaker model of type O if there exists a continnous linear form i : 7r°° -E- C 
such that i o 7i{u) = p,o{u)i for all u G Uo{F). Recall that the character 9^ of tt is a quasi¬ 
character on G(F). For all O G NilregiQ), C 7 r,c>(l) = In subsection 12.71 we 

have dehned a space ^{G) of virtual tempered representations of G{F). The character of a 
virtual representation is dehned by linearity. 

Proposition 4.8.1 (i) Let n G Temp{G). Then, for all O G Nilregio), we have 

. . _ J 1 if 71 has a Whittaker model of type O 
C77,o[ ) g otherwise 

(a) The map 

vr G X{G) QG{G{F)) 

is smooth. Moreover, if F = R, for all continuous semi-norm v on QGifGiFf), there 
exists an integer k ^ 0 such that 


n{e^) « N{7r)^ 


for all 71 E X{G). 

Proof: 

(i) In the case where F is p-adic and G is split, this is due to Rodier ([Ro]). The same 
proof works equally well for general qnasi-split gronps and is contained in the more 
general results of [MW]. Finally, when F = R it is a theorem of Matumoto (theorem 
C of [Mat]). 
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(ii) The first part is easy to prove. Indeed, this amounts to showing that for all Levi 
subgroup M of G and for all a G the map 

A G ^ QCiCr(F)) 

is smooth, where we have set 7i\ = i^{crx) for all A G iA]^. By I3.4f 3). we have 

^ iA\^. The linear map 

■4 : QC{M(F)) ^ QC(G{F)) 

is easily seen to be continuous using [3iTf li and I3.4r 2i. whereas the map 

G QC{M{F)) 

is obviously smooth. This handles the first part of the proposition. 

Let us now prove the second part of the proposition. So assume that F = R. Let A4 
be a set of representatives for the conjugacy classes of Levi subgoups of G. Recall that 
by dehnition of X{G), we have 


X(G)= U 4(A’d,(M)) 

MeM 

Let M E A4 he such that M ^ G. Then, by induction, we may assume that the 
result is true for M. As we just saw, the linear map : QG{M{F)) —)■ QG{G{F)) is 
continuous. It immediately follows that for all continuous semi-norm v on QG{G{F)), 
there exists k ^ 0 such that 


uie^) « N{7rf 

for all TT G i^{Xeii{M)). Combining these inequalities for all M G A4, M 7 ^ G, we are 
left with proving the inequality of the proposition only for vr G Xeii{G), that is 


(1) For all continuous semi-norm u on QG{G{F)), there exists k ^ 0 such that 


for all 71 G Xeii{G). 

For all ^ G Z{q) we have = Xn{z)9T, and there exists fco ^ 0 such that \x-f{,z)\ 
N{7iY° for all TT G XeiiiG). Hence, it clearly suffices to prove the existence of G > 0 
such that 
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(2) sup D^{xf/^\e^{x)\^C 

X^Greg{F) 

for all TT G Xeii{G). Harisli-Cliandra has completely described the characters 6^^ of 
elliptic representations vr G d4zz(G). More precisely, let T be a maximal torus of G 
which is elliptic (if such a torus doesn’t exist then G has no elliptic representations). 
Denote by T(R)* the group of continuous unitary characters of T(R). Then, to each 
element b* G T(R)*, Harish-Chandra associates a certain function Of,* on Gj.eg(R) (cf 
theorem 24p.261 of [Va]). These are invariant eigendistributions on G(R) and some of 
them might be equal to zero. Moreover, by theorem 24 (c) p.261 of [Va], there exists 
C > 0 such that 


(3) sup \6b*{x)\ ^ G 

XGGreg {F) 

for all b* G T(R)*. Now let vr G Xeii{G). Recall that tt is a linear combination of 
constituents of a certain induced representation i^(cr), M a Levi subgroup of G and 
a G 112(M). Let us denote, as in subsection 12.71 by W{a) the stabilizer of a in 
W{G, M). Then, by the hrst equality after theorem 13 of [HC], there exists b* G T(R)* 
such that the equality 


e^ = \w{a)\eb* 

holds up to a scalar of module one (recall that vr itself is dehned up to such a scalar). 
Of course the term |lV(cr)| is bounded independently of vr. Hence, (2) follows from (3) 
and this ends the proof of the proposition. ■ 


5 Strongly cuspidal functions 

5.1 Definition, first properties 

For all parabolic subgroup P = MU of G, we dehne continuous linear maps 

/ G C(G(F)) ^ r G C(M(F)) 

if G S{g{F)) ^ G S{m{F)) 

by setting 

f^{m) = 6p{mY^‘^ f f{mu)du and (p^{X) = f Lp{X + N)dN 
Ju{F) Ju(F) 


111 


We will say that a function / G C{G{F)) (resp. (p G S{q{F))) is strongly cuspidal if 
/^ = 0 (resp. = 0) for all proper parabolic subgroup P of G. We will denote by 
Cscusp{G{F)), Sscusp{G{F)) and Sscuspisi^)) the subspaces of strongly cuspidal functions in 
C{G{F)), S{G{F)) and iS(g(F)) respectively. More generally, if C G{F) (resp. u C g{F)) 
is a completely G(F)-invariant open subset, we will set Sscuspi^) = S(Q) fl Sscusp(G(F)) 
(resp. Sscuspi^^) = ‘5(tj) n iSscMsp( 0 (-^))) (the subspaces iS(ff) and iS(a;) have been dehned 
in subsection 13.ip . In the real case, we have (zf)^ = zmJ^ and {d{u)ip)^ = d{uM)p^^ for 
all / G C{G{F)), all ^ G 2{g), all (p G S{q{F)) and all u G /(g). Hence, the action of 
2(g) preserves the spaces Cscusp(G(F)), Sscusp(G(F)) and iSscusp(H) and the action of 1(g) 
preserves the spaces 5 sc« 5 p( 0 (i^)) and Sscusp(u})- 

Let / G C(G(F)). By the usual variable change we see that 

f^(m) = (m)^^"^(m)~^^^ f f(u~^mu)du 

Ju{F) 

for all parabolic subgroup P = MU and all m G M(F) fl Greg(F)- Hence, an equivalent 
condition for / to be strongly cuspidal is that the integral 

/ f(u~^mu)du 

Ju{F) 

is zero for all proper parabolic subgroup P = MU and all m G M(F) fl Greg(F)- Similarly, 
a function ip G iS(g(F)) is strongly cuspidal if and only if the integral 

/ p>(u~^Xu)du 

Ju{F) 

is zero for all proper parabolic subgroup P = MU and all X G va(F) fl greg(F). It follows 
from these descriptions and proposition 13. l.lf iv I that for all function (p G G°°(G(F))‘^ (resp. 
(p G C'°°( 0 (F))^) which is compactly supported modulo conjugation, multiplication by (p 
preserves Sscusp(G(F)) (resp. Sscusp(&(F))). Moreover, choosing ip G G°°(g(F))'^ compactly 
supported modulo conjugation and such that (p = 1 in a neighborhood of 0 , it is not hard to 
see that lim ip\f = / in iS(g(F)) for all / G Sscusp(g(F)) (recall that p)\(X) = (y9(A“^X)). 

A^oo 

Hence, we have 

(1) The subspace of functions / G Sscusp(q(F)) that are compactly supported modulo 
conjugation is dense in Sscusp(g(F)). 

Let oj C g(F) be a G-excellent open subset and set H = exp(a;). Then the map f ^ foj 
induces an isomorphism 


‘5scUSp(H) — Sscusp(^) 


(this follows from lemma [3.3.ip . Finally, we leave to the reader the simple task of checking 
that the Fourier transform preserves Sscusp(g(F)). 
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5.2 Weighted orbital integrals of strongly cuspidal functions 

Let M be a Levi subgroup of G. Recall that in subsection 11.101 we have dehned a family 
of tempered distributions J^(x, .) on G{F) for all x G M{F) fl Greg{F), all L G C{M) 
and all Q G We have also dehned tempered distributions J^{X,.) on q{F) for all 

X G m(F) r\greg{F), all L G C{M) and all Q G X{L). These distributions depended on the 
choice of a maximal compact subgroup K which is special in the p-adic case. 

Lemma 5.2.1 Let f G Cscusp{G{F)) (resp. f G SgcuspisiX))) be a strongly cuspidal function 
and fix X ^ M{F) n Greg{F) (resp. X G m(F) fl Qreg{F) )■ Then 

(i) For all L G C{M) and all Q G ^{L), if L ^ M or Q G, we have 

J2{xj) = t) (resp. j2{X,f) = 0) 

(a) The weighted orbital integral J^{x,f) (resp. J^{X,f)) doesn’t depend on the choice 
ofK; 

(Hi) If X ^ M{F)eu (resp. X ^ m{F)eu), we have 

-Juix, /) = 0 (resp. J^iX, f) = 0) 

(iv) For all y G G{F), we have 

LM.jMvxy-\f) = J^(x,f) (resp. f) = J^(X, f)) 

Proof: This is proved in [Wal] when F is p-adic. The proof works equally well for F = R. 


For all X G Greg{F), let us denote by M{x) the centralizer of in G. It is the minimal 
Levi subgroup of G containing x. Let / G Cscusp{G{F)). Then, we set 

e,(x) = 

for all X G Greg{F). By the point (iv) of the above lemma, the function Of is invariant. We 
dehne similarly an invariant function Of on greg{F) for all / G Sscusp{d{F)), by setting 

e,(x) = (-i)“»-“"<«i.(Gx)-‘c°(A')-‘'V£,.^i(A',/) 

for all X G QregiF), where M{X) denotes the centralizer of Aqx in G. 

Lemma 5.2.2 Assume that F = R. Then, 
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1. For all f G Sscuspidi^)), Qf is a smooth function on Qregi^) have d{u)6f = 

^a(n)/ for all u E I{q). Moreover, there exists fc ^ 0 such that for all N ^ 1 there exists 
a continuous semi-norm ujg on Sscusp{q{F)) such that 

D°(xy/^-\e,(x)\ « MS )log (2 + C«(.Y)-‘)‘ ||.Y||-~ 

for all iXi G and all f G ‘^scwsp(0(-^))' 

2. For all f G Cscusp{G{F)), Of is a smooth function on Greg{F) and we have zOf = O^f 
for all z E Z{g). 

Proof: By semi-simple descent flemma [3.2.ip . the first point of (i) and (ii) follow directly 
from lemma 11.10.11 and the point (i) of the last lemma. The estimates in (i) is a direct 
conseqnence of ll.lOf lh ■ 


5.3 Spectral characterization of strongly cuspidal functions 

Let P = MU be a parabolic snbgronp of G and a a tempered representation of M{F). 
We have a natnral isomorphism End{ip{a))°° ~ ip^p{End{a))°° sending a fnnction (p G 
ip^p{End{a))°° to the operator 

eEip{a)^lg^ ip{g, g')e{g')dg' 

V JpiF)\G{F) 

Let / G C{G{E)). A direct compntation shows that the operator ip{a, f) E End{ip{a))°° 
corresponds to the fnnction ip{a,f ){.,.) G ip^p{End{a))°° given by 


ip{(rj){g,g') = a {L{g)R{g')f) 


9 , 9 '^G{E) 


In particular, we have cr{f^) = Zp(cr,/)(1,1). Since the function f^ is zero if and only if it 
acts trivially on every representation in Xtemp{M) (by theorem |2. 6. ip . we deduce that 


(1) A function / G C{G{E)) is strongly cuspidal if and only if for all proper 

parabolic subgroup P = MU and all a G Xtemp{M), we have ip{a, /)(1,1) = 0. 

Recall that in subsection 12.61 we have dehned a topological space C{A!temp{G),S{G)) of 
smooth sections vr G Xtemp{G) i-G- G End{F)°° and that the map that associates to 
/ G C{G{E)) its Fourier transform vr G Xtemp{G) i-G- 7r(/) induces a topological isomorphism 
C{G{P)) ~ C{XtempiG),£{G)) (theorem [2IH3])- Let us denote by Cscusp{Xtemp{G),£{G)) the 
image by this isomorphism of Cscusp{G{E)). Then, we have the following 


Lemma 5.3.1 (i) The sub space Cscusp 

tions if E Gf°lXtempiG)); 


{Xtemp{G), £{G)) is stable by multiplication by func- 
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(ii) The subspace of functions f E Cscusp{G{F)) having a Fourier transform tt G Xtemp{G) i—)■ 
7r(/) that is compactly supported is dense in Cscusp{G{F)). 

Proof: 

(i) This follows directly from the above characterization of strongly cuspidal functions; 

(ii) There is nothing to say on the p-adic case since every function / G C{G{F)) has a 
compactly supported Fourier transform. In the real case this follows from (i) once we 
observe that there exists a sequence ((pAr)Ar^i of functions in {Xtemp{G)) such that 

lim PatT = T 

N^OO 

ioT aWT ECiXtemp{G),£iG)). ■ 

5.4 Weighted characters of strongly cuspidal functions 

Let M be a Levi subgroup of G and a a tempered representation of M{F). Recall that in 
subsection [231 we have dehned tempered distributions J^{cr ,.) on G{F) for all L G C{M) and 
all Q G F{F). These distributions depended on the choice of a maximal compact subgroup K 
which is special in the p-adic case and also on the way we normalized intertwining operators 
(cf subsection \2A\ . 

Lemma 5.4.1 Let f G C{G{F)) be a strongly cuspidal function. 

(i) For all L G C{M) and all Q G ■F{L), if L ^ M or Q ^ G, then we have 

(ii) The weighted character f) doesn’t depend on the choice of K or on the way we 

normalized the intertwining operators; 

(Hi) If a is induced from a proper parabolic subgroup of M then 

(iv) For all x G G{F), we have 




Proof: 
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(i) First we do the case where Q = SUq is different from G. Following the definition, we 
see that 


Hence, we may assume without lost of generality that L = M. We will treat the natural 
isomorphisms i${(Tx) ~ ixpi'^Kp) for P G V{M) and A G where Kp = Kr\P{F), 
as identifications. Choose P G P{M) such that P <Z Q. We have 

f) = Trace{n%{a, P)i${a, /)) 

where the operator 7l^{a,P) G End{i^^{aKp)°°) is associated with the (S', M)-family 

7?.^(A, a, P) = i?Q(R)|p((T) ^Pq(r)|p(cta), R e {M), X e iA*jy^ 

where Q{R) = RUq G V{M). Let Ks be the projection of Kq = K f] Q{F) onto 
S'(P) and for all R G set Kp = Kp H P(P). Then Kp is a maximal compact 

subgroup of S'(P) that is special in the p-adic case. Hence, we have isomorphisms 
ip{a\) ~ iKpi^Kp) for all A G and all R G V^{M). Also, for all R G we 

have the isomorphism of induction by stages — '^Kgi'^Kpi^Kp))- In all 

what follows, we will treat these isomorphisms as identifications. Setting Pp = P (1 S, 
bv I2.4f 6) we have the equality Rq(r)\p{o'x) = fo^ ^ ^1 

R G V^{M) (meaning that the iC-homomorphism Rq(r)\p{<Jx) is deduced from the Kp- 
homomorphism Pp|Pg(cTA) : '^Kpi^Kp)°° by functoriality). We deduce 

immediately that 

(1) K«((r,P) = 4^(Ri,(<T,Ps)) 

where TZf^{a, Pp) G End{i^^^ i'^Kpg)°°) = End{ip^{a)°°) is associated with the ( 5 , M)- 
family 


Tlp{X,a,Pp) — RR\Pg{a) ^RR\Pg{ax), P G P‘^(M), A G 

Recall that we have a natural isomorphism End{ip{a))°° ~ igjjg {End{i^P^{a)))°^ (cf 
subsection 15.31) which sends the operator ip{a, f) to the function 

*p(cr, f){gi, 92) = ips (cr, (L(pi)P(p 2 )/)®) , 9i, 92 e G{E) 

It follows from this and (1) that the action of the operator P)ip{a, f) on 

iKpi^Kp)°° ^ is 
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nU^,Ps)i%{a, {L{k)R{k')f)^)e{k')dk' 


{n%{a,P)i%{aJ)^{k)= f 

^ ^ Jkq\k 

for all ((Jxpg))°° and all k E K. We may now write 

/) = Trace (^7^^(a, P)i%{a, /)) 

= [ Trace {nU(T,Ps)z%{a,{^ff))dk = 0 
J K 

This proves the vanishing (i) in the case Q ^ G. Assnme now L ^ M bnt Q = G, 
applying the descent formnla [TTW 3h we see that 


L'eC{M) 

By what we jnst saw, the terms in that snm corresponding to L' 7 ^ G vanish. Since 
L 7 ^ M, we also have d^{L, G) = 0. Hence all terms in the snm above are zero. 

(ii) First we prove the independence in K. Let K be another maximal compact snbgronp 
that is special in the p-adic case. Let P G V{M). Using K instead of iF, we may dehne 
another (G, M)-family (Jlp/{a, P))pi^-p(^M) taking valnes in End{ip{a)°°). We dednce 
from this (G, M)-family another weighted character •)• For all P' G V{M) and 

all A G we have a chain of natnral isomorphisms 


i%{a) ~ ^ ip>{(Tx) ^ 

where Kpi = K (1 P'{F). We will denote by Ip'{\,a) : i%{(T) ~ their com¬ 

position and we set Dp/{X,a, P) = Rpi\p{a)~^Ipi{X,a)Rp/\p{a). Then the family 
{Dp/{a, P))pi^P(^M) is a (G, M)-family (taking valnes in End{ip{a))) and we have 


Rpi(^X,(j,P) — Ep'(^X, (T, P)Rp'(^X, (T, P)Ip(^X, a) 

for all P' G V{M) and all A G iA*j^. We remark that the term A 1 —)■ Ip{X,a) doesn’t 
depend on P' and satishes /p(0, a) = Id. Applying the splitting formnla fLQlf l). we get 

nM{a,P)= D'Qia,P)nl{a,P) 

Q&T{M) 


Hence, we have 
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f)= Y1 P)i${(^, /)) 

Q&T{M) 

and the term indexed by Q = G is precisely J^{a, f) (the weighted character dehned 
using K). Consequently, it suffices to show the following 

(2) Trace P)7^^(a, P)t${a, /)) = 0 

for all Q G P(M) such that Q ^ G. Fix such a parabolic subgroup Q = SUq. Remark 
that for all P' G V{M), we have 


D'g(a,P) = iip.|p(ff)-‘C^(ff,P')iip.|p(ff) 


— PP'\P{(^) P')PP'\P{<^) 


ipiaj) = Rp,\p{a) ^i%{aJ)Rp>ip{a) 

so that the trace (2) doesn’t change if we replace P by P'. Hence, we may assume 
without lost of generality that P C Q. The operator Dq^a^P) then only depends 
on the function A e-)■ Dp{\,a, P) = Ip{\,a). We now use again the isomorphism 
ip{(7) ~ ixpi^Kp) as an identihcation. Direct computation shows that 

(/p(A,a)e) {k) = 

for all e G ixpi^Kp), all A G iA*^^ and all k E K, where fhp : G{F) — )■ M{F) is any 
map such that mp{g)~^g G U{F)K for all g G G{F). It follows easily that there exists 
a smooth function d'q^a, P) : iF —)■ C such that 

{DQi(^,P)e) (k) = dQ{k,a,P)e{k) 

for all e G ixpi^Kp) and all k E K. We have the isomorphism of induction by stage 
'^Kpi^Kp)°^ — and we saw during the proof of (i) that 71^{(J,P) is 

obtained by functoriality from the fFg-endomorphism TZf^ [a, Ps) of ip^{a)°^. The im¬ 
age of ip{<J, f) via the natural isomorphism End{ip{a))°° ~ ^Kq^Kq {P'^'^i'^Ps'^)KQ)°° 
is the function given by 

»g(<T,/)(«;„iz) =4 (a,(L(h)R{k2)ff) 
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for all ki,k 2 G K. Hence, we see that the operator Dgi^a, P)7l^{a, P)ip{a, f) acting 
on ~ iKQiipsi(^)KQ) is given by 

{D'Qia,P)nl{a,P)t$iaJ)e){k) 

= [ d'Q{k, a, P)ni{a, Ps)t% (a, {L{k)R{k')f)^) e{k')dk' 

Jkq\k 

for all e G Kq) and all k ^ K. Consequently, we have 

Trace (^/^q(ct, P)7^^(a, P)ip(a, /)) 

= [ d'Q^k, a, P)Trace (PM(cr, Ps)ips (o', Cdk = 0 

Jkq\k 

This proves the vanishing (2) and ends the proof of the independence in K. 

We now prove that f) does not depend on the way we normalized the intertwining 

operators. Assume we choose different normalization factors A i-G- rp/|p(cTA), P, P' G 
P(M), yielding new normalized intertwining operators Rp'\p{(J\) (A G iA^, P,P' G 
P(M)). Using these new normalized intertwining operators, we construct new {G, M)- 
families (Pp/(cT, P))pi^-p(^M) {P G V{M)) from which we derive a new weighted character 
J^(cr, /). Fix P G P(M). For all P' G P(M), the quotient rp/|p(crA)rp/|p(crA)“^ is well- 
dehned and nonzero for all A G Let us set 


dp'(A, cr, P) — rp/|p(cr) ^T’p/|p(cr)rp/|p((TA)rp/|p((TA) ^ 

for all P' G P(M) and all A G Then the family (dp'(cr, P))p/gp(M) is a scalar¬ 

valued {G, M)-family and we have 


Tlp/{X, a, P) = dp/{X, cr, P)Pp/(A, a, P) 

for all P' G P(M) and all A G iA*j^. Hence by the splitting formula ll.9f li and the 
dehnition of the weighted characters, we have 

jzw,f)= E 

Q&T{M) 

The term indexed by Q = G in the above sum is equal to J^{a, f) whereas by (i) 
all the other terms vanish. Hence we have the equality f) = J^{a,f). This 

proves indeed that f) doesn’t depend on the way we normalized the intertwining 

operators. 
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(iii) Assume that there exists a proper Levi subgroup Mi C M and a tempered representa¬ 
tion (Ti of Mi{F) such that a = ^^^(cri). Following the dehnition, we have 

and by (i) the right hand side above is zero. 

(iv) By (ii), we may assume that to dehne ^ have used the maximal 

compact subgroup xKx~^ and normalization factors given by rxp^-i\^pi^-i{[xax~^)\) = 
rp\p'{a\) (for P, P' G P{M) and A G iA^). Then by ’’transport de structure”, we have 
the equality 




In subsection 12.71 we have dehned a set ^{G) of virtual tempered representations of G{F). 
Let TT G £T(G). Then, there exists a pair {M,a) where M is a Levi subgroup of G and 
a G ^ii{M) such that vr = We set 

for all / G Cscusp{G{F)) (recall that the weighted character •) is extended by linearity 

to all virtual tempered representations). This dehnition makes sense by the point (iv) of the 
lemma above since the pair (M, a) is well-dehned up to conjugacy. 

Lemma 5.4.2 fij If F is p-adic, then for all compact-open subgroup K C G{F), there 
exists a compact subset fix C ^{G) and a continuous semi-norm vk on Ck{G{F)) 
such that 


|^/(7r)| ^ OK{f)ln^{7r) 
for all f G Cscusp,k{G{F)) and all vr G X{G). 

(ii) If F = R, then for all integer k ^ 1 there exists a continuous semi-norm on 
Cscusp{G{F)) such that 


l^/WI ^ VkU)N{T^) ^ 

for all f G Cscusp{G{F)) and all vr G X{G). 

Proof: The point (i) follows from I2.2T 3I and I2.6f ll whereas the point (ii) is a consequence 
of lemma 12.5.11 together with 12.3f 1). ■ 
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5.5 The local trace formulas for strongly cuspidal functions 

Let us set 


Kfj,{gug2)= [ figi^gg2)f'ig)dg 

Jg{f) 

for all /, f G C{G{F)) and all gi,g 2 G G{F). The integral above is absolutely convergent by 
proposition II. 5. If v). We also define 

Kfj,{x,x)= [ f{x-^Xx)f{X)dX 
JeiF) 

for all /, /' G S{q{F)) and all a: G Ag{F)\G{F). 

The two theorems below are slight variation around the local trace formula of Arthur (cf 
[Al]) and its version for Lie algebras due to Waldspurger (cf [Wa3]). The proof of these two 
theorems will appear elsewhere ([Beu2]). 


Theorem 5.5.1 (i) For all d ^ 0, there exists d' ^ 0 and a continuous semi-norm 0 ^ 4 ' 

on C{G{F)) such that 


Kf.f'{gi,g2)\ ^ Fd4if)Fd,d'if')^^i9iM9i) ‘^^^{92M92f 


and 


Kf.f'{9i,92)\ ^Fd4'{f)ud4'{f)E^{gi)a{giy'E^{g2)a{g2) ^ 


for all /, /' G C{G{F)) and for all gi, g 2 G G{F). 

(a) For all d ^ 0, there exists a continuous semi-norm on C{G{F)) such that 

\Kfj,{x,x)\ ^ z/d(/)z/d(/')S^(x)VAG\G(a;)"‘^ 

for all f G Cscusp{G{F)), all f G C{G{F)) and all x G Ag{F)\G{F). 

(Hi) Let /,/' G C{G{F)) with f strongly cuspidal. Then, there exists c > 0 such that for all 
d ^ 0 there exists d' ^ 0 such that 

|/py,(9. hg )\« 2°((,)V.4„\G(s)-''e“’l'-V(A)‘'' 

for all h,g E G{F). 

By the point (ii), the function x G Ag{F)\G{F) i—)■ K^j,{x,x) is integrable as soon as f is 
strongly cuspidal. We set 
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J^{f,n= [ Kfj,{x,x)dx 

JAGiF)\GiF) 

for all f G CscuspiG{F)) and all f e C{G{F)). 

(iv) We have the geometric expansion 

[ D^{xY/^ef{x)JG{x,f)dx 

Jr(G) 

for all f G Cscusp{G{F)) and all f G C{G{F)), the integral above being absolutely 
convergent. 

(v) We have the spectral expansion 

Jx(G) 

for all f G Cscusp{G{F)) and all f G C{G{F)), the integral above being absolutely 
convergent. 


Theorem 5.5.2 (i) For all N ^ 0, there exists a continuous semi-norm fn on S{q{F)) 

such that 


\Kfj,{x,x)\ ^ Jy{f)F{f)\\x\\^Y\G 

for all f G 5,en.p(0(F)), all f G 5(0(F)) and all x G Ag{F)\G{F). 

In particular the function x G Ag{F)\G{F) i-g KYj,{x,x) is integrable as soon as f is 
strongly cuspidal. We set 


J"^{f,f')=[ Kfj,{x,x)dx 

JAGiF)\GiF) 

for all f G SscuspidiF)) and all f G S{q{F)). 

(a) We have the ’’geometric” expansion 


F{f,f')= [ D‘^(xy'%{X)Jc(X,f')dX 

for all f G Sscusp{q{F)) and all f G S{g{F)), the integral above being absolutely 
convergent. 
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(iii) We have the ’’spectral” expansion 


J^{fJ')= / D^{Xy/^er{X)JG{-XJ’)dX 
■tm 

for all f G Sscuspidi^)) and all f G S{q{F)), the integral above being absolutely 
convergent. 

5.6 Strongly cuspidal functions and quasi-characters 

Proposition 5.6.1 (i) For all f G SscuspidiF)), the function Of is a Schwartz guasi- 

character and we have Of = Oj. Moreover, if G admits an elliptic maximal torus, then 
the linear map 

Sscusp{q{F)) ^ ^QC'(0(F)) 
f-^Of 

has dense image and for all completely G{F)-invariant open subset u C g{F) which is 
relatively compact modulo conjugation, the linear map 

Sscuspi^^') t QGcipJ^ 

f-^Of 


also has dense image. 

(a) Let f G Cscusp{G{F)). Then, the function Of is a guasi-character on G{F) and we have 
an eguality of guasi-characters 

Of = f D{tt) 0 f{'K)0T,d'K 

Jx{G) 

where the integral above is absolutely convergent in QG{G{F)). 

Proof: 

(i) If F is p-adic, all of this is contained in [Wal] (Note that for p-adic gronp there always 
exists a maximal elliptic torus). Let us assume now that F = R. Let / G Sscusp{g{F)). 
By the estimates of lemma [5.2.2f i). the function Of satishes the assumption of proposi¬ 
tion 02111 l-(i)- Hence, by this proposition, there exists a quasi-character Of such that 
Tqj. = . By theorem I5.5.2f ii) and (iii) and the Weyl integration formula, we have 
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e^{x)fix)dx 



ef{x)f{x)dx 



for all /' G C^{q{F)). It follows that 6 f = Qj. Applying this to the inverse Fourier 
transform of /, we see that 6*/ is a quasi-character. In particular for all u G /(g), we 
have d{u)TQ^ = Tq(^u) 0 j- For all u G /(g), d{u)f is also strongly cuspidal and by lemma 
I5.2.2f il we have d{u)6j = 0Q(^u)f- Hence, applying the estimates of lemma l5.2.2f il to 
the functions 0Q(^u)f, u G /(g), we see that 9f satishes the assumption of proposition 
14.2.11 1. fiih It follows from this proposition that 6 f is a Schwartz quasi-character. 


Let us now assume that G admits an elliptic maximal torus, hence Qreg{F)eii 7 ^ 0. We 
hrst show that the linear map 


(1) 5,,„,p(g(F)) ^ SQC{q{F)) 

has dense image. We start by proving the following 

(2) For all X G greg{F), there exists / G >Ssc«sp(g(F')) such that Of{X) ^ 0. 

Let X G gres(-F)- Every function / G iS(g(F)) which is supported in greg{F)eii is 
strongly cuspidal. Let / be such a function. Since Of = Op by lemma I4.2.2f iii). we 
have 

(3)«f(V)=/ D‘^(YfH,(Y)j(Y,X)dY 

By I1.7f 4). there exist Yq G Qreg{F)eii such that j(Fo,W) 7 ^ 0. Now, the term OfiYo) 
is just the orbital integral of / at Fq and it is not hard to see that we may choose 
/ such that this orbital integral is nonzero (just take / G C^(g(F)ezz) positive and 
such that /(Ho) 7 ^ 0). Up to multiplying / by a well chosen invariant function 93 G 
C°°(g(-F))‘^ that is positive, equals 1 near Yq and is supported in a small compact 
modulo conjugation invariant neighborhood of Yq, we see that we may arrange the 
right hand side of (3) to be nonzero. This proves (2). 

We now prove the following 

(4) For all 9 G SQC{q{F)) and all integer ^ 1, there exists a constant cat > 0 
such that for all invariant and compact modulo conjugation subset L C g^eg(-F) 
there exists a function / G SscuspidiF)) such that 
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D°{xfi^\e{x) - e,(x)\ n c„||A'|i4ii=(x) 

for all X G Qreg{,F) (where denotes the characteristic function of Qreg{F)—L). 

From (2) and the existence of smooth invariant partition of unity (proposition [3]TT](ii)), 
we easily deduce that for all 6 G QCc{q{F)) whose support is contained in Qreg{F) there 
exists / G Sscusp{q{F)) such that 9 = Of. Now let 9 G SQC{q{F)) and L C Q^^g[F) be 
an invariant compact modulo conjugation subset. Choose ip G C°°(g(F))'^ such that 
0^V9^1,99 = lonL and the support of p is contained in Qreg{.F) and compact 
modulo conjugation. Then, by what we just saw, there exists / G Sscusp{.Q{.F)) such 
that 9f = p9. Since 


\9{X) - 9f{X)\ = 1(1 - p{X))e{X)\ ^ |0(X)| 
for all X G Qreg{F), we have 

D°(.Y)‘-'"|«(A') - e,(X)\ $ CA,||A||-,>i.(A) 
for all X ^ 1 and all X G Qreg{F)., where 

= sup ||A||?;„£>=(A)'-'"|«(A)| 

This ends the proof of (4). 

With notations of subsection 14.21 we set qu = qu,o for all m G /(g) (these are continuous 
semi-norms on SQC{g{F))). We now deduce from (4) the following 

(5) For all 9 G SQC{g{F)), all finite family {mi, ..., Uk} C /(g) and all e > 0, there 
exists / G Sscusp{&{F)) such that 




for all 1 ^ ^ 

Let 9 G SQC{q{F)) and let us fix a finite family {ui,... ,Uk} C /(g). By lemma 
I4.2.2f iiij. for all / G Sscuspi^iF)), we have 

?(A)-«-(A)= f D°(Yy/He(Y)-ef(Y))J(Y,X)dY 
Jm 
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for all X G Qregi^)- For all 1 ^ ^ A;, let p* G I{q*) be such that Up^ = Uj. Applying 

the above equality to Pi9 and Pif for all 1 ^ i ^ A;, we obtain 

a[u,)(e-e-Mx)= f D°(Y)'/-‘p^,(Y)[e(Y)-e,(Y))3[Y,x)dY 

for all X G greg(-F), all / G SscuspidiF)) and all 1 ^ A ^ A:. Hence, bv ll.7f 3). we get 

«.,(»- Of) « [ |p.,(F)|B«(K)‘'= \e(Y) - e,(Y]\dY 

for all / G >Sscusp( 0 (-F)) and all 1 ^ A ^ A:. Of course, there exists A"o ^ 1 such that 
\Pui{Y)\ ^ ll^llr°g) ^ ^ 0 (-F) and 1 ^ z ^ A;. Hence, it follows from (4) that for 

all A^ ^ 1 we have an inequality 


( 6 ) 


/65 


inf sup qui{0 — 6 f) -C inf 

scuBp{s{P)) ^ 


Jm 


where L runs through the invariant and compact modulo conjugation subsets of Qreg{F). 
Choose ^ 1 such that the function Y i—)■ ||b^|lr(^) is integrable on r(g). Then it is 
not hard to see that 


inf [ ||y||p^i,..(F)dy = o 

Hence, replacing 6 by 6, (5) follows from the inequality ( 6 ) above. 

We are now in position to prove that the image of the linear map (1) is dense. By 
lemma l4.2.2f v). it suffices to prove that the intersection 


(7) QCMF))n{9j; f e SscuspidiF))} 

is dense in QCc{g{F)) (for its own topology). Let 9 G QCc{q{F)). Then, it follows 
directly from (5) that we may hnd a sequence (fn)n^i in ‘Fsc«sp(fl(-F)) such that 


lini 9f^ = 9 

n^oo 

in QC{g{F)). Let p G C°°(g(F))‘^ be compactly supported modulo conjugation and 
such that (p = 1 on Supp{9). Then, by lemma l4.2.2f iv) and the closed graph theorem, 
we have 


lim (p9f^ = (p9 = 9 

n^oo 
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in QCc{q{F)). But (p9f^ = and (pfn e Sscusp{d{F)) for all n ^ 1 (by proposition 
Id.l.lf ivB. Hence, the subspace (7) is indeed dense in QCc{g{F)) and this ends the 
proof that the linear map (1) has dense image. Let u C g{F) be a completely G{F)- 
invariant open subset which is relatively compact modulo conjugation. The argument 
we just used actually also show that the linear map 

'^scuspi^^') t QCq(^Uj') 

has dense image since for 9 G QCc{uj), we can choose ip as before which is supported 
in u, hence the functions ipfn, for n ^ 1, will belong to Sgcuspi^)- This ends the proof 
of (i). 

(ii) Let / G Cscusp{G{F)). By theorem l5. 5. If iv) and (v) and the Weyl integration formula, 
we have 




D{7r)9f{7r)9jir{f)d7r 


D{Tr)9f{7r) 


9t,{x) f {x)dxd'K 


JX(G) JG{F) 

for all f G G'^{G{F)). By proposition I4.8.1f ii). lemma 15.4.21 and I1.8f 2) the above 
double integral is absolutely convergent. It follows that 


'G{F) 


9f{x)f'{x)dx = 


Ig{f) Jx{g) 


D{f) 9 f{F)9T,{x)dF f {x)dx 


for all /' G G’^{G{F)). Hence, we have 


9f{x) = f D { 71)9 f { 71 ) 9 ^ {x)d7i 

Jx{G) 

for almost all x G Greg{F). Consequently, to prove the point (ii), it suffices to show 
that the integral 


D{7i)9f{F)9T,d7i 


JX(G) 

is absolutely convergent in QG{G{F)). But this follows easily from proposition 14. 8. If ii) 
combined with lemma 15.4.21 ■ 
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5.7 Lifts of strongly cuspidal functions 

Proposition 5.7.1 Let x G G{F)eii he elliptic and let ^ Gx{F) be a G-good open neigh¬ 
borhood of X which is relatively compact modulo conjugation. Set = Off. Then, there exists 
a linear map 


such that 


SsCUSpiS^X^ ^ S; 


scusp 


(Q) 




(i) For all f G Sgcuspi^x), we have 


{(^j)x,n^ - ^ ""df 

z&Zg{x){F)/G,,{F) 

(a) There exists a function a G Gf°{ZG{x){F)\G{F)) satisfying 

/ a{g)dg = 1 

J Zg{x){F)\G(F) 

and such that for all f G Sgcuspi^x) and all g G G{F), there exists z G Zg{x){F) such 
that 


{^^f)x,n. = cy{g)f 

Proof: Let us denote by tt : G{F) —)■ Zq{x){F)\G{F) the natural projection. It is an F- 
analytic locally trivial fibration. Let us fix an open subset U C Zg{x){F)\G{F) and an 
F-analytic section 


s:U ^ G{F) 

Since fla; is a G-good open subset, the map 


G{F) 

{y,9) ^ /3{y,9) = s{9)~^ys{9) 

is an open embedding of F-analytic spaces. For all / G and all (p G Gf°(U), we dehne 

a function on G(F) by 


s ( \ i fiy)T{9) if 7 = s(fi') ^ys{9) for some g eU and some y eVLx 
JA' y) “ I 0 otherwise. 

Let us now prove the following 
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(1) For all (p G C^iU) and all / G the function belongs to iS(r2). 

This is almost straightforward in the p-adic case. Assume that F = R. Let p G C^iU) 
and / G iS(r2a;). The only thing which is not obvious is to prove that for all u &U{q) the 
function L{u)f^ is rapidly decreasing. This follows at once from the two following facts 

(2) The function f^p is rapidly decreasing i.e. for all ^ 1 we have 

i/.(7)i«ii7ir^ 

for all 7 G G{F). 

(3) For all X G 0 (F), there exist an integer k ^ 1, functions <pi,..., G C'^iU) and 
Schwartz functions /i,..., /^ G iS(r2a;) such that 

L{X)f^ = (/i)(pi + ... + ifk)<pk 

The claim (2) follows from the fact that there exist constants Ci, C 2 > 0 and integers A^i, A ^2 ^ 
1 such that 


for all g G Supp{p) and all y E together with the fact that / is itself rapidly decreasing. 
Let us focus on (3) now. Fix X G 0 (F). Using a partition of unity if necessary, we may 
assume that U is parallelizable (i.e. its tangent bundle is trivial). Assume this is so and let 
us £x a trivialization of the tangent bundle of U 

TU^UxV 

where V is some finite dimensional R-vector space. Let us also fix trivializations TG{F) ~ 
G{F) X 0 (F) and TGx{F) ~ Gx{F) x 0 a;(F) using right translations. For all 7 G G{F), we 
have 


(4) (L(X)^)(7) = 


d 




(/<»<d) {y,9) 


if 7 = s{g) ^ys{g) for some g eU, y E fix 
otherwise. 


where d/3(^y^g') : Qx{F) © U — 0 (F) denotes the differential of (3 at {y,g). A painless compu¬ 
tation shows that 


Z) = Ad{s{g))-^ [Y + {Ad{y) - 1) dsg{Z)] 

for all {y-,g) E fix xU and all (Y^Z) E Qx{F) © U, where dsg : V -E 0 (F) denotes the 
differential at g of the section s. It is obvious from this description that there exist an 
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integer r ^ 1, polynomials Pi,... ,Pr G lEl[Gx], smooth functions 'ipi, ...,G C°°(U) and 
vectors Xi,... ,Xr G 0 a;(-F) © V such that 

r 

(5) ‘i/3(i)(^) = '(?'’(!')■' E P.(yma)x, 

i=l 

for all {y,g) eVLx'xU, where we have set r]^^^{y) = det (1 — Ad{y))^^^^^. Writing Xj = Yi + Zi 
where Yi G gx{F) and Zi E V for alH = 1,..., r, we get from (4) and (5) that 

r 

{L{x)u) = (flu + (ff'Ui 

i=l 

where fl = {L{Yi)f), /" = and Y = A {d{Zi)(p) for i = 

l,...,r. The claim (3) follows once we remark that multiplication by {'r]x^^)~^ preserves 
iS(f 2 a;) (this is a consequence of proposition ld.l.lf ivi. here we use the fact that Vtx is relatively 
compact modulo conjugation so that functions in iS(f 2 a;) are compactly supported modulo 
conjugation). 

We now construct a linear form as in the proposition. The construction is as follows. Choose 
a function a G C^(W) such that 


/ a{g)dg = 1 

J Zg(x){F)\G{F) 

and set / = (^{Vx) for all / G Sscuspi^x)- The second point of the proposition is 

obvious from this dehnition. We need to check the two following facts 


(6) For all / G Sscuspi^x), the function / is strongly cuspidal. 

(7) For all / G we have 

zeZG(x){F)/G^iF) 


Let us prove ( 6 ). Let / G Sscuspi^x) and let P = MU be a proper parabolic subgroup of G. 
Let m G M{F) n Greg{F). We want to show that 

/ f{u~^mu)du = 0 
Ju{F) 

If the conjugacy class of m does not meet fla; then the function u G U{F) i—)■ f{u~^mu) is 
identically zero. Assume now that m = g~^mxg for some g G G{F) and some rux G fix- 
Set M' = gMg~^, U' = gUg~^ and P' = gPg~^ = M'U'. Then, x belongs to M\F) and 
P'^ = M'YJ'x is a parabolic subgroup of Gx which is proper (since x is elliptic). We may now 
write 
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^f{u' ^nixu')du' 



f{u ^mu)du 



(u g 


f)x,n,{u'^^ma:u'^)du'Ju' 


IU^{F)\U'iF) Ju'^iF) 


By (ii), for all u' G U'{F) there exists z G Zg{x){F) such that the function is a 

scalar multiple of ^/. Since / is strongly cuspidal, it follows that the inner integral above is 
zero. This ends the proof of ( 6 ). 


We now prove (7). Let y G Qx,reg- Set M{y) = Zg(AgJ and M{y)^ = Zg,(AgJ. Returning 
to the dehnitions, we need to show that 


(8) JM(y)iyJ) 


By dehnition, we have 


zeG^{F)\ZG{x){F) 


(9) JM(y){yJ) = D^{yY/^ 


lGy{F)\G{F) 


fig y9)vM{y)ig)dg 


/ V D^^{yf/^ 

Zg{x){F)\G{F) 


lGy{F)\G.{F) 


’f) iz ^gx^ygxz)vM{y)igxZg)dgx,dg 

/ X.^x 


Let g G G(R). By (ii), up to translating g by an element of ZG(a;)(F), we have 
a{g)f. Hence, the inner term of the last expression above becomes 


X,^x 


(10) a(g) V f 


^figx ^ygx)vM{y)igxzg)dgx 


z&G^(F)\Zg{x)(F) 


Gy{F)\G^{F) 


By lemma 3.3 of [Wal], we have the descent formula 


VM{y)igxl)= v^^y^^igx)uQiHQ{g^'^) - HQ^{g^)) 

L&C{M{y)^) Q&F{L) 

for all gx G GxiF) and all 7 G G(R), where CiM{y)x) denotes the set of Levi subgroups 
of Gx containing M{y)x and for L G CiM{y)x), L denotes the centralizer of in G (a 
Levi subgroup of G), the other terms appearing in the formula above have been dehned 
in subsection 11.101 (they depend on the choice of two maximal compact subgroup K and 
Kx of G(F) and GxiF) which are special in the p-adic case). We may thus decompose the 
expression (10) further as a sum over L G CiM^y)^), Q G ViL) and 2 ; G GxiF)\ZGix)iF) 
of 
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GyiF)\G:,iF) 


f{9x ^y9x)v^\y-)^{9x)uQ (Hgig^zg) - Hg^^g^)) dg^ 


aig)D^^{y) 


1/2 


Since the function g^ ^ '^^{y)^i9x)ug {Hg{gy.zg) — Hg^^g^)) is invariant by left translation 
by Ug^{F) (the unipotent radical of Qx{F)), y G Qx{F) and is strongly cuspidal, this 
last term is zero unless Qx = Gx- As x is elliptic in G{F), this last condition is equivalent 
to Q = G and L = Gx- In this case the expression above reduces to a{g)JM(y)^{y, hence 
(10) is equal to 


z&G^(F)\Zg{x){F) 

Going back to (9) and recalling that we choose a so that a(g) = 1, we imme¬ 

diately get (8). This ends the proof of (7) and of the proposition. ■ 

Corollary 5.7.1 Assume that G admits an elliptic maximal torus and that the center of 
G{F) is compact. Then 

(i) There exists G C G{F) a completely G{F)-invariant open subset which is relatively 
compact modulo conjugation and contains G{F)eii such that the linear map 

f £ Sscuspi^) ^ Of E QGc{^) 

has dense image (in particular in the p-adic case this map is surjective). 

(a) If F is p-adic, then for all 9 E QG{G{F)), there exists a compact subset Qq C X^uiG) 
such that 


{x)0{x)9T,{x)dx 


'rMG) 


0 


for all n E X^uiG) — Ge, the integral above being absolutely convergent. 


(Hi) If F = R, then for all k ^ 0 there exists a continuous semi-norm Vk on QG{G{F)) 
such that 


{x)9{x)9T,{x)dx 


'reii(G) 


^ Vk{e)N^{F)-^ 


for all n E Xeii{G) and all 9 E QG{G{F)), the integral above being absolutely conver¬ 
gent. 
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(iv) For all n G Xeii(G) there exists f G Cscusp{G{F)) such that for all vr' G Xf,u{G) we have 


9 f{7i') 7 ^ 0 -v^ tt' = vr 


Proof: 

(i) For all x G G{F)eih choose fla; C Gx{F) a G-good open neighborhood of x which is 
relatively compact modulo conjugation and such that there exists oox F Qx{F) a Gx- 
excellent open subset with = a:exp(a; 3 ;). Since G{F)f,u is compact modulo conjuga¬ 
tion, we may hnd Xi,... ,Xk G G{F)f,u such that the family covers G{F)eii. 

Let us set 


By the existence of smooth invariant partition of unity fproposition l3.1.IT iiB. we see 
that the natural continuous linear map 

k 

0OC,(a°) ^ QC,{a) 

i=l 

is surjective. Hence, it is sufficient to show that for all x G G{F)eii, the linear map 

/ £ <Sscusp{^x) ^ ^ QGci^x) 

has dense image. Let x G G{F)eii- By proposition I4.4.1f iiil and the previous proposi¬ 
tion, it suffices to prove that the linear map 

f ^ ^scuspiyix) ^ t Oj G QGq(^1x') 
has dense image. We have the following commutative diagram 


5 


scusp\'^ 




■QG^i^x 


Sgcuspij^x) ^ QGciF^x) 


where the two vertical arrows are given by / i—)■ {R{x)f)^^ and 6 i—)■ {R{x)6)^^ respec¬ 
tively and the two horizontal arrows are both given by f ^ 6f. By proposition 15. 6. If iL 
the bottom map has dense image.On the other hand, by lemma 13.3.11 and proposition 
14.4.If il the two vertical maps are topological isomorphisms. Hence the top map also 
has dense image. This ends the proof of (i). 
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(ii) The integral is absolutely convergent since for all quasi-character 6 the function 

is locally bounded. We may of course assume that 6 G QCciyi), where hi is as in (i) so 
that we may hnd / G SscuspiS^ such that 9 = 9f. But then, by the Weil integration 
formula, we have 


'rMG) 


{x)9{x)9T,{x)dx = 


o.U) 


for all TT G and the result follows from l2.6f lb 


(hi) The integral is absolutely convergent for the same reason as before. Let hi be as in (i) 
and let ip G C°°{G{F))^ be an invariant function that is supported in hi and equals 1 in 
some neighborhood of G{F)eii. By proposition 14.4. If ivi and the closed graph theorem, 
the linear map 


9 G QG{G{F)) ^p9e QGyn) 

is continuous. Hence, we only need to prove the estimate for 9 G QGc{fi). Since for all 
9 G QC'c(hl) the function (D'^Y^‘^9 is locally bounded by a continuous semi-norm, for 
all TT G X^ii(G), the linear map 


9 G QGciSl) ^ / D^{xf/^ 9 {x) 9 ^{x)dx 

Jr^uiG) 

is continuous. Hence, by (i), we only need to prove the estimates for 9 = 9f with 
/ G By the Weyl integration formula and lemma 1^.2. 2H ii. for all z E Z{q) 

and all / G iSscusp(f^), we have 


X-k{z) / {x)9f{x)9T,{x)dx = / D^{x)9f{x){z9),,{x)dx 

Jr^iiiG) Jr^iG) 


D^{x){z*9f){x)9-„{x)dx 


'reii(G) 


There exists zi,... ,Zk G Z{q) such that 

\xAzi) \ + • • • + IxAzk)] > N^iir) 

for all TT G Xeii{G) so that the estimates now follows from proposition l4.8.lT iiL 

(iv) Let TT G Xeii(G) and identify it with one of its preimage in ^^niG). By (i) there 
exists a sequence (fn)n^i of functions in Cscusp{G{F)) such that the sequence of func¬ 
tions converge uniformly to on Greg{F)eii. By proposition 

15.6.H iiL we have 
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for all n ^ 1. By the orthogonality relations of Arthnr (corollary 6.2 of [A4]), we have 
that 




{x)9^^^{x)9Tr^{x)dx 


0 


D{no) 


^ if TTo = TTi 
otherwise. 


for all TTo, vTi G Xeii{G). Moreover, all tt' G XindiG) is properly indnced and so has a 
character that vanish identically on Greg{F)eii. Hence, we dednce from (11) that 



( 12 ) 


Consider the map 


(13) Xell{G) —)■ Xtemp{G) 

tt ’ ^ n' 


where for all tt' G Xeii{G), H' denotes the nniqne element of Xtemp{G) snch that tt' is 
bnilt np from the irreducible subrepresentations of H'. Let H G Xtemp{G) be the image 
of 71. Then there exists a compact neighborhood W of H in Xtemp{G) such that the 
inverse image of U by (13) is a hnite set {tto = tt, tti, ..., C X^iiiG). By (12) we 
can certainly hnd a function /' G Cscusp{G{F)) that is a hnite linear combination of the 
fn, n ^ 1, such that 


9f'{TTi) 7^ 0 TTi = TT 


for alH = 0,... ,n. Let tp G G"^{XtempiG)) be such that (p(n) = 1 and Supp{(p) C U. 
By lemma 15^.3. If iL there exists a unique function / G Cscusp{G{F)) such that 


n'(/) = v^(n')n'(/') 


for all H' G XtempiG). This function obviously has the desired property. ■ 




6 The Gan-Gross-Prasad triples 

6.1 Hermitian spaces and unitary groups 

We will henceforth fix a quadratic extension E of F. We will denote hy x the nontrivial 
F-automorphism of E and by Ne/f and Tte/f the norm and the trace of this extension 
respectively. We also £x a nonzero element r] ^ E with zero trace. We will set E = E ®f F. 
This is an etale 2-extension of F and as such is isomorphic to F x F but we won’t fix such 
an isomorphism. 

By an hermitian space we will mean a finite dimensional F-vector space equipped with a 
non-degenerate hermitian form h which is linear in the second argument. For V an hermitian 
space, we will denote by U(y) the corresponding unitary group and by u(F) the Lie algebra 
of U(y). Set V = V <^F F. Then h has a natural extension, still denoted by h, to an F- 
sesquilinear form on Then U{V) is the group of F-linear automorphisms of Vp preserving 
the form h. We will identify u(F) to the subspace of antihermitian, with respect to h, 
elements in End-EiV-p). For n, v' G V^, we will denote by c(n, v') the element of u(F) defined 
by 


c{v,v'){v'') = h{v,v'')v' — h{v' ,v'')v 
The set {c(n,F); v,v' G V} generates u(F)(F) as a F-vector space. 

Every parabolic subgroup F of U(y) is the stabilizer of a flag of completely isotropic sub¬ 
spaces 


ZiC Z2C ...C Zk 

If M is a Levi component of F, then there exists completely isotropic subspaces 1 ^ ^ 

k, such that Zi = Zi_i © F' for 1 ^ ^ /c and = Z^^ © Z'_-_^ for 0 ^ i ^ /c — 1, where 

we have set Zq = 0, such that M is the stabilizer in U(y) of the subspaces 
Then, for all 1 ^ i ^ A;, the form h induces a perfect conjugate-duality between Z[ and ZZ. 

k 

If V denotes the orthogonal complement of F' © ZZ, we have a natural isomorphism 

i=l 

M ~ GLe{Z[) X ... X GLe{ZI) X U{V) 

where for 1 ^ i ^ k, GLe{Z[) denotes the restriction of scalars from F to F of the general 
linear group of Z[. 

We are now going to describe the regular nilpotent orbits in u(F)(F). If UiV) is not quasi- 
split then there are no such orbit. Assume that UiV) is quasi-split. If dim(F) is odd or 
zero, then there is only one regular nilpotent orbits. Assume moreover that dim(I/) > 0 is 
even. Then, there are exactly two nilpotent orbits. Since U(y) is quasi-split, there exists a 
basis (2:i)i=±i,...,±fc such that h{zi, Zj) = 5i_j for all i, j G {±1,.. ., Fk} (where denotes 
the Kronecker symbol). Let B be the stabilizer in UiV) of the flag 
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(^fc) C (2^/0 1) c . . . (Z (2^/0 • • •) ^1) 

Then, 5 is a Borel subgroup of UiV). Denote by U its unipotent radical. For all fx G 
Ker Tte/F) define an element X(/i) G u(F) by the assignments 


X{fj,)zk = 0, X{fx)zi = Zi+i for 1 ^ i ^ k—1, X{fj,)z-i = fxzi, X{fj,)z-i = —zi-i for 2 ^ i ^ /c 

Then, for all fx G Ker Tte/f which is non-zero, X{^) is regular nilpotent. Moreover the 
orbits of X(/i) and X{fx') coincide if and only if ixNe/f{E^) = jEN e/f{,E^). It follows 
that for all A G E^\Ne/f{E^), the elements X{r]) and X{Xr]) are representatives of the two 
regular nilpotent conjugacy classes. Remark that in particular multiplication by any element 
of E^\Ne/f{E^) permutes the two regular nilpotent orbits in u(R)(F). 

6.2 Definition of GGP triples 

Let {W,V) be a pair of hermitian spaces. We will call {W,V) an admissible pair if there 
exists an hermitian space Z satisfying 

• Vz^We^Z; 

• Z is odd dimensional and l/(Z) is quasi-split. 

This last condition admits the following more explicit translation: it means that there exist 
F G E^ and a basis (z_r, ■ ■ ■, ^- 1 , D, • • •, ^r) of Z such that 

( 1 ) h{zi,Zj) = F5i-j 

for all i,j G {0, ±1,..., ±r}. 

Let {W,V) be an admissible pair. Set G = U{W) x UiV). We are going to associate to 
{W,V) a triple where H is an algebraic subgroup of G and ^ : E[{F) —)■ is a 

continuous character of H{F) and this triple will be unique up to G(F)-conjugacy. Fix an 
embedding W FV and set Z = W^. We also fix z/ G F^ and a basis (xj)j=o,±i,...,±r (r ^ 0 
an integer) of Z satisfying (1). Denote by Py the stabilizer in U{y) of the following flag of 
totally isotropic subspaces of V 


(Xj.) (Z . . . CZ ■ ■ ■ ) ^1) 

Then, Py is a parabolic subgroup of UiV). We will denote by N its unipotent radical. Let 
My the stabilizer in Py of the lines {zi) for i = ±1,..., ±r. It is a Levi component of Py. 
Set P = U{W) X Py. Then, P is a parabolic subgroup of G with unipotent radical N and 
M = U (IF) X My is a Levi component of it. Identifying U (IF) with its image by the diagonal 
embedding U(W) ^ G, we have U(W) C M. In particular, conjugation by U(W) preserves 
N and we set 
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H = U{W) K N 

It only remains to define the character Let us define a morphism A : —?• Ga by 


\{n) = Tte/f 'Y] Kz-i-i, nzi) , n e N 


It is easy to check that A is t/(iy)-invariant, hence it admits an unique extension, still denoted 
by A, to a morphism iL —)■ Gq which is trivial on U{W). We denote by Aj? : H{F) —)■ F 
the morphism induced on the groups of F-points. Recall that we have fixed a non-trivial 
continuous additive character ip of F. We set 


e(h)=^(A^(h)) 

for all h G H{F). This ends the definition of the triple {G,H,^). We easily check that this 
definition depends on the various choices only up to G(F)-conjugacy. We will call a triple 
obtained in this way (i.e. from an admissible pair {W,V)) a Gan-Gross-Prasad triple or 
GGP triple for short. 

From now on and until the end of section [m we fix an admissible pair of hermitian spaces 
(IF, V). We also fix datas and notations as above, that is: an embedding IF C F, Z = IF"*-, 
an element v G F^ and a basis (2;i)i=o,±i,...,±r of satisfying (1), the parabolic subgroup 
P = MN, the algebraic character A and the character We will denote by {G, H, the 
GGP triple constructed as above. We will also use the following additional notations 


• d = dimiy) and m = dimiW) 

• Z+ = {zr, and Z_ = {z-i ,..., Z-r); 

• D = Ezq and Vq = W (B D; 

• Hq = U(W) and Gq = U(W) x UiVo). We consider Hq as a subgroup of Gq via the 
diagonal embedding Hq Gq. The triple (Gq, Fq, 1) is the GGP triple associated to 
the admissible pair (IF, Vq); 

• T the subtorus of U(y) preserving the lines (xj), for i = 1,..., r and i = —1,..., —r 
and acting trivially on Vq. We have M = T x Gq] 

• A the split part of the torus T, it is also the split part of the center of M; 

• ^ the character of I)(F), where I) = Lie{H), which is trivial on u(IF)(F) and equal to 
^ o exp on n(F). 


138 


B{.,.) is the following non-degenerate G-invariant bilinear form on g; 


B {{Xw, Xv), {X{^, X'y)) = 1 [Tte/f (TraceiXwX'y.)) + Tte/f {Trace{XvX'y))) 

We will use B{.,.) to normalize the Haar measures on both g{F) and G{F) as explained 
in subsection 11.61 We also £x Haar measures on all algebraic subgroups of G{F) and 
their Lie algebras as explained in subsection 11.61 

Note that when r = 0 (that is when Z = D is & line), we have G = Gq, H = Hq and = 1. 

If this is the case, we will say that we are in ’’the codimension one case”. 

We will need the following 

Lemma 6.2.1 (i) The map G —)■ H\G has the norm descent property (cf subsection lTTB) . 

(a) The orbit under M-conjugacy of \ in (n/[n, n])* is a Zariski open subset. 

Proof: 

(i) We have a natural identihcation H\G = N\U{V), so that it is sufficient to prove that 
U{V) —)■ N\U{V) has the norm descent property. Since this map is f/(H)-equivariant 
for the obvious transitive actions, we only need to show that it admits a section over 
a nonempty Zariski-open subset. If we denote by Py = MyN the parabolic subgroup 
opposite to Py with respect to My, the multiplication map N x My x iV —)■ U{V) is an 
open immersion. The image of that open subset is open in N\U{V) and the restriction 
of the projection U{V) —)■ N\U{V) to that open set is x My x iV —)■ My x N. This 
map obviously has a section. 

(ii) If r = 0, i.e. if we are in the codimension one case, we have n = 0 and the result is 
trivial. Assume now that r ^ 1 . It suffices to show that the dimension of the orbit 
M.X is equal to the dimension of n/[n, n]. We easily compute 

dim (n/[n, n]) = 2 (m -|- r) 


and 


dim(M) = + 2r + {rn + 1 )^ 

The stabilizer Mx of A is easily seen to be Mx = Z{G) {U{W) x U{W)) (where Z{G) 
denotes the center of G). Hence, we have 

dim(MA) = 1 -|- 2 mf 
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and the dimension of the orbit M.\ is 


dim(M.A) = dim(M) — dim(MA) = w? + 2r + {m + Vf — 1 — 2m^ = 2 (r + m) 
which is the same as dim (n/[n, n]). ■ 

6.3 The multiplicity m(7r) 

For TT G Temp{G), let us denote by HomH{T^ii) the space of all continuous linear form 
^ : 7 r°° —)■ C such that 


£(7r(/i)e) = 

for all e G 7r°° and for all h G H{F). We define the multiplicity m(7r) to be the dimension of 
that space of linear forms, that is 

m( 7 r) = dim ^ TempiG) 

We have the following multiplicity one result which follows from theorem A of [JSZ] in the 
real case and from the combination of theorem (!’) of [AGRS] and theorem 15.1 of [GGP] 
in the p-adic case. 


Theorem 6.3.1 We have 


for all n G Temp{G). 


m{7i) ^ 1 


Note that we have 


( 1 ) m{n) = m{n) 

for all TT G Temp{G). Indeed, the conjugation map £ i—)■ £ induces an isomorphism 

and as we easily check, there exists an element a G A{F) such that f{aha~^) = f{h) for all 
h G H{F), hence the linear map i i o 7r(a) induces an isomorphism 


and ( 1 ) follows. 
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6.4 H\G is a spherical variety, good parabolic subgroups 

We will say that a parabolic subgroup Q of G is good if HQ is Zariski-open in G. This 
condition is equivalent to H{F)Q{F) being open in G{F). 

Proposition 6.4.1 (i) There exist minimal parabolic subgroups of G that are good and 

they are all conjugated under H{F). Moreover, if Pmin = MminUmin is a good minimal 
parabolic subgroup we have H fl Umin = {1} and the complement of H{F)Pmin{F) in 
G{F) has null measure; 

(a) A parabolic subgroup Q of G is good if and only if it contains a good minimal parabolic 
subgroup; 

(Hi) Let Pmin = MminUmin bc o good minimal parabolic subgroup and let Amin = be 

the maximal split central subtorus of Mmin- Set 

^min = {o £ Amin{F)] |Q;(a)| ^ 1 Vo G R{Amini Pmin)} 

Then, we have inequalities 

(a) a{h) + a{a) a{ha) for all a G AF^, h G H{F). 

(b) a{h) (j{a~^ha) for all a G AF^, h G H{F). 

Proof: 

(i) Set Wo = zo and choose a family {wi,... ,we) of mutually orthogonal vectors in W 
which is maximal subject to the condition 

h{wi) = (-l)V, i = l,...,i 

Let fl] (resp. [|J) be the smallest (resp. the largest) integer which is not less (resp. 
not greater) than We dehne Ui, for i = 1,..., [I] by 

Ui = W2i-2 + W2i-1 

and u', for i = 1,..., [|J, by 

u[ = W2i-1 + W2i 

Then, the subspaces 

Zyq {ui ) • • •) I'll) 
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are maximal isotropic subspaces of Vq and W respectively. Let Py^ and to be the 
stabilizers in P(Vo) and U{W) of the completely isotropic flags 

(Ul) C {ui,U-2) C . . . C (Wl, . . • 

and 

(n'l) C (m'i,M2) C ... C («;,... 

respectively. Then Py^ and Pw are minimal parabolic subgroups of respectively U (Vq) 
and U{W). Set 


Pq — Pw^P Vo 

It is a minimal parabolic subgroup of Gq. Let Wan be the orthogonal complement in 
W of (tci,.. ., W(). We claim the following 

(1) We have HqD Pq = U{Wan) and HqPq is Zariski-open in Gq (i.e. Pq is a good 
parabolic subgroup of Go). 

The second claim follows from the first one by dimension consideration. We prove the 
hrst claim. Let ho E HoH Pq. Consider the action of ho on Vq- Since ho belongs to Ho, 
ho must stabilize Wq = Zo- On the other hand, since ho belongs to Pq, ho must stabilize 
the line {wo + tci). Because Wo is orthogonal to Wi, it follows that ho stabilizes Wi. We 
show similarly that ho stabilizes W 2 , ■ ■ ■ ,Wi, hence ho G U{Wan)- This ends the proof 
of (1). 

Let P = MN be the parabolic snbgronp opposite to P with respect to M and set 

P min = PoTN 

it is a minimal parabolic subgroup of G. We deduce easily from (1) the following 

(2) Pmin is a good parabolic subgroup and we have Pmin H H = U{Wan)- 

This already proves that there exists minimal parabolic subgroup that are good. Let 
Pmin tie another good minimal parabolic snbgronp and let us show that Pmin and 
Pmin conjugated under H{F). Let g G G(P) snch that Pmin = gPming~^- Set 
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U = HPmin and Z = G — U. Then, Z is a proper Zariski-closed subset of G which 
is obviously H x invariant (for the left and right multiplication respectively). If 
g E Z, then we would have 


HP'min = HgPming ^ CZg ^ 

which is impossible since P^m is a good parabolic subgroup. Hence, we have g E 
U n G{F) = U{F). If we can prove that g G F[{F)Fmin{P), then we will be done. 
Hence, it suffices to show that 

(3) U{F) = H{F)P^,^{F) 
by a standard argument, this follows from 


(4) The map H^{F, H fl Pmin) H) is injective. 


By (2), we have H\F,Hn P^in) = H^{F,U{Wan))- Since H = U{W) x N with N 
unipotent, we also have H^{F,H) = H^{F,U{W)). The two sets H^{F,U{Wan)) and 
H^{F, U{W)) classify the (isomorphism classes of) hermitian spaces of the same dimen¬ 
sion as Wan and W respectively. Moreover, the map H^{F,U(Wan)) —t H^{F,U(W)) 
we are considering sends W^n to W^n ® W^, where denotes the orthogonal com¬ 
plement of ITan in W. By Witt’s theorem, this map is injective. This proves (4) and 
ends the proof that all good minimal parabolic subgroups are conjugated under H{F). 

It only remains to show the last part of (i) that is: H DU min = {1} and the complement 
of Fl{F)Pmin{F) in G{F) has null measure for all good minimal parabolic subgroup 
Pmin = MminUmin- Siucc we already proved that all good minimal parabolic subgroups 
are P(P)-conjugated, we only need to consider one of them. Choosing for Pmin the 
parabolic subgroup that we constructed above, the result follows directly from (2) and 
(3). 

(ii) Let Q be a good parabolic subgroup and choose Pmin Z Q a. minimal parabolic sub¬ 
group. Set 


Q ■■= {g EG] g ^Pming is good} 

It is a Zariski-open subset of G since it is the inverse image of the Zariski-open subset 
{V E Gr„(g); V -|- 1) = g} of the Grassmannian variety Gr„(g), where n = dim(Pmm), 
by the regular map g E G g~^pming £ Grn{g). Moreover, it is non-empty (since by 
(i) there exists good minimal parabolic subgroups). Since Q is good, the intersection 
QH n ^ is non-empty too. Hence, we may hnd % E Q such that qQ^Pmin% is a good 
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parabolic subgroup. This parabolic subgroup is contained in Q but it may not be 
defined over F. Define 


Q := {q e Q-,q ^Pminq is good} 

Then again Q is a Zariski-open subset of Q and we just proved that it is non-empty. 
Since Q{F) is Zariski-dense in Q, the set Q{F) is non-empty. Then, for all q G Q{F) 
the parabolic subgroup q~^Pminq has all the desired properties. 

(iii) First we prove that both (a) and (b) don’t depend on the particular pair {Pmin, Mmin) 
chosen. Let {P^in^ ^'min) he a similar pair, that is : P^i^ ^ good parabolic sub¬ 
group and is a Levi component of it. Then, by (i), there exists h G H{F) 

such that Pmin — hPminh~^ and obviously the inequalities (a) and (b) are true for 
the pair {Pmin, Mmin) if and only if they are true for the pair {hPminh~^, hMminh~^) = 
{Pmim hMminh~^) ■ Heuce, we may assume without loss of generality that Pmin = P'min- 
Then, there exists u G Umin{F) such that MF^ = uMminU~^ and we have A'F^ = 
By definition of •„, the sets [a-^ua] a G AF^] and a G AF^] 

are bounded. It follows that 


a {huau ~ a{ha) 
a(ua~^u~^huau~^) ~ a{a~^ha) 

for all a G AF^ and all h G H{F). We easily deduce that the inequalities (a) and 
(b) are satisfies for the pair {Pmin, Mmin) if and only if they are satisfied for the pair 
(P' ■ ,MF ), 

We now reduce the proof of (a) and (b) to the codimension one case. Let Pq = MqUq 
be a good minimal parabolic subgroup of Gq. Let Aq = Amq be the split part of the 
center of Mq and let 

Aq = {oq G Aq{F)] |Q;(a)| ^ 1 Va G R{Aq^ -Pq)} 

Set Pmin = PqTN and Mmin = MqT. Then, Pmin is a good parabolic subgroup of G, 
Mmin is a Levi component of it and AF^ C A{F)Aq . We have 

a{nhoaao) 3> a(n) -|- a{a) + a{hoao) 

for all h = nho G H{F) = N{F)Hq{F) and all (a, Oq) G A{F) x Aq. Since, a(aao) ~ 
a(a) + cr(ao) and a(n/io) ~ cr(n) + cr(ho) for all (a, Oq) G A(F) x Aq and all (n, ho) G 
N{F) X Hq{F), the inequality (a) will follow from 
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(5) aih^ao) 3> o-(/io) + cr^ao), for all Oq G and all G Hq{F). 


On the other hand, we have a{a ^na) 3> a{n) for all a G and all n G N{F). 

Hence, 


a{a ^nhoo) 3> <j{n) + a(a ^h^a) = a{n) + <j{aQ ^hoao) 

for all (n, ho) G N{F) x Ho{F) and all a G AA^, where oq denote the unique element 
of Aq such that G A{F). Hence, the point (b) will follow from 


(6) (T(ao ^hotto) 3> o'(ho), for all Oq G Aq and all ho G Ho{F). 


Of course, to prove (5) and (6) we may work with any pair (Pq, Md) that we want. 
Introduce a sequence (wq, ■ ■ ■ ,we) and a parabolic subgroup Pq = Pw x Pvo of Go as 
in (i). By (1), Pq is a good parabolic subgroup of Go- Let Mvq be the Levi component 
of Pq, that preserves the lines 

(mi), ..., and (m-i), • • •, 

where we have set = tC 2 i -2 — W 2 i-i for i = 1,..., fl], and let be the Levi 
component of Pw that preserves the lines 

(m'i), ..., and {u ’_^),..., 

where we have set u'_i = W 2 i-i — W 2 i for i = 1,..., [|J. Set 

Mo = Mw X Myq 

It is a Levi component of Pq. We are going to prove (5) and (6) for the particular pair 
(Po,Mo). We have a decomposition 

^0 = ^ ^Vo 

where A^ and Ay^ are dehned in the obvious way. For all aq, G Ay^ (resp. aw G A^) 

L“J 

let us denote by ay ^,..., (resp. aly ,..., a\y ) the eigenvalues of aq^ (resp. aw) 
acting on Ml,...,(resp. on ..., u'^i^)- Then, we have 

kql ^ ^ l®qo''l ^ f 
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\^w\ ^ ^ \^w I ^ ^ 

for all avQ € Ay^ and all aw G A^. 

Of course we have 

a{ho) + a(ao) < cT(/ioao) + o-(ho) 

a(/io) cru{Vo){hoavo) + <^c/(Vo)(®vb) 

'^f/(V'o)(^oOVo) ^ <^(^oOo) 

for all Oo = (oiy, avo) ^ ^ ^Vo ^ Hq{F). Hence (5) will follow from 

(7) (^uiVo){avo) < (^uiVo){hoavo), for all avo e and all ho e Ho{F). 

We have 

(8) a(avb) ~ log (l + |a|.J) 

for all avo G Ay^. Moreover, for all ay^ G Ay^ and all ho G Ho{F) we have 

h{hoavoUi,wo) = ay^h{hoUi,wo) = ay^ {h{wo,wo) + h{hoWi,wo)) = ay^u 
Since cru{Vo){g) log (1 + \h{gui, Wo)\) for all g G U{W), (7) follows. 

We now concentrate on the proof of (6). Obviously, we only need to prove the following 

(9) For all v,v' G Vq, we have an inequality 

log (2 + \h{hoV,v')\) < a{aQ^hoao) 
for all ao G A^ and all ho G Ho{F). 

By sesquilinearity and since \h{hoV,v')\ = \h{hQ^v',v)\, it suffices to prove (9) in the 
following cases 

• V = Wi and v' G (tCj,..., w^) © Wan for 0 ^ i ^ 7; 

• n, n' G Wan 
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(recall that Wan denote the orthogonal complement of {wq, ... ,Wi) in Vq). The proof 
of (9) in the second case is easy since we have h^ay^hoavoV, v') = h{hov,v') for all 
avo G Avq{F), all ho G Ho{F) and all v,v' G Wan- Let us do the first case. The 
proof is by induction on i. For i = 0, the result is obvious since hoWo = wq for 
all ho G Ho{F). Let 1 ^ i ^ i and assume that (9) is satished for v = Wi-i and 
all v' G (tCj-i,..., Wi) © Wan- If i is odd, then the subspace , wg) © Wan is 

preserved by Ay^{F). Obviously, we only need to prove (9) for v' an eigenvector for the 
action of Avq{F) on that subspace. For all ay^ G Ay^, the eigenvalue of oy^ on v' have 

an absolute value which is greater or equal to \ay^ Hence, we have 

a{aQ^hoao) > log (2 + |/i(ay^^/ioayoMq_i)/ 2 ,n')l) 

> log (^2+ \a^y~^^^‘^\\h{hoU{^i-i)/- 2 ,avQv')\^ 

> log (2 + \h{hoU(^i_i)/ 2 ,v')\) 

for all ao = {aw-idvo) G Aq = x Ay^ and all ho G Ho{F). On the other hand we 
have Wi = M(i_i )/2 — tCi-i, so that 

log (2 + \h{hoWi,v')\) < log (2 + \h{hoU(i-i)/ 2 ,v')\) + log (2 + |/i(how*-i, n')l) 

for all ho G Ho{F). Combining the two previous inequalities and the induction hypoth¬ 
esis we get the desired inequality. If i is even, the proof is similar using the action on 
W rather than on Vq. ■ 

6.5 Some estimates 

Lemma 6.5.1 (i) There exists e > 0 such that the integral 


IHo{F) 




is absolutely convergent. 

(a) There exists d > 0 such that the integral 


'H(F) 


l^{h)a{h)-^dh 


is absolutely convergent. 

(Hi) For all S > 0 there exists e > 0 such that the integral 


(1 + lA(h)l)"'’ dh 


-5 


'H(F) 
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is absolutely convergent (where A : if —?• Gq is the homomorphism defined in subsection 

fO) . 


Let Pmin = MminUmin bc o good minimal parabolic subgroup of G. We have the following 

(iv) For all 6 > 0 there exists e > 0 such that the integral 

{hmmin)e^''^^^ (1 + \\{h)\)~^ dh 

Jh(f) 

is absolutely convergent for all mmin G Mmin{F) and there exists f > 0 such that 

^e^siX^iTiin) ^ ^{X^min) 

for all m^nin G 

(v) Assume moreover that A is contained in Then, for all 6 > 0 there exists e > 0 

such that the integral 

llsi^min) = f [ {l+\X{h’)\)~^ dh'dh 

JH(F) Jh{F) 

is absolutely convergent for all mmin ^ MminiF) and there exists d> 0 such that 

for all rrimin ^ Admini,Ffi 
Proof: 

(i) This follows from the following fact 
(1) There exists e' > 0 such that 

for all ho e Ho{F). 

If F is p-adic, this is proved in [Beni] (lemme 12.0.5). The proof works equally well in 
the real case. 
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(ii) Let d> 0. By proposition ll.S.ir iv). if d is sufficiently large, we have 



E^{h)a{h)-‘^dh 


:G 


IHo{F) Jn{f) 


{hon)a{hon) ^dndho 


< [ E^°{ho)dho 
Jho(F) 


(Note that Sp{ho) = 1 and S^(ho) = S'^°(ho) for all Hq G Hq{F)) and this last integral 
is absolutely convergent by (i). 


(hi) By (i) and since aih^n) cT(ho) + cr(n) for all hg G Hq{F) and all n G N{F), it suffices 
to establish 


(2) For all (5 > 0 and all eg > 0, there exists e > 0 such that the integral 

(1 + |A(n)|)"'^dn 

Jn{f) 

is absolutely convergent for all hg G Hq{F) and satisfies the inequality 

for all hf) G iLg(F). 

Let 5 > 0, eg > 0 and e > 0. We want to prove that (2) holds if e is sufficiently small 
(compared to 6 and eg). We shall introduce an auxiliary parameter 6 > 0 that we will 
precise later. For all hg G iLg(F), we have /^^(hg) = I^s^bi^o) + -^° 5 >b(^o) where 

^es^bi^o) = [ ta^b{n)E ^(1 + |A(n)|)"'^dn 
Jn{f) 

lespbi^o) = [ l<^>6(n)S'^(nhg)e"^(") (1 + |A(n)|)"‘^dn 

Jn{f) 

For all d > 0, we have 

^ [ S'^(nho)cr(n)"'^dn 

Jn{f) 

for all hg G Hq{F) and all 6 > 0. By proposition ll.S.lf iv). we may choose d > 0 such 
that the last integral above is essentially bounded by dp(/ig)^/^S^(hg) = E^°{ho) for 
all hg G Hq{F). We henceforth fix such a d > 0. Hence, we have 
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(3) 

for all Hq G Ho{F) and all 6 > 0. 

There exists a > 0 such that E'^{gig 2 ) <C (gi) for all 5 'i, 5'2 G G{F). It follows 

that 


(4) lls,>b{ho) < (1 + \X{n)\)-^ dn 

Jn(f) 

for all ho G Hq{F) and all 6 > 0. Assume one moment that the last integral above is 
convergent if e is sufficiently small. Taking e that sufficiently small and combining (3) 
with (4), we get 


Ilsiho) < 

for all ho G Ho{F) and for all b > 0. There exists /3 > 0 such that (ho) 

for all ho G Ho{F). Plugging b = ^^cr(ho) in the last inequality, we obtain 

^Isiho) < 

for all ho G Ho{F). Hence, for e ^ eo(tt + /5 + 1)~^, (2) indeed holds. 

It remains to prove the convergence of the integral on the right hand side of (4) for 
e sufficiently small. If P is a minimal parabolic subgroup of G then it follows from 
corollary IB. 3. II (since in this case A is a generic additive character of N). Assume 
this is not the case. Then, we can hnd two isotropic vectors zo,+,zo- G Vq such that 
Zq = Zo,+ — Zq-. We have a decomposition A = A+ — A_ where 


' r—1 


A+(n) = Tve/f ^ h{z-i-i,nzi) + h{z-i, nzo,+) , ne N 


. i=l 


X-{n) =TrE/F{h{z-i,nzo-)), neN 

Note that the additive character A+ is the restriction to A^ of a generic additive character 
of the unipotent radical of a minimal parabolic subgroup contained in P. Hence, 
corollary IB. 3. II applies to A+. Choose a one-parameter subgroup a : Cm M such 
that A+(a(t)na(t)“^) = tX+{n) and X_{a{t)na{t)~^) = t“^A_(n) for all t G Gm and 
all n G A^ (such a one-parameter subgroup is easily seen to exist). Let U C P^ be a 
compact neighborhood of 1. Then, for all e > 0, we have 
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“^(n)e^"(^)(l + |A(n)|)"^rfn< / (l + |A(a(t)na(t)-^)|) ^ dn 


-5 


In{f) 


IN{F) 


(l + |tA+(n) — t ^A_(n)|) dn 


-s 


In{f) 


for all t eU. Integrating this last ineqnality over U, we get that for all e > 0, we have 


:G 


'n(F) 


'^)geo-W (1 _l-|A(77,)|) ^ dn 


-G, 


n)e 


T{n) 


(l + |fA+(n)—f ^A_(n)|) ^ dtdn 


In(f) 


lu 


By lemma IB.1.11 there exists 5' > 0 depending only on 5 > 0 such that the last 
expression above is essentially bounded by 



(1 + |A+(n)|) ^ dn 


Now by corollary IB. 3. 11 this last integral is convergent if e is sufficiently small. 


(iv) Let (5 > 0 and e > 0. We want to show that (iv) holds if e is sufficiently small (compared 
to (5). Since 'Ep{g~^) ~ (y{g~^) ~ u{g) and \{h~^) = —\{h) for all g G G{F) 

and all h G H{F), it is equivalent to show the following 


(5) If e is sufficiently small the integral 

Jlsimmin) = [ 'EF (1 + \X{h)\)~^ dh 
Jh(f) 

is absolutely convergent for all rumm G Mmin{F) and there exists d > 0 such 
that 


Je,5F^rnin) ^P^ 

for all Fn^i^ G Ad^2n(-^)* 

Let iL be a maximal parabolic subgroup of G{F) that is special in the p-adic case. Fix 
a map m-p , : G{F) —)■ Mmin{F) such that g G mp . {g)Umin{F)K for all g G G{F). 
By proposition ll.S.lT ii). there exists d > 0 such that we have 


Jlsirrimin) < (1 + |A(h)|) ^ dh 

Jh{f) 
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for all rrimin ^ Mmin{F). Of course, for any e' > e we have for all 

h G H{F). Hence, we only need to prove that for e sufficiently small the integral 

Jh{f) 

is absolutely convergent. Since Pmin is a good parabolic subgroup, we may find compact 
neighborhood of the identity Uk C K, Uh C H{F) and U-p C Pmin{F) such that 
Uk C UpUn- We have inequalities 


e-feO e-W and (1 + |A(fcj^h)|)-'^ < (1 + |A(h)|)-'^ 

for all h G H{F) and for all kn G Uh- Hence, we have 

(m, (1 + \m\r‘dh 


Jh{f) 

■C 5p . 

J m.rn. \ -i ■' 


IH{F) 


lH{F) 


(1 + |A(h)|)-^dh 


for all kn G Uh and all kp G Up. It follows that 





+ \m\r‘dh 

<5p™.(“p„(«*))''''^*«‘"‘'‘’ (1 + \Mh)\r‘dh 


H{F) JUk 


< 


6p (mp (kh))F^dkF'^^’^Ul + \X(h)\)-^ dh 

-* mm ^ ^ mm v i \ / i / 


H{F) JK 


By proposition ll.S.lf iii). the inner integral above is equal to 'EP{h) (for a suitable 
normalization) and the convergence of (6) for e sufficiently small now follows from (hi). 


(v) Let h > 0 and e > 0. We want to prove that (v) holds if e is sufficiently small (compared 
to 6). After the variable change h' i—)■ h'h~^, we are left with proving that for e > 0 
sufficiently small the integral 


Ilsi^min) = [ [ (1 + |A(h') - A(h)l) ^ dh'dh 

Jh{f) Jh{f) 


is absolutely convergent for all ^ Mmin{F) and that there exists d > 0 such that 
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for all rrimin G Mmin{,F). Let a : Gm —)■ A be a one-parameter subgroup such that 
X{a{t)ha{t)~^) = tX{h) for all h G iL and all t G G^- Let U C be a compact 
neighborhood of 1. Since A is in the center of Mmin, we have the inequality 



min 


) 


•c 


-s 


Ih{f) Jh{f) 


^^{hmrnin)’^^{h'rnrnin)e'''"^’^^e'''"^'^''’ / [l + \X{a{t)h'a{t) ^) - X{h)\) dtdh'dh 

Ju 


:G 


/ (1 + |tA(h') - X{h)\y^ dtdh'dh 


Jh(f) Jh(f) Ju 

for all rrimin G Mmin{F). By lemma iB.l.ll there exists 5' > 0 depending only on 6 such 
that the last integral above is essentially bounded by 



:G 


lH{F) 


{hmm^ny^{h'mmin)F'^^^^F'^^^'^ (1 + |A(h')|)"‘'' (1 + lA(h)l)-''' dh'dh 


for all rrimin G Mmin{F). This last integral is equal to ly/irriminY■ Hence, the inequality 
(7) for e sufficiently small now follows from (iv). ■ 


6.6 Relative weak Cartan decompositions 

6.6.1 Relative weak Cartan decomposition for Go 

Recall that in subsection 16.21 we have dehned two subgroups Gq and Hq of G and H respec¬ 
tively. The triple (Gq, Hq,1) is a GGP triple which fall into the ’’codimension one” case. Of 
course, proposition 16.4.11 apply as well to this case. In particular. Go admits good minimal 
parabolic subgroups. Let Po = FIqUq be such a minimal parabolic subgroup of Go and 
denote by Ho = Amq the maximal central split subtorus of Mq. Set 

^o" = {o £ Ho(P); |a(a)| ^ 1 Va G P(Ho, Po)} 

Proposition 6.6.1 There exists a compact subset /Co P Go(P) such that 

Go(P) = Ho{F)A+}Co 

Proof: First, we prove that the result doesn’t depend on the particular pair (Po, Mo) that has 
been chosen. Let (Pq, Mq) be another such pair i.e. Pg is a good minimal parabolic subgroup 
of Go and Mg is a Levi component of it. By proposition l6.4.lT ii. there exists h G H{F) such 
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that Pq = hPoh~^. Obviously, the result of the proposition for {Pq,Mq) implies the same 
result for the pair {hPoh~^, hMoh~^) = {Pq, hMoh~^). Moreover, there exists a Pq G Pq{P) 
such that = PqMqp'q^. The result for the pair (Pq, hMf)h~^) now implies the result 

for (Pq,Mq) because, by dehnition of Aq , the set 

{oq PoUq, Uq G Aq } 

is bounded. Thus, it suffices to prove that the proposition holds for one particular pair 
(Pq, Mo). In the p-adic case, this follows from proposition 11.0.1 of [Beul]. We could argue 
that in the real case the same proof works. Instead, we prefer to rely on the main result 
of [KKSS]. Fix a good minimal parabolic subgroup Pq C Gq. By proposition 16.4. If i). there 
exists a Levi component Mq of Pq such that Pq Fl Pq F Mq. By theorem 5.13 of [KKSS], 
there exists a compact subset /Co F Go(ltl) such that 

Go(R) = Po(R)R"Cl^/Co 

where A~^ is a certain submonoid of Ro(R) (the exponential of the so-called ’’compres¬ 
sion cone” associated to the real spherical variety Z = HQ{Ii)\Go(R), cf section 5.1 of 
[KKSS]) and P" is a subset of Nc^^{u){Hq)F, F being any set of representatives for the open 
Hq(R) X Po(R) double cosets in Go(lll). By proposition I6.4.1f i). we can take P = {1}. 
Moreover, we easily check that Nco(u){Hq) = Po(R)-Z^Go(R)- As (R) is compact, up 
to multiplying /Cq by Zg(,(R), we may also assume that P" = {1}. To end the proof of 
the proposition, it only remains to see that AT^ C Aq (note that our convention for the 
positive chamber is the opposite to that of [KKSS], this is because we are denoting our 
good parabolic subgroup by Pq and not by Pq). But this follows from the fact that the 
real spherical variety Z = Po(R)\G^o(R) is wavefront (cf dehnition 6.1 of [KKSS] noting 
that here a// = 0, the notion of wavefront spherical variety has been hrst introduced in 
[SV]). To see this, we can proceed as follows. Consider the complex homogeneous space 
Zc = Po(C)\G'o(C) ~ GLd-i{G)\{GLd-i{G) x G'Lrf(C)). It is spherical (it follows for ex¬ 
ample from proposition 16.4.If i) applied to GGP triples of codimension one with G quasi- 
split) and wavefront by remark 6.2 of [KKSS]. On the other hand, it is easy to see from 
the characterization of the compression cone given in lemma 5.9 of [KKSS] that a sufficient 
condition for a real spherical variety to be wavefront is that its complexihcation is spherical 
and wavefront. Thus Z is wavefront and this ends the proof of the proposition in the real 
case. ■ 

6.6.2 Relative weak Cartan decomposition for G 

Let the quadruple (Pq, Mq, dg, Aq ) be as in the previous section. Denote by P = MN the 
parabolic subgroup opposite to P with respect to M and dehne the following subgroups of 

G- 


Amin — AqA C Mmin — MqT C Pmin — PqTN 
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Then, Pmin is a parabolic subgroup, is a Levi component of it and Amin is the maximal 

split central subtorus of Mmin- Moreover, it is easy to see that Pmin is a good parabolic 
subgroup of G. Set 

Klin = {a e Amin{F)] \a{a)\ ^ 1 Va e R{Amin, Pmin)} 

We will denote by Pmin the parabolic subgroup opposite to Pmin with respect to Mmin- We 
have Pmin ^ P- Let A be the set of simple roots of Amin in Pmin and Ap = A fl R{Amin, K 
be the subset of simple roots appearing in n = Lie{N). For a G Ap, we will denote by Uq, 
the corresponding root space. Recall also that we have dehned in subsection 16.21 a character 
^ of n(F). 

Lemma 6.6.1 We have the followings 

(^) 

Kin = {ae A+A{Fy, |a(a)| ^ 1 Va e Ap} 

(ii) There exists a compact subset ICq ^ Gl{F) such that 

GiF) = H{F)AtA{F)lCG 

(Hi) For all a G Ap, the restriction of f to nQ,(F) is nontrivial. 

Proof: (i) is obvious, so we only provide a proof of (ii) and (iii). 

(ii) Let iP be a maximal compact subgroup of G{F) which is special in the p-adic case. 
Then we have the Iwasawa decomposition 

(1) G{F) = P{F)K = N{F)Go{F)T{F)K 

Since A = Ap is the maximal split subtorus of T, there exists a compact subset /Cp C 
T(F) such that 


(2) T{F) = A{F)]Ct 

Also by proposition 16.6.11 we know there exists a compact subset /Cq C Go{F) such 
that 


(3) Go{F) = Ho{F)A+)Co 


Combining (1), (2) and (3), and since A and Gq centralize each other, we get 


where Kg = KqKtK. 


G{F) = H{F)A+A{F)}Cg 






(iii) Let a G Ap and assume, by way of contradiction, that ^ is trivial when restricted to 
nci(F). Recall that ^ is the composition ^ = -0 o Ap where A is an algebraic additive 
character n —?• Gq. Since is a linear subspace of n, the condition that ^ is trivial on 
na{F) amounts to saying that A is trivial on Uq. This has the advantage of reducing 
everything to a statement over F. Since A is invariant by iLo-conjugation and is 
invariant by both T-conjugation and Po"Conjugation, it follows that A is trivial on 
mnam~^ for all m G HqPqT. But Pq being a good parabolic subgroup of Go, FIqPqT 
is Zariski-dense in M = GqT. Hence, A is trivial on for all m G M. This is a 

contradiction in view of lemma 16. 2.1f iil (since is not included in [n, n]). ■ 


6.7 


The function and the Harish-Chandra Schwartz space of 

H\G 


J_T\ 

Let G C G(P) be a compact subset with nonempty interior. We dehne a function on 

H{F)\G{F) by 


= voIh\g{xG) 

for all X G P(P)\G(P). It is not hard to see that if G' C G(P) is another compact subset 
with nonempty interior, we have 


^G 


(x) 


r\j 


r^H\G 

^G' 


(x) 


for all X G H{F)\G{F). From now on, we will assume implicitly hxed a compact subset 
with nonempty interior G C G(P) and we will set 


for all X G P(P)\G(P). The precise choice of G won’t matter because the function 
will only be used for estimates purposes. 


Proposition 6.7.1 (i) For all compact subset K, C G(P), we have the following equiva¬ 

lences of functions 

(a) E^\^{xk) ^ 

(b) (yH\G{xk) ~ (Th\g{x) 

for all X G H{F)\G{F) and all k E IC. 

(a) Let Pq = MqUq Gq be a good minimal parabolic subgroup of Gq and Aq = Amq be 
the split part of the center of Mq. Set 


^0 ~ {®o £ Ao(P); |Q!(ao)| ^ 1 Vo G P(Ao, Po)} 
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then there exists a positive constant d > 0 such that 

(a) S'^°(ao)5p(a)^/^(T(ao)“'^ S^\'^(aao) S'^°(ao)5p(a)^/^ 

(b) o'HXGio-o-o) ~ o'G(oao) 
for all ao G Af and all a G A{F). 

(Hi) There exists d > 0 such that the integral 




Jh{f)\g{f) 

is absolutely convergent. 

(iv) For all d > 0, there exists d' > 0 such that 


xycTH\G{x) dx 


Jh{f)\g{f) 

for all c ^ 1. 

(v) There exist d > 0 and d' > 0 such that 


taH\G^cix)E^^'^{xyaH\Gixydx < c' 


d' 


iGf- 


Jh{F) 

for allxe H{F)\G{F). 

(vi) For all d > 0, there exists d' > 0 such that 


X ^hx)aG{x ^hx) '^dh E^^^{xyaH\G{x] 


d' 


:G 


Jh{F) 

for allxe H{F)\G{F). 

(vii) Let 5 > 0 and d > 0. Then, the integral 


{hx)a{hx) ^ dh {x)aH\Gix] 


-d 


Is^d{c,x) = / / t„;^c{h')E‘^{hx)E'^{h'hx)a{hxya{h'hxY {1 + \X{h')\) ^ dh'dh 

Jh{f) JH{F) 

is absolutely convergent for all x G H{F)\G{F) and all c ^ 1. Moreover, there exist 
e > 0 and d' > 0 such that 

h,d{,c,x) < E^'^^{xfaH\G{xY' 
for all X G H{F)\G{F) and all 1. 
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Proof: Since G —?• H\G has the norm descent property flemma f6.2.ir iP. we may assume 
(and we will) that 


( 1 ) aH\G{x) = Jnf^^acihx) 

for all X e H{F)\G{F). 

(i) is easy and left to the reader. 

(ii) (a) Let P = MN be the parabolic subgroup opposite to P with respect to M. Fix 

compact subsets with nonempty interior 

C'lv C 7V(F), Gt C r(F), Co C Go{F) and Gn C N{F) 

Then G = GjsiGtGqGj^ is a compact subset of G{F) with nonempty interior. We 
have 

~ voIh\g {H{F)gG)-^^\ for all g G G{F) 
and there exists a d > 0 such that 

-C voIgo (,GogoGo)~^^^ < for all go e Go{F). 

So (ii)(a) is equivalent to 


Sp{a) ^voIgo (GottoGo) ~ voIh\g {H{F)aaoG) 
for all Oo G and all a G A{F). We have 


H{F)aaoG = H{F)aaoG-p 

for all ao G ^o(-P") and a G A{F), where G-p = GtGqGj^. Hence, we need to prove 
that 


(2) 5p{a) ^voIgq {GottoGo) ~ voIh\g (hf(C)aaoC'p), for all (oq, a) G x A{F). 

Let Gho ^ Ho{F) be a compact subset with nonempty interior and set Gp = 
GnGho- If is a compact subset of H{F) with nonempty interior. We claim that 

(3) voIh\g (Lf (C)aaoCp) ~ voIg {GpaaoGj;), , for all (oq, a) G Hq x A{F). 

We have 

voIg {GnaaoGp) = / lcHaaoGp{hx)dhdx 

Jh{f)\g{f) Jh{f) 
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for all (ao,a) G Aq x A{F). The inner integral above is nonzero only if x G 
H{F)aaoC^ and is then equal to 

voIh {H{F) n CHaaoC-pX~^) = voIh {Ch {H{F) fl aaoCpX”^)) 

Hence, to get (3), it is suffices to show that 

voIh {Ch {H{F) n aaoCpX~^)) ~ 1 

for all (oo, a) G x A{F) and all x G aaoC-p. For such an x, we have Ch ^ 
Ch {H{F) n aaoCpX~^), so that we easily get the inequality 

voIh {Ch {H{F) n aaoC-pX~^)) S> 1 

for all (oo, a) G A^ x A{F) and all x G aaoCp. Let CF = Cy.C^^. To get the 
reverse inequality, it suffices to show that the subsets iL(F) naaoC'L(aao)“^ remain 
uniformly bounded as (a, Oq) runs through Aq x A{F). Since Pflif = Hq, we have 

H{F) n aaoCL(aao)~^ = Hq{F) fl aoCQaQ ^ 

for all (ao,a) G Aq x A{F), where C'q = CL fl Go(P). Now, the subsets Hq{F) fl 
aoCgaQ^, Oo G Hq, are uniformly bounded by proposition l6.4.1f iiiFbi. This ends 
the proof of (3). 

By (3), (2) is now equivalent to 

(4) 6p{a)~^volGo (CoaoCo) ~ vole (Cj^aaoCp), for all (ao,a) G Hq x A{F). 
Recall that we have Ch = CnChq and Cp = CtCqCj^. Hence 

C//aaoCp = Ch (aCp) (C^gaoCo) Cj^ 

for all (ao,a) G Ao{F) x A{F). For suitable choices of Haar measures, we have the 
decomposition dg = Sp{t)~^dndtdgodn where dn, dt, dgo and dn are Haar measures 
on respectively N{F), T{F), Co{F) and N{F). From these, it follows easily that 


vole {CpaaoCp) ~ 5p{a) ^voIgo (ChoCIoCo) 
for all (ao,a) G Ao{F) x A{F). Hence, the last thing to show to get (4) is 


(5) voIgo (CoaoCo) ~ voIgq (C^oaoCo), for all Oq G 
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The inequality voIqq {CH^aoCo) -C voIgq (CoaoCo) is obvious. So, we only need to 
prove the reverse one. The choice of Cq doesn’t matter. Since Hq{F)Pq{F) is open 
in Go{F), we may assume that Cq = ChqCp^ where Cp^ C Po{F) is a compact 
subset with nonempty interior. By dehnition of , the subsets Oq remain 

uniformly bounded as Oq runs through A^. Hence, there exists a compact subset 
Cq F Gq{F) such that 


^C'pi^aoCo C Cg 

for all oo G Aq . From this, we get 


voIgq (C'oaoCo) ^ voIgq (C'ho^oC'o) '^oIgq (C'hq^oCo) 
for all oo G Aq . This ends the proof of (5) and hence the proof of (ii)(a). 

(b) Obviously, we have the inequality anxcid) ^ for all g G G{F). So, we only 

need to show that 


aG(aoa) <C 

for all (ao,a) G Aq x A{F). Because of (1), this is equivalent to the inequality 


(6) aG{aoa) aGiha^a), for all (ao,a) G Aq x A{F) and all h G H{F). 

Every h G H[F) may be written h = nho where n G N{F), ho G Ho{F), and we 
have 

(Tcingot) > ctgo(5'o) + 

for all n G N{F), go G Go{F) and t G T{F). Hence, we have 

aGinhottoa) > (TGo{hoao) + aG{a) 

for all (ao,a) G Aq x H(F), all n G N{F) and all ho G Ho{F). Since, aG{aoa) ~ 
o'Goi^^o) + <^ 0 ( 0 ) for all (oo, a) G Ao{F) x A{F), to get (6) it suffices to show that 

o'Go(oo) -C o-Goihoao) 

for all ao G Aq and hg G Ho{F). But, this inequality is a straightforward conse¬ 
quence of proposition 16.4. If iiii lai. 
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(iii) Let C C G{F) be a compact subset with non-empty interior. Let us first show that 
(iii) follows from the following fact 

(7) There exists a positive integer iV > 0 such that for all i? ^ 1, the subset 
B{R) = {x G H{F)\G{F); (Jh\g{x) < R} be covered by less than 
(1 -I- R)^ subsets of the form xG, x G H{F)\G{F). 

(we then say that H{F)\G{F) has polynomial growth following [Berl]). Indeed, set 
X{R,d)= [ E^'^^{xyaH\G{x)~‘^dx 

J B{R+1)\B{R) 

For all d > 0 and R^ 1. Then we have 

p OO 

(8) / E^\'^{xyaH\G{x)~'^dx = ^X{R,d) 

JHiF)\G(F) 

for all d > 0. By (7), for all i? ^ 1, B{R + 1)\B{R) may be covered by subsets 
xiG ,..., Xk^G where kn ^ {R + 2)^. Hence, 

(9) X{R,d)^'^f 'R^^^{xfaH\G{x)~'^dx 

i=l dxiG 

for all d > 0 and all i? ^ 1. By (i).(a) and (i).(b) and the dehnition of we have 

[ VH\G(a:)""'da; < voIh\g {yG) {yfaH\G{y)~'^ 

JyG 

for all y G H{F)\G{F). Consequently, by (9), we get 


fcfl 

(10) X{R, d) < ^ (yH\G{xi)~'^ 

i=l 

for all d > 0 and all i? ^ 1. We may of course assume that XiGr\{B{R + 1)\B{R)) ^ 0 
for all i? ^ 1 and all 1 ^ i ^ /c/?. Then by (i).(b), we have 

for all i? ^ 1 and all 1 ^ i ^ /cr. Combining this with (10), we hnally get 
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A(i?, d) < R-^kn ^{R + 2)^R-<^ 


for all (i > 0 and R^ 1. Hence, for d > iV + 1, (8) is absolntely convergent. This ends 
the proof that (7) implies (iii). 

Let ns now prove (7). By lemma [6.6.1f ii). there exists a compact snbset /C C G{F) 
snch that 


(11) G(F)^H{F)A*A{F)K. 

Thns by (i).(b) and (ii).(b), we see that there exists a constant Cq > 0 snch that 

B{R) C i7(F){aoa; Oq G a E A{F) aciaao) ^ coR}K, 

for all R ^ 1. Set Amin = AqA. Using the above, it is easy to see that (7) is a 
conseqnence of the following fact which is not hard to prove and left to the reader 

Let Cmin ^ Amin{F) be a compact snbset with nonempty interior. Then, 
there exists a positive integer iV > 0 snch that for all i? ^ 1, the snbset 
{a G Amin{F); ada) < Rj may be covered by less than (1 + R)^ snbsets 
of the form aCmin, a G Amin{F). 


(iv) By similar argnments, this also follows from (7). 

(v) By (i), (ii) and (11) together with the fact that S'^{kgk~^) and adkgk 

(Tcig) for all fc G /C and g G G{F), we only need to show the existence of d > 0 snch 
that 


(12) / [a ^aQ^haoo) ac [a ^aQ^haoa) dh ^E^°{aof‘5p{a) 

Jh{f) 

for all (ao,a) G Aq x A{F). We have 


(a ^adha^a) ac {cb ^adha^a) dh 


-d 


'H(F) 


{a ^adhonaoo) d ^ dndho 


-d 


IHo{F) Jn{F) 


for all (oo, a) G Ao{F) x A{F) and all d > 0. After the variable change n i— )■ a^ana 
the last integral above becomes 
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<^p(a) / / (oq (oq dndho 

Jho(f) Jn{f) 

By proposition ll.S.lT ivB for c? > 0 sufficiently large, we have 


In{f) 


(oq ^hoaon) (Tg {% ^hoaon) dn (og ^hoao) 


for all oo € ^o(-^) and all ho € Ho{F). Hence, for d > 0 sufficiently large we have 


(a ^Oq ^haooj ac {a ^Og ^haoo) ^ dh <C hp(a) 


-d 


lH{F) 


\-i 


"Go (^-1 


'Ho{F) 


(cig ^hoOo) dho 


for all (ao,a) G Ho(F) x H(F). Thus to get (12), it is sufficient to show that 


(13) [ (og ^hgoo) dho < S'^°(ao)^ 

Jho(F) 

for all oo G Aq . Let Uhq <T -Hg(F) and lA-p^ C Pq{F) be compact neighborhood of the 
identity. Since the subsets aQ^U-p^ao remain uniformly bounded as oq runs through 
we have 



for all oo G Hg, all G Uho and all G Wp^. Let Kq be a maximal 

compact subgroup of Gq{F). Since Pg is a good parabolic subgroup of Gg, there exists 
a compact neighborhood of the identity Ukq C Kq such that Ukq C U-pJAno AlAnJAp^. 
From the last inequality above, we deduce 



for all oo G Aq . By the ’’doubling principle” fproposition ll.5.lT vi)L this last integral 
is essentially bounded by 


S‘^°(ao)^ [ E^°{ho)dho 
J Ho {F) 

for all Oo G Aq . By lemma Ib.S.lf iL the last integral above is convergent. This proves 
(13) and ends the proof of (v). 
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(vi) By (i), (ii), (1) and (11), it suffices to show the following 


There exist d > 0 such that 



'EP{haao)a{haao) '^dh -C 5p(a)^'^^S^°(ao) 


for all (ao,a) G Aq x A{F). 


Using again proposition ll.S.lT ivh this will follow from the following inequality 


'Ho(F) 


{hoao)dho S'^“(ao), for all oq G A^.. 


To obtain this last inequality, we can argue as in the end of the proof of (v), using the 
’’doubling principle” fproposition ll.S.lT vil) and the fact that Pq is a good parabolic 
subgroup of Go to reduce it to the convergence of the integral 


:Go 


JHo{F) 

which is a consequence of lemma IB.S.lf ih 


{ho)dho 


(vii) By (i), (ii) and (11) and since for all d > 0 and all e > 0 we have <C 

^ea{h)^-eci 2 ^ ^ H(F), it suffices to sliow the following 

(14) For all d > 0, there exist d > 0 and e > 0 such that 




Ih{f) Jh{f) 


{haao)E^{h'haao)F^^'^'^F'^^^^ (1 + |A(h')|) dh'dh 

■C dp(a)S‘^°(ao)^cT(aao)'’ 


for all Oq G Aq and all a G A{F). 

Let d > 0. Let P = MN be the parabolic subgroup opposite to P with respect to M 
and set Pmin = PqTN, Mmin = MqT. Then Pmin is a good parabolic subgroup of G 
and Mmin is a Levi component of it that contains A. Hence, by lemma 16 .5. If vL there 
exists e > 0 and d > 0 such that 
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(haao)'^^{h'haao)e ''''^^'^(1 + \X{h')\) ^ dh'dh <^ ^cr(aao)'^ 


for all ao G and all a G A{F). We have = ^p(a)^pj,(ao) and by 

proposition 11.5.If i). we have 5pj,(ao) <C S‘^°(ao)^ for all oq G Aq . It follows that the 
ineqnality (14) is satisfied for snch an e > 0 and snch a d > 0. ■ 


6.8 Parabolic degenerations 

Proposition 6.8.1 Let Q be a good parabolic subgroup of G. Denote by Uq its unipotent 
radical and by Gq = Q/Uq its maximal reductive guotient. Set Hq = H P\Q. Then, we have 
the followings 

(i) HqH Uq = {1} so that Hq is naturally a subgroup of Gq; 

%(%) = for oil h-Q G Hq{F). 

(Hi) There exists d > 0 such that the integral 

[ ^^^{hQ)(T{hQ)-^6H^{hQY^^dLhQ 

is convergent. 

If we are in the codimension one case (that is if G = Gq and H = Hq), then for all 
d > 0 the integral 

JHq(F) 

is convergent. 

(iv) Let Pmin = MminUmin F Q be a good minimal parabolic subgroup of G and let Amin = 
the maximal central split subtorus of Mmin- Set 

^min = G Amin{F)-, |a(a)| ^ 1 Vo G R{Amini Train)} 

Then, there exists d > 0 such that 

f ^^^{o~^hQa)a{a-^hQa)-^SH^{hQ)F^dLhQ < E^Q{a)^ 

JHq{F) 

for all a G AF^. 
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Proof: 


(i) This follows directly from proposition 16.4. iT i) . 

(ii) This is equivalent to 

(1) det (^Ad{hQ)iq/t,-^ = 1 

for all h-Q e Hq{F). We have q + f) = 0 (because Q is a good parabolic subgroup) and 
= 1) n q, hence the inclusion q C g induces an isomorphism q/l)Q ~ g/f), from which 
it follows that 

det = det {Adihg^/^) = det {Ad{hQ)\g) det {Ad{hQ)\t,)~^ 

for all h-Q G Hq{F). But since G and H are unimodular groups, we have det (^Ad{hQ)\^ = 
det [Ad{hQ)\i^ = 1 for all hq G Hq and (1) follows. 

(hi) By proposition Ib.d.lf ii). we may hnd a good minimal parabolic subgroup Pmin = 
MminUmin ^ Q- Let L be the unique Levi subgroup of Q containing Mmin- Note that 
we have a natural identihcation L = Gq. Let iP be a maximal compact subgroup of 
G{F) which is special in the p-adic case and which is in good position with respect to 
L. Set Kl = K a L{F). This is a maximal compact subgroup of L{F) which is special 
in the p-adic case. Set t = nr(l) ^ ~ denote by (.,.) and 

(., .)t- the scalar products on tt and r respectively. Let ex G 7i°° and G r°° be the 
unique iL-fixed and iP^-fixed vectors respectively. Note that we have exik) = ex^ for 
all k E K. We may assume that the functions and are given by 

(2) S‘^(p) = {7i{g)ex,ex) , g G G{F) 

(3) E^{l) = iTil)ex,,exJr , / G L(F) 

(Note that by the process of induction by stages, we have a natural isomorphism vr ~ 
(1)). If we choose Haar measures suitably, (2) gives 

^ min 


-^{ 9 )= !_ {ex{g'g),ex{g'))rdg' 

Jq{f)\g(f) 

for all g G G{F). Since Q is a good parabolic subgroup, by proposition 16.4. If i) the 
subset Hq{F)\H{F) C Q{F)\G{F) has a complement which is negligible. Hence, by 
(ii), if we choose Haar measures compatibly, we have 
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/_ y^{9)dg = / ip{h)dh 

jQiF)\G(F) JH^iF)\H(F) 

for all if G L^{Q{F)\G{F),6 q). Hence, in particular we get 


(4) E^{g)= {eK{hg),eK{h))rdh 

Jhq{f)\h{f) 

for all g G G{F). 

By lemma l6.5.1f iil. there exists d> 0 such that the integral 


Ih{f) 


'{h)a{h) ^dh 


converges. Choose such a. d > 0. Then by (4), we have 



E^{h)a{h) ^dh 


<H{F) JHq{F)\H{F) 


{eK{h'h),eK{h'))rdh'a{h) '^dh 


Note that this last double integral is absolutely convergent. Indeed, since the integral 
is convergent in that order, it suffices to check that (ex(h'h), eK{h'))r is positive for all 
h', h G H{F). But by the Iwasawa decomposition and (3) the terms (ex(h'h), eK{h'))r 
are values of hence positive. Switching the two integrals, making the variable 
change h i—)■ h'~^h and decomposing the integral over H{F) as a double integral over 
Hq{F)\H{F) and Hq{F), we get that the expression 


\h^{F)\H{F)Y Jh^{f) 


{T{hQ)eK{h),eK{h'))^a{h' ’^SHJhgY/^dLhQdhdh' 


is absolutely convergent. By Fubini, it follows that there exist h,h' G H{F) such that 
the inner integral 



{T{hQ)eK{h),eK{h'))^a{h' ^h^h) 

•(F) 


is absolutely convergent. Fix such h,h' G H{F). By the Iwasawa decomposition we 
may write h = luk and F = I'u'k' with Z, V G L{F), u, u' G Uq{F) and fc, k' G K. Then, 
by (3) we have [T{hQ)eK{h), eK{h'))^ = for all hq G Hq{F). Since 

^ ^qI) and a{h'~^hQh) <C for all h-Q G Hq{F), it follows that 

the integral 
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[ ^HhQ)'j(hg)-‘6„ {hg)^l^d,hQ 

is also absolutely convergent. As this proves the hrst part of (iii). The 

second part follows from the same arguments using lemma I6.5.1f ii instead of lemma 

[FixTr in. 

(iv) By proposition I6.4.1f iiiifb). for all d > 0, we have 




l^Q{a ^hQa)a{a ^h^a) 






l^Q{a ^hQa)a{hQ) 


for all a G Hence, it is sufficient to prove the existence of a d > 0 such that 

(5) [ E^Q{a-^hQa)a{hQ)-'^5H^{hQY/^dLhQ < E^{af 

for all a G Define Pmin,Q ^e the image of Pmin by the projection Q —)■ Gq. 

Then PminJ^ is a minimal parabolic subgroup of Gq and since Pmin is good, 
is open in Gq. Using this, and the doubling principle (proposition ll.b.lT vi)). we show 
as in the proof of proposition 16.7. If vi that 



S^o(a ^hQa)a{hQ) ^dH^ihQY^^dLhQ 


<^E^Q{af j E^Q{hQ)a{hQ) % 

JHq(F) 


for all a G This proves (5) since the right hand side is absolutely convergent for 

d sufficiently large by (iii). ■ 


7 The distributions J and 

7.1 The distribution J 

For all / G C(G(F)), let us define a function K{f,.) on H{F)\G{F) by 
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K{f, x) = / f{x-^hx)ah)dh, X e H{F)\G{F) 

Jh{f) 

Remark that by lemma 16. 5. Ilf iih the above integral is absolutely convergent. The proposition 
below and proposition I6.7.11 iiii show that the integral 

J(/) = f K{f,x)dx 

is absolutely convergent for all / G Cscusp{G{F)) and define a continuous linear form 

Cscusp{G{F)) —)■ C 

/ ^ J{f) 

Proposition 7.1.1 (i) There exists d > 0 and a continuous semi-norm v on C{G{F)) 

such that 

for all f € C{G{F)) and all x e H(F)\G(F). 

(a) For all d > 0, there exists a continuous semi-norm on C{G{F)) such that 

\K{f,x)\ ^ Ud{f)E^^^{xfaH\G{x)-'^ 
for all X e H{F)\G{F) and all f G Cscusp{G{F)). 

Proof: For all i? > 0, we will denote by the continuous semi-norm on C{G{F)) given by 

PR{f)= sup \f{g)\E^{g)-^aG{g)^ 

9&G{F) 

for all / G C(G(F)). 

(i) For all d' > 0, we have 


\K{f,x)\^Pdff) [ E^{x ^hx)a{x ^hx) dh 
Jh[f) 

for all / G C{G{F)) and all x G H{F)\G{F). By proposition l6.7.11 vh if d' is sufficiently 
large, there exists d > 0 such that 



E^{x ^hx)a{x ^hx) dh {x)‘^aH\G{xY 


for all X G H{F)\G{F). This proves (i) for u a scalar multiple of pd> for d' sufficiently 
large. 
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(ii) Let us adopt the notations of subsection 16.6.21 So we have the followings 


• Fo is a good minimal parabolic subgroup of Go, Md C Fq is a Levi component of 
it and Aq is the maximal central split subtorus of Mq; 

• F is the parabolic subgroup opposite to F with respect to M and N is its unipotent 
radical; 

• P-min = PqTN, Mmin = MqT and Amin = AqA are respectively a good minimal 
parabolic subgroup of G, a Levi component of it and the maximal central split 
subtorus of Mmin] 

• Aq = {a G y4o(F); |Q!(a)| ^ 1 Va G F(y4o,Fo)} and 

^niin = £ Amin{F)] |ct(®)| ^ 1 Vct G R{Amin, Pmin)}] 

• Pmin is the parabolic subgroup opposite to Pmin with respect to Mmin (we have 
F C FV 

• A is the set of simple roots of Amin in Pmin and Ap = A fl R{Amin, N) is the 
subset of simple roots appearing in n = Lie{N). 

By lemma l6.6.1f ii). we know there exists a compact subset /C C G(F) such that 

G(F) = H{F)A+A{F)}C 

Hence, by proposition 16. 7. iT i). and the fact that for all semi-norm u on C(G(F)), there 
exists a continuous semi-norm F on C(G(F)) such that <C F(/) for all fc G /C and 

all / G C(G(F)), it suffices to prove the estimate of the proposition for a: = a G AqA{F). 
In the p-adic case, let us fix a compact-open subgroup K C G(F). To uniformize 
the notations, we set Ck{G{F)) = C(G(F)) and Cscusp,k{G{F)) = Cscusp{G{F)) when 
F = R. Then, we need to prove 

(1) For all d > 0, there exists a continuous seminorm Pd,K on Ck{G{F)) such that 

for all a G A'^A{F) and all / G Cscusp,k{G{F)). 

Let us set 


- {a e "4(j'H(F); |a(a)| ^ a h\g{.o) Va G Ap} 

where the exponent ”a” stand for ’’almost” since by lemma iG.G.lf iL elements of 
are ’’almost” in AF^ We first prove the following 
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(2) For all c? > 0, there exists a continuous semi-norm on Ck{G{F)) such that 


for all a G A+A{F)\A^+i^ and all / G Ck{G{F)). 


Let a G A^ A{F)\A^ij^. Then, there exists a G Ap such that |tt(a)| > o'h\g{(^)- Since 
Ap is hnite, we may as well hx a G Ap and prove the inequality (2) for all a G AqA{F) 
such that |a(a)| > <JH\G{ci). So, let us £x a G Ap. By lemma [6^.6.1f iii). we know that ^ 
is nontrivial on na{F). Choose X G nQ(F) so that ^(A) 7^ 1. We now divide the proof 
of (2) according to whether F is real or p-adic. 

Assume hrst that F is real. Denote by : n{F) —)■ C the differential of ^ at the origin. 
Since ^(A) 7^ 1 and is a character, we have d^{X) 7^ 0. By integration by part, for 
all / G C{G{F)) all a G Amin{F) and all positive integer N, we have 



= (-l)^a(a)-^A(L(A^)/,a) 


This implies in particular that for all positive integer A, we have 


|A(/,a)|«|«(a)|-^|A(L(A^)/,a)| 


for all a G Amin{,F) and all / G C{G{F)). By (i), it follows that for all A > 0 there 
exists a continuous seminorm on C{G{F)) such that 


|A(/,a)| ^ z/^(/)S^\^(a)Vp\G(a) ^ 


for all a G Amin{F) such that |Q!(a)| > (Jh\g{(^) and all / G C{G{F)). For N ^ d, we 
get the desired inequality. 

Assume now that F is p-adic. We are going to prove the following stronger result 
(3) There exist a constant C > 0 such that 
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K{f,a) = 0 

for all a G Amin{F) such that |Q;(a)| > C and for all / G C{G{F), K). 


Set Kjq = K N{F), Lj^ = \og{Kj^) and = L]\f n na{F). Then La is a lattice of 
nQ,(F). Hence, there exists a constant C > 0 such that \~^X G La for all A G F^ such 
that |A| > C. Now, for all a G Amin{F) and all / G C{G{F), K), we have 


aX)K{f,a) 



Assume moreover that |Q;(a)| > G. Then a{a)~^X G La and the last integral above is 
equal to K{f,a). Since 7 ^ 0, this implies K{f,a) = 0. This ends the proof of (3) 
and hence of ( 2 ). 


Because of (2), to get (1) we are reduced to prove the following 


For all d > 0, there exists a continuous seminorm on Ck{G{F)) such that 


for all a G and all / G Cscusp,k{G{F)). 

Actually, this inequality is a consequence of the seemingly weaker one 

(4) For all d > 0, there exists a continuous seminorm h'd,K on Ck{G{F)) such that 

for all a G and all / G Cscusp,k{G{F)). 

This follows from the following easily checked fact 


(F) Every a G can be written a = a+a_ where a+ G AF^ and 

a(a_) < log (1 + (JH\G{a)) 
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together with the inequalities 


(11) If z/ is a continuous seminorm on Ck{G{F)), there exist a continuous seminorm 
u' on Ck{G{F)) and c > 0 such that 

for all g G G{F) and all / G Ck{G{F)). 

(12) There exists a > 0 such that E^^^{xg) for all g G G{F) and 

all a; G H{F)\G{F). 

(13) crH\G{xg)~^ ^ crH\G{x)~^(^{g) foi’ all g G G{F) and all x G H{F)\G{F). 

For any maximal proper parabolic subgroup Q of G containing Pmin and with unipotent 
radical Uq and any <5 > 0, let us set 

= {« e |a(«)l Va e R(A^^,Uq)} 

Obviously, we may hnd 5 > 0 such that the complement of 

U^S:('5) 

Q 

, the union being taken over all maximal proper parabolic subgroups Q D Pmin, in 
is relatively compact. Let us fix such a 5 > 0. To prove (4) we only need to show 
the following 


(5) For all proper maximal parabolic subgroup Q ^ Pmin and all d > 0, there 
exists a continuous semi-norm on Ck{G{F)) such that 

for all a G and all / G Cscusp,k{G{F)). 

Let us £x a proper maximal parabolic subgroup Q ^ Pmin- Denote by Umin the 
unipotent radical of Pmin- Let us dehne 


UH = H{F)r\Pm^n{F)Um^n{F) 
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Then Uh is an open subset of H{F) containing the identity. Let 


U . lAjJ y 

be the F-analytic map sending h G Uh to the unique element u{h) G Umin{F) such 
that hu{h)~^ G Pmin{F). We have 


(6) The map u is submersive at the identity. 


Indeed, the differential of m at 1 is given by diu{X) = for all X G 1)(F), where 

is the linear projection of g onto Umin relative to the decomposition g = 
and we have Pu™i„(l)) = Umin since Pmin is a good parabolic subgroup. 

Because of (6), we may hnd a relatively compact open neighborhood Umin of 1 in 
Umin{F) and an F-analytic section 


h ; Umin Uh 
u i-G h{u) 

to the map u over Umin such that h(l) = 1. Let Mq be the unique Levi component of 
Q such that ® Mq. Denote hj Q = MqUq the parabolic subgroup opposite to 

Q with respect to Mq. Set 


Uq — Umin n Uq{F), Hq — H n Q and Uh,q — HQ{F)h {Uq) 


We will need the following fact 


(7) The set Uh,q is an open subset of H{F) containing 1 and there exists a smooth 
function j G C°^{Uq) such that 



ip{hQh{uQ))j{uQ)duQdhQ 


for all ip G L^{Uh,q)- 


Consider the map 


%(F) X Mq ^ H{F) 
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ihQ,UQ) ^ hQh{uQ) 

It is not hard to see that it is an injective F-analytic local isomorphism. Hence, its 
image Uh,q is an open subset of H{F). Let j denotes the absolute value of the Jacobian 
of this map. This is a smooth function on Hq(F) x Uq which is obviously invariant by 
iLQ(F)-translation. The claim (7) follows. 

Fix e > 0 that we will assume sufficiently small in what follows. We will need the 
following 

(8) Let 0 < 5' < (5 and cq >0. If e is sufficiently small, we have 
oUq [< ea{a)] a~^ C exp fl Uq(F) j 

for all a e 

If a {a) ^ e~^, then the left hand side is empty. So we shall only prove the inclusion for 
a{a) > e~^. There exists a > 0 such that 

|log(M)| ^ e^Au) 

for all u G Uq{F). Also, there exists /3 > 0 such that 

\aXa-^\ ^ |x| 

for all X G Uq{F) and all a G It follows that if e > 0, then 

|log(aMa“^)| = \alog{u)a~^\ ^ 

for all a G A^^{6) and all u E Uq[< ea{a)]. Now, it suffices to choose e sufficiently 
small such that we have ^ for all a G Amin{F) such that a{a) > e“h 

By (8), if e is sufficiently small we have 

aUq [< ea{a)] a~^ C Uq 

for all a G A^^{5). We will henceforth assume that e is that sufficiently small. This 
allows us to dehne 
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for all a G A'^^{6). The inequality (5) is obviously a consequence of the two following 
inequalities 

(9) For all d > 0, there exists a continuous semi-norm i'd,K on Ck{G{F)) such that 

[ \f{a~^ha)\dh ^ i/d,i^(/)S^\'^(a)^crH\G(a)"'^ 

Jh(F)\U^^^ 

for all a G and all / G Ck{G{F)). 

and 

(10) If e is sufficiently small, for all d > 0 there exists a continuous semi-norm Ud^K 
on Cj^(G(F)) such that 


/(a ^ha)^{h)dh 


H,Q 




-d 


for all a G A^^{6) and all / G Cscusp,KiG{F)). 


We start by proving (9). For this we need the following 


(11) We have an inequality 


a{a) a (a ^ha) 

for all a G Aj;+(d) and all h G H{F)\W^^-. 

Combining proposition 11.3.11 with proposition l6.4.1f iiiFbh we see that it suffices to 
show the existence of e' > 0 such that 


(12) H{F) n (g [< eV(a)] aUg [< eV(a)] a"^) C U^^- 


for all a G A^^{6). Fix e' > 0 and let us show that the above inclusion is true if e' 
is sufficiently small. Let a G A^^{6). If a{a) ^ e'~^, then the left hand side of (12) 
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is empty and there is nothing to prove. Hence, we may assnme that a(a) > e' Let 
h G 11(F) n (Q [< e'cr(a)] aUg [< e'a(a)] a“^). Assnme e' < e. Then, we have 

allg [< e'a(a)] a~^ C oUq [< ea(a)] a~^ C Uq 

and we may find u G oUq [< e'a(a)] a~^ snch that hh(u)~^ G Hq(F). We only need 
to show that if e' is sufficiently small then necessarily a(hh(u)~^) < €a(a). We have 
a (hh(u)~^) a(h) + a(h(u)) -C e'cT(a) + a(h(u)). By (8), if e' is snfficiently small, the 
sets aUg [< e'a{a)] a~^ remain in a fixed compact snbset of Umin as a varies in 
If this is so, h(u) will be bonnded independently of a and h. Hence a(h(u)) 1 -C 

e'cr(a) (becanse we are assnming a(a) > Finally, we get a (hh(u)~^) -C 2e'a(a) 

and hence a (hh(u)~^) < ea(a) for e' snfficiently small. This proves that the inclnsion 
(12) is satisfied for e' > 0 snfficiently small and this ends the proof of (11). 

We are now in position to prove (9). Let d > 0. By (11), for all d' > 0 we have the 
ineqnality 




\f(a ^ha)\dh pd'(f)a(a) / E^(a ^ha)a(a ^ha) 

Jh{f) 


for all a G A‘^^(6) and all / G Ck(G(F)). By proposition l6.7.lH iFbi and (v), for d' 
snfficiently large the last term above is essentially bonnded by 

for all a G AF^. This proves (9) for a positive constant times pd', where d' is 
snfficiently large. 

We now go on to the proof of (10). By (7), we have 


(13) 


f(a ^ha)^(h)dh = 


H,Q 


'F[-Q[<e(T(a)] JaUQ[<ea{a)]a- 


f (« ^hQh{ug)a) ^ {hghiug)) j(ug)dugdhQ 


for all / G C(G(F)) and all a G A^^{6). Scaling the Haar measnre dug if necessary, 
we may assnme that j(l) = 1. Every h-g G Hq may be written as hg = Ug(hg)mg(hQ) 
where Ug(hg) G Ug and 'mg(hg) G Mg. Let us prove the following 


(14) Let 0 < d' < d and d' > 0. There exists a continuous semi-norm pd'^K on 
Ck(G(F)) such that if e is sufficiently small, we have the inequalities 
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(*) l^(^(wQ))i(wQ) - 1| < e 


{ii) \f (a ^ha) -f {a ^mQ{hQ)uQa) \ 

^ ^^d',K{f )'^^ {a~^ha) a ia~^ha) ^ e~^ 

for all a G all uq G oUq [< ea{a)] a~^ and all hg G Hq[< ea{a)] 

where we have set h = h-ghiuo). 

We start by proving (i). The functions ho exp and j o exp are smooth functions on 
log (Uq) C uq(F). Let Uq C log (Uq) be a compact neighborhood of 0 such that 

• If F is p-adic, the functions ^ o h o exp and j o exp are constant on Uq] 

• If F is real, Uq is star-like at 0. 

Now, by ( 8 ), if e is sufficiently small, we have 

(15) qIIq [< ea(a)] a~^ C exp(uQ) 

for all a G A^^(5). In the case where F is p-adic, this implies that the left hand side 
of (14) (i) is always zero. Consider the case where F = R. Since j doesn’t vanish on 
Umin, it is bounded by below on exp(a;Q). Hence, by (15), we can forget the term j(uQ) 
in the right hand side of (14) (i). Now, since Uq is compact and star-like at 0, by the 
mean value theorem we have an inequality 

\ii.h(uQ))j(uQ) - 1| < |log(MQ)| 

for all Uq G exp(a;Q). But by ( 8 ) again, if e is sufficiently small, we also have 

|log(MQ)| < 

for all a G H®’j(')(5) and all uq G aFg [< ea(a)] a~^. Combining the two above inequali¬ 
ties with (15), we get (14) (i) in the real case. 

Let us now prove (14)(ii). Let Uq C 0 (F) be a compact neighborhood of 0 on which 
the exponential map is well-dehned and such that 

• If F is p-adic, exp (uq) C K] 

• If F is real, Uq is star-like at 0. 
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Then we have the following 


(16) For all d' > 0, there exists a continuous semi-norm fid',K on Ck{G{F)) 
such that 

\f {e~^ge~^) - fig)\ ^ fid',Kif)^^igMg)~'^' i\X\ + |F|) 
for all / G Ck{G{F)) and all X, F G Uq. 

Indeed, in the p-adic case, the hypothesis on Uq implies that the left hand side is always 
zero whereas in the real case it is just an application of the mean-value theorem (using 
that ooq is star-like at 0). Now, for hq G Hq{F), uq G Uq and a G Amin{F), we have 

a~^mQ{hQ)uQa = k^^a~^hak2^ 

where h = hQh{uQ), ki = a~^UQ{hQ)a and /c 2 = a~^u^h{uQ)a. By (16), in order to 
get (14) (ii) it is thus sufficient to prove the following 

(17) Let 0 < F < 5. Then, if e is sufficiently small, we have 

{i) a~^UQ{hQ)a G exp ^-8(0, n 

{a) a~^u^h{uQ)a G exp ^-8(0, e~^ fl 

for all a G a2^^{S), all uq G allq [< ea{a)] a~^ and all hq G Hq[< ea{a)]. 

The proof of {i) is a slight variation of the proof of (8) and is left to the reader. Let 
us prove that (ii) is satished if e is sufficiently small. Set Pmini'^) = h{u)u~^ for all 
u G Umin- Then Pmini-) dehnes an F-analytic map from Umin to Pmin{F). We have 

(18) a~^Uq^h{uq)a = a~^Uq^p^i^{uq)uqa 

for all a G A^^{5) and all uq G aUq [< ea{a)] a~^. Since Pmm(l) = 1) there exists an 
open neighborhood Uq C Uq of 1 and an F-analytic map uq G Uq i—)■ X{uq) G pmin{F) 
such that Pmini^Q) = for all uq G Uq. By (8), for e sufficiently small we have 

aUq [< ea{a)]a~^ C Uq for all a G A^^{S). Assuming e that sufficiently small, (18) 
becomes 

a-\Q^h{uq)a = e^Aa-^^Q^)xiuQ) 
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for all a G and all uq G allq [< ea{a)] a Hence, we are left with proving 

that for e sufficiently small we have 

(19) Ad{a-^UQ^)X{uQ) G H(0, n 

for all a G and all uq G allq [< ea{a)] a~^. There exists a > 0 such that 

for all g G G{F) and all X G q{F). Hence, we have 


\Ad{a ^Uq^)X{uq)\ = \Ad{a ^Uq^a)Ad{a ^)X(mq)| ^ ^)X(mq)| 

for all a G A^^{6) and all uq G allq [< ea{a)] a~^. On the other hand, by dehnition of 
A^n, there exists /3 > 0 such that 

\Ad{a-^)X\ ^ I3\X\ 

for all a G AF^ and all X G So dually we get 

\Ad{a-'u^')X{uQ)\ < /?e““’'‘‘>|A'(ug)| 

for all a e A^^{5) and all uq e allq [< €fr(a)] In order to get (19), we thus only 
need to show that for e sufficiently small, we have 

X {aUq [< ea(a)] a-^) C O 

for all a G AF^(^S). This follows directly from (8) and the fact that X(.) is an analytic 
map. This ends the proof of (17) (ii) and also of (14) (ii). 

Choose any 0 < 5' < 5. Let d' > 0 and assume that e is sufficiently small so that (14) 
holds. Then, by (13), we see that the difference between the two integrals 

f{a~^ha)^{h)dh 

e,a 

H,Q 

and 



eu (a)] JaUQ[<ecr{a)]a- 


f {a ^mq{hQ)uqa) ^ (hQ) duqdhg 
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is essentially bounded by 


+ e x(/) [ ^ha)a{a ^ha) dh 

^ g-6V(a) + fid',K{f)) [ E^{a~^ha)a{a~^ha)~'^'dh 

Jh(f) 

for all a G A'^^{5) and all / G C;^(G(F)). By proposition I6.7.1f vb if d' is sufficiently 
large this last term is essentially bounded by (pd'(/) + hrf',A'(/)) 

Since for all d > 0 we have the inequality e~^ (^h\g{o)~^ for aU a G Amin{F), 

to prove (10) it is now sufficient to establish the following 


^-5'a{a) 


H,Q 


f{a ^ha)^{h)dh 


(20) For all d > 0, there exists a continuous semi-norm Ud on C{G{F)) such that 


/ / / (a ^mQihQ)uQa) ^ (hg) duqdhg 

’ H-Q[<ea{a)] J aUQ[<ea(a)]a~^ 

for all a G AF^ and all / G Cscusp{G{F)). 


^ Fdif)^^^^{af(TH\Gia) 


-d 


Denote by F^{f, a) the integral above (without the absolute value). After the variable 
change uq i—)■ auQa~^, we get 

«) = f {a~^^Q{hQ)auQ) duqi {hg) dhg 

JHQ[<ea{a)] JUQ[<ea{a)] 

for all a G Amin{.F) and all / G C{G{F)). Consider the inner integral in the last 
expression. If / is strongly cuspidal, we have 


/ (a ^mg{hg)aug) dug = 


f {a ^mg{hg)aug) dug 


JUQ[<ec 7 {a)\ JUQ[Sie(T{a)] 

for all a G Amin{F) and all h-Q e Hq{F). For di > 0, the last integral is bounded (in 
absolute value) by 


PdAf) / (a ^rnQ{hQ)aug) a {a ^mg{hg)aug) dug 

JUQ[^ecT{a)\ 

for all a G Amin{F) and all hg G Hg{F). We have an inequality a{mQUQ)~^ a{uQ)~^ 
for all niQ G Mg{F) and all uq G Uq{F). Hence, for all d 2 > 0, the last term above is 
essentially bounded by 
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PdAf)(T{a) / S^(a ^mQ{hQ)auQ) a {a ^mQ{hQ)auQ) duQ 

JUq(f) 

for all a G Amin{F) and all hq G Hq{F). Let > 0. By proposition 1 1.5.1 f ivL if di is 
snfficiently large, we have an ineqnality 


iG 


'Uq{F) 


{uiqUq) a {uiqUq) 


for all niQ G Mq{F). Hence, for di is snfficiently large, \K^{f, a)| is essentially bonnded 
by 


(21) 6Q{a)pd,{f)a{a) / S^«(a ^mQ{hQ)a)a{a ^mQ{hQ)a) 

Jhq(f) 

for all a G Amin{F) and all / G Cscusp{G{F)). Denote by Gq = Q/Uq the maximal 
rednctive quotient of Q. Then we have a natural identification Mq = Gq. Moreover, by 
proposition 16. 8. H i). Hq is naturally a subgroup of Gq and the expression (21) becomes 

<5Q(a)Pdi(/)t^(a)"'^' [ E^Q{a-^hQa)a{a-^hQa)-‘^^6Q{hQy^^dhQ 

JHq{F) 

By proposition 16.8.If iv). if d^ is sufficiently large, the last term is essentially bounded 
by 


<^o(a)Prfi(/)c^(a) 

for all a G AF^. Moreover, by proposition ll.S.lf B and proposition l6.7.1f iiifaL there 
exists i? > 0 such that 


5Q(a)S%(a)2 « S^\^(a)V(a)'' 

for all a G AF^. Taking d 2 = d + R, we conclude that for di sufficiently large, we have 
an inequality 



<Pdi(/)S-^^^(a)V(a) 


for all a G AF^ and all / G Cscusp{G{F)). By proposition 16. 7. If iilfb). this proves (20) 
and so ends the proof of the proposition. ■ 
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7.2 The distribution 

For all / G S{g{F)), let us define a function .) on H{F)\G{F) by 

x)= [ fix-^Xx)aX)dX, X e H{F)\GiF) 

Jt,{F) 

the above integral being absolutely convergent. The proposition below, whose proof is similar 
to the proof of proposition 17.1.11 shows that the integral 

j“^(/)= [ K^^\f,x)dx 

Jh{f)\g{f) 

is absolutely convergent for all / G SgcuspisiX)) and dehne a continuous linear form 

SscuspisiF)) —)■ C 

/ ^ J^^V) 


Proposition 7.2.1 (i) There exists c > 0 and a continuous semi-norm v on S{g{F)) such 

that 


for all X G H{F)\G{F) and all f G S{g{F)). 

(a) For all c> 0, there exists a continuous semi-norm on iS( 0 (F)) such that 

\K{f,x)\^F,{f)e-^^»\oi^^ 
for all X G H{F)\G{F) and all f G Sscuspi^iF)). 

8 Explicit tempered intertwinings 

8.1 The ^-integral 

For all / G C{G{F)), the integral 


Ih{f) 


fmwdh 


is absolutely convergent by lemma l6.5.1f ii). Moreover, by lemma l6.5.1f ii) again, this dehnes 
a continuous linear form on C{G{F)). Recall that C{G{F)) is a dense subspace of the weak 
Harish-Chandra-Schwartz space C'^{G{F)) fll.51 1)1. 
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Proposition 8.1.1 The linear form 

f e C{G{F)) ^ f fm{h)dh 
Jh{f) 

extends continuously to C^{G{F)). 

Proof: Let us fix a one-parameter subgroup a : Gm —)■ A such that \{a{t)ha(t)~^) = tX{h) 
for all t G Gm and all h G if (Recall that A : iL —?• G^ is the algebraic character such that 
f o \p)^ such a one-parameter subgroup is easy to construct. We shall now divide the 
proof according to whether F is p-adic or real. 

• If F is a p-adic held, then we may hx a compact-open subgroup K C G{F) and prove 
that the linear form 


/ G ck{g{f)) ^ [ f{h)mdh 

J H(F) 


extends continuously to C]f{G{F)). Set Ka = a ^ {K fl R(F)) C F^. Then for all 
/ G Ck{G{F)), we have 


(1) f f{h)f{h)dh = meas{Ka) ^ f f /(n(^) ^ha{f))f{h)dhd^t 
Jh{F) JKa Jh{f) 

= meas{Ka)~^ f f{h) f f{a{f)ha{t)~^)d^tdh 
Jh{F) JKa 

= meas{Ka)~^ f f{h) f {tX(h)) \t\~^dtdh 

Jh(F) JKa 

The function x G F i-G- '4){tx)\t\~^dt is the Fourier transform of the function 
\.\~^lKa ^ Cf°{F) hence it belongs to Gf°{F). Now by lemma Ib.S.lf iiiL the last 
integral of (1) is absolutely convergent for all / G C^(G(F)) and dehnes a continuous 
linear form on that space. This is the extension we were looking for. 


• Now assume that F = R. Let us denote by Ad the adjoint action of G(F) on C"'(G(F)) 
i.e. one has 


{Ad{g)f){x) = f{g-^xg), / G C“'(G(F)), p,xgG(F) 

Set Ada = Ad o a. Then Ada is a smooth representation of F^ on C'^{G{F)) and 
hence induces an action, also denoted by Ada, of U {Lie{F^)) on C"'(G(F)). Set 
A = 1 — {t^Y G U {Lie{F^)). By elliptic regularity (12.1 r 2B. for all integer m ^ 1, 
there exist functions pi G C'^™'“^(F^) and (p 2 ^ Gf°{F^) such that 
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Lpi * A™' + (^2 — 


Hence, we have the equality 

^da{<^i)Ada{/Sr^) + Ada{^2) = Id 
It follows that for all / G C(G(F)), we have 


(2) / f{h)ah)dh = 

Jh{f) 


/ {Ada{ipi)Ada{A"^)f)ah)dh+ / {AdaMf)mih)dh 

Ih(f) Jh(f) 

f {Ada{A^)f) (h) f ipi(t)^{a(t)ha(t)~^)6p{a(t))d^tdh 

Ih(F) Jfx 

[ fid) [ ^2it)iiait)ha{t)~^)5p{a{t))d^tdh 
'h{F) J f^ 

[ {AdaiA'^)f){h) [ ipi{t)6p{a{t))\t\~^'ilj{t\{h))dtdh 

Ih(f) Jf 

[ fid) [ (p2it)Sp{a{t))\t\~^'il!{tX{h))dtdh 

'h{f) Jf 


Consider the functions fi'.xEFh^ ipi{t)6p{a{t))\t\~^'ip{tx)dt, i = 1,2. These are 
the Fourier transforms of the functions t i—)■ (pi{t)6Hiciit))\t\~^, i = 1,2, which both 
belong to Hence, fi and /2 are both essentially bounded by (1 + \x\)~‘^'^^‘^. 

Now, by lemma l^.S.lH iih if m ^ 2 the two integrals in the last term of (2) are absolutely 
convergent for all / G C‘^{G{F)) and define on that space continuous linear forms. The 
extension we were looking for is just the sum of these two integrals. ■ 


The continuous linear form on C‘^{G{F)) whose existence is proved by the proposition above 
will be called the .^-integral on H{F) and will be denoted by 

feC-{G{F))^r fm{d)dh 

Jh{f) 

or 

feC-{G{F))^rHM 

We now note the following properties of the generalized .^-integral: 

Lemma 8.1.1 (i) For all f G C^{G{F)) and all Iiq, hi G H{F), we have 

VH,dLiho)Rihi)f) = ado)adi)-^VHAf) 
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(a) Let a : A be a one-parameter subgroup such that \{a{t)ha(t)~^) = t\{h) for all 

t G Gm and all h & H. Denote by Ada the representation of on C'^{G{F)) given by 
Ada{t) = L{a{t))R{a{t)) for allt G F^ . Let ip G Set p>'{t) = \t\~^6p{a{t))ip{t) 

for all t G F^ and denote by ip' its Fourier transform, that is 


Then, we have 


ip'(x) 


ip' {t)'ilj(tx)dt, 


X e F 


VH,Mda{ip)f) = [ f{hW{X{h))dh 

Jh{f) 

for all f G C'“’{G{F)), where the second integral is absolutely convergent. 

Proof: In both (i) and (ii), both sides of the eqnality to be proved are continnons in / G 
C"'(G(F)) (for (ii) this follows from lemma IB.S.ll iiiP. Hence it is snfficient to check the 
relations for / G C{G{F)) where by straightforward variable changes we can pass from the 
left hand side to the right hand side. ■ 

8.2 Definition of jCjj- 

Let TT be a tempered representation of G{F). For all T G End{7r)°°, the fnnction 

g G G{F) ^ Trace {7r{g-^)T) 

belongs to the weak Harish-Chandra-Schwartz space C"’(G(F)). We can thus dehne a linear 
form Ct, ; End{7i)°° —)■ C by setting 

C^{T) = / Trace (7r(h-^)T) i{h)dh, T G End{7r)°° 

Jh(F) 

By lemma IS.l.lf i). we have 


C^{F{h)TF{h')) = i{h)i{h')C^{T) 

for all h, h' G H{F) and T G End{F)°°. Bv l2.2f 5). the map which associates to T G End{F)°° 
the function 


g I—)■ Trace [n^g ^)T) 

in C'^(G(F)) is continuous. Since the generalized .^-integral is a continuous linear form on 
C"'(G(F)), it follows that the linear form Ctt is continuous. 

Recall that we have a continuous G{F) x G(F)-equivariant embedding with dense image 
7r°° 0 F°° ^ End{F)°°, e 0 e' hg- T^^e' (which is an isomorphism in the p-adic case). In any 
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case, End{7r)°° is naturally isomorphic to the completed projective tensor product 7r°^^p7r°°. 
Thus we may identify £ 7 ^ with the continuous sesquilinear form on 7 r°° given by 

C^{e,e') := C^{Te,e') 

for all e, e' G 7 r°°. Expanding dehnitions, we have 

£ 77 ( 6 , e')= / {e,7r{h)e')^{h)dh 

Jh{F) 

for all e, e' G 7i°°. Fixing e' G 7i°°, we see that the map e G 7i°° 1 —)■ £ 77 ( 0 , 6 ') belongs to 
By the density of 7 r°° (g) in End{Ti)°°^ it follows that 

£77 7^ 0 m( 7 r) 7^ 0 

The purpose of this section is to prove the converse direction. Namely, we will show 


Theorem 8.2.1 For all vr G Temp{G), we have 

£77 7^ 0 <t 7 m( 7 r) 7^ 0 


As said in the introduction, this result has already been proved in [Beul] (theorem 14.3.1) 
in the p-adic case following closely the proof of the analogous result for special orthogonal 
groups given by Y. Sakellaridis and A. Venkatesh (theorem 6.4.1 of [SV]). The proof that 
goes through the following subsections is closer to the original treatment of Waldspurger 
(proposition 5.7 of [Wa4]). 

To end this subsection, we will content ourself with giving some of the basic properties of 
£ 77 . First, since £77 is a continuous sesquilinear form on 7 r°°, it dehnes a continuous linear 
map 


: 7r°° ^ 71-°° 

6 ! y £77 (c,.) 

where we recall that 7 r“°° denotes the topological conjugate-dual of 7i°° endowed with the 
strong topology. This operator £77 has its image included in = HomH{'F°°,^). By 

theorem 16.3.11 this subspace is finite-dimensional and even of dimension less than 1 if vr is 
irreducible. Let T G End{n)°°. Recall that it extends uniquely to a continuous operator 
T : —)■ 7i°°. Thus, we may form the two compositions 

TLtt : ^ 7r“ 

L-^T : 7r“°° —)■ 7r“°° 
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which are both finite-rank operators. In particular, their traces are well-defined and we have, 
almost by definition. 


(1) TraceiTLT,) = Trace{L.„T) = Ct,{T) 
Lemma 8.2.1 We have the following 
(i) The maps 


TT e Wtemp{G) H- G HOm{'K°° 

£ ^temp{G) e-)- G Endin) °° 

are smooth in the following sense: For all parabolic subgroup Q = LUq of G, for all 
a G W{.L) and for all maximal compact subgroup K of G{F), which is special in the 
p-adic case, the maps 

A G iAf H-)- G End{7rx)~°° ~ End{7rK)~°° 


A G iAf H- G Homin'^, — Homin'^, 
are smooth, where we have set tta = iq^o^x) and tik = iqnKi'^)- 

(a) Let n be in Temp{G) or Xtemp{G). Then for all S,T E End{7i)°°, we have SL^ G 
End{7r)°° and 

C^{S)C^{T) = C^SL^T) 

(Hi) Let S,T E C{Atemp{G),S{G)). Then, the section tt G Temp{G) i—)■ St^L^^Tt, E End{7r)°° 
belongs to G°°{Xtemp{G), £(G)). 

(iv) Let f E C(G(E)) and assume that its Fourier transform n E Wtemp{G) i—)■ 7 r(/) is 
compactly supported (this condition is automatically satisfied when F is p-adic). Then, 
we have the eguality 


'H(F) 


f{h)f{h)dh = 


IXtempiG) 


'^7r(7r(/))/i(7r)d7r 


both integrals being absolutely convergent. 
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(v) Let /, f G C{G{F)) and assume that the Fourier transform of f is eompactly supported. 
Then we have the equality 


^7r(vr(/))£,r(vr(/'))/i(vr)rf7r = 


f{hgh')f{g)dgi{h')dh'i{h)dh 


JXtemviG) JH(F) JH(F) JG{F) 

where the first integral is absolutely convergent and the second integral is convergent in 
that order but not necessarily as a triple integral. 


Proof: 

(i) Let Q = LUq, a G 112(L) and K be as in the statement. Recall that onr convention is 
to eqnip all the spaces that appear in the statement with the strong topology. 

We have End{7iK)°° — Hence, the space End{7iK)~°° may be identihed with 

the space of continnons sesqnilinear forms on tt^ and we get a natnral continnons 
embedding 


End^TiK) °° ^ Hom{F^, 

Of conrse, the image of by this map is L.„^, for all A G iAf. Conseqnently, it 
snffices to prove the smoothness of the map A i—)■ By proposition lA.S.lf ivh this is 
eqnivalent to the smoothness of 


for all T G End{'KK)°°■ Becanse the ^-integral is a continnons linear form on C^{G{F)), 
the smoothness of this last map follows from lemma [2.3.If iih 

(ii) The two inclnsions End{F)°° C Hom{'n'~°°, vr) and End{n)°° C Hom{7r, 7r°°) are con¬ 
tinnons. It follows that the bilinear map 

End{7r)°° x End{F)°° —)■ Endiir) 

(R, T) ^ SL^T 

is separately continnons. For all S,T E End{7i)°°, the maps g G G{F) i—)■ 'n'{g)S G 
End{F)°° and g G G{F) i-G- TF{g) G End{F)°° are smooth. Hence, by proposition 
IA.3.1f v) in the real case, we have SL^^T G End{F)°° for all 5, T G End{'K)°°. We now 
prove the eqnality 


C^{S)C^{T) = C^iSL^T) 
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for all S', T G End{'K)°°. Assume first that vr G Temp{G). Then, this follows directly 
from (1) since the operators L^^S, L^T : 7r“°° —>■ 7r“°° have their images contained in the 
same line (which is ,^)). Assume now that vr G Xternp{G). We may then hnd 

a parabolic subgroup Q = LUq of G and a square-integrable representation a G 112 (T) 
such that 71 = ip{(j). Let iL be a maximal compact subgroup of G{F) which is special 
in the p-adic case and set tik = 'i'QnKi^) = ^p(<^a) for all A G iAp. Then, we 

have isomorphisms End{7Tx)°° — End{7iK)°° for all A G iA*p. Let S,T ^ End{7r)°° and 
identify them to their images in End{7iK)°° by the previous isomorphism. For A in a 
dense subset of iAp, the representation 7i\ is irreducible. Hence, by what we just saw, 
for all such A G iAp we have 


C.,(S)C.,(T) = C.,(SL^J) 

By (i), the left hand side of the above equality is continuous in A G iA*^. To deduce 
the equality at A = 0 (what we want), it thus suffices to show that the function 

A G lAl ^ C^,{SL^,T) 

is continuous. We are even going to prove that it is a smooth function. By (i) and 
proposition IA.3.1f v). it suffices to show that for all A G iA*p, the trilinear map 

(2) End{'Kx)°° X x End{77x)°° —)■ End{'nx)°° 

(A, L, T) ^ SLT 

is separately continuous. As the inclusions End{7ix)°° C H, tix) and End{7ix)°° C 
Hom{77x,77’^) are continuous, the trilinear map 


End{7ix)°° X Hom{7i^, 71 ^°°) x End{7ix)°° —)■ End^Tix) 

(5, L, T) ^ SLT 

is separately continuous fo all A G iAp. By dehnition of the topology on End{7ix)°°, 
this immediately implies that (2) is separately continuous for all A G iA*p. This ends 
the proof of (ii) 

(hi) This is also a direct consequence of (i) and of the fact that the trilinear map (2) is 
separately continuous. 

(iv) Let / G C{G{E)). The left hand side of {iv) is absolutely convergent by lemma IbiS.lf iii. 
By lemma [2.3.1f iii. the map 

TT G ^temp{G) e-)■ ip[f,7l) G C'^{G{E)) 
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where (p{f,7i){g) = Trace{n{g~^)n{f)), is continuous. By the hypothesis made on /, 
this map is also compactly supported. It follows that the function n G d4emp(G) 

G C^{G{F)) is absolutely integrable. Hence, the function 

TT e XtempiG) hG = /i(7r)PH,€((/)(/, tt)) 

where Vh,^ '■ C"'(G(F)) —)■ C denotes the generalized .^-integral, is also absolutely 
integrable, proving the convergence of the right hand side of {iv). We also have the 
equality 


/ = 



(G) 




in C^{G{F)) (or its completion),indeed by the Harish-Chandra-Plancherel formula both 
sides are equal after applying the evaluation map at g for all g G G{F). It follows that 



emp 


(G) 


^H,^(<^(7r,/))/r(7r)d7r 


which is exactly the content of {iv). 


(v) The right hand side of (v) may be rewritten as 


( 3 ) / / {f'''*nh-‘)f)(h')ah')dh'ah)dh 

Jh{f) Jh{f) 

where f''^{g) = f'{g~^). The operator-valued Fourier transform of /'^ * L{h~^)f is 
given by 


TT e Xtemp{G) ^ 7r(/''^ * L{h ^)f) = 7r(/''^)7r(/i ^)7r(/) 

In particular, it is compactly supported. Applying (iv) to /'^ * L{h~^)f, we deduce 
that the integral 



*L{h-^)f){h')ah')dh' 


is absolutely convergent and is equal to 



(G) 


C^{F{f''^)F{h ^)7r(/))/i(7r)d7r 


By (1), this last integral is equal to 
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Trace{TT{h ^)7r(/)Ljr7r(/''^))/i(7r)(i7r 


By (iii), the section vr G Xtemp{G) i—)■ 7r(/)L^7r(/'^) G End{'K)°° is smooth. Moreover, 
it is compactly supported and so it belongs to C{Xtemp{G),£{G)). By the matricial 
Paley-Wiener theorem ftheorem I2.6.1|) . it is thus the Fourier transform of a Harish- 
Chandra-Schwartz function. Applying (iv) to this function, we see that the exterior 
integral of (3) is absolutely convergent and that the whole expression is equal to the 
absolutely convergent integral 



(G) 


/:^(7r(/)L^7r(/''^))/i(7r)d7r 


which by (ii) is equal to 



(G) 


£^(7r(/))£^(7r(/'^))p(7r)d7r 


The point (v) now follows from this and the easily check equality 


CMf'")) = G.W)), vr G XtempiG) 


8.3 Asymptotics of tempered intertwinings 

Lemma 8.3.1 (i) Let ti be a tempered representation of G{F) and i G HomH{'^°°,0 

a continuous {H,^)-equivariant linear form. Then, there exist d> 0 and a continuous 
semi-norm Vd on 7r°° such that 

\i{7i{x)e)\ < z/rf(e)S^\^(x)crH\G(a;)'^ 
for all e G 7r°° and all x G H{F)\G{F). 

(ii) For all d > 0, there exists d' > 0 and a continuous semi-norm Ud^' on Cf{G{F)) such 
that 


\VH,i{R{x)L{y)^)\ ^ Od4'i.T)'^^'^^i.x)'E^\^{y)aH\G{.xY(TH\G{yY 
for all ip G Cf{G{F)) and all x,y E H{F)\G{F). 


Proof: We will use the notations of subsection 16.6.21 Namely, we have 
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• Pq = MqNq is a good parabolic subgroup of Gq, Aq the split component of Mq; 

• ^o" = {u € Aq(F); \a{a)\ ^ 1 Va E R{Aq, -Pq)}; 

• P = MN is the parabolic subgroup opposite to P with respect to M; 

• Pmin = PqTN, Mmin = MqT and A^in = AqA] 

• Pmin the parabolic subgroup opposite to Pmin with respect to Mmin] 

• A the set of simple roots of Amin in Pmin and Ap = A n P{Amin, P)- 

Then, Pmin is a good parabolic subgroup of G and by lemma [^.b-lf ui. there exists a compact 
subset /C C G{F) such that 


(1) G{,F) = H{F)A*A{F)K. 

(i) By (1), proposition I6.7.1f i) and (ii) and since the family (7r(/c))^g^ is equicontinuous 
on 7r°°, it is sufficient to prove the following 

(2) There exists a continuous semi-norm v on such that 

|£(7r(a)e)| ^ H^(a)z/(e) 
for all e E 7r°° and all a E AqA[F). 

We divide the proof of (2) according to whether F is p-adic or real. 

• Assume hrst that F is p-adic. Since the topology on is the hnest locally convex 
topology, we only need to show that for all e E 7 r°°, we have 

(3) |£(7r(a)e)|-C 2 *^( 0 ) 

for all a E AqA{F). Let e E 7 r°° and let iL be a compact-open subgroup of G{F) 
such that e E (7r°°)^. First, we show 

(4) There exists c = cp- ^ 1 such that for all a E Amin{F), if there exists 
a E Ap such that |a(a)| ^ c, then 

£{7r{a)e) = 0 


Since Ap is hnite, it is sufficient to £x a G Ap and prove that for a E Amin{F), 
if |a(a)| is big enough then f'(7r(a)e) = 0. So, let a E Ap and a E Amin{F). 
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By lemma [ 6 . 6 .ir iii). there exists X G na{F) (where Ua is the eigensubspace of n 
corresponding to a) such that ^(e^) 7 ^ 1. Now, if |a(a)| is big enough, we will 
have a~^e^a G K and so 

.^(e'’^)£(7r(o)e) = i{7i{e^)7r{a)e) = i{7r(a)e) 

From which it follows that f'( 7 r(a)e) = 0. This ends the proof of (4). 

Let c ^ 1 be as in (4) and set 

= {a G Amin{F)-, |a(a)| ^ c Va G A} 

Note that we have |a(a)| ^ 1 for all a G AqA{F) and all a G A\Ap. Hence, by 
(4), it is sufficient to prove the inequality (3) for a G By dehnition of 

there exists a compact-open subgroup iF-L of Pmin{F) such that 

C aKa-^ 

for all a G AF^[c). Also, let K'^ be a compact-open subgroup of H{F) on which 
^ is trivial. Since Pmin is a good parabolic subgroup of G, we may hud a compact- 
open subgroup K' of G{F) such that K' C K'^K^ . Let k' = k'^kP G K', 

where k'^ G K'^ and kP G KP , then we have 

min min 


i(7i(k')7i(a)e) = £ f7r(fcb)7r(a)7r(a ^kP a)e) = ^(fcb)£(7r(a)e) = £(7r(a)e) 

Y ^ min J 

for all a G AF^{c). It follows that 

f'(7r(a)e) = f'(7r(ex')^(®)e) 

for all a G AF^{c). We have lo-ni^eK') G 7r°° and the inequality (3) for a G AA^(c) 
now follows from[^3i. 

• Assume now that F = R. Let us set for all J C A, 

AF^{I) = {a G Amin{F)] |a(a)| ^ 1 Va G A\I and |a(a)| > 1 Va G /} 

Since |Q!(a)| ^ 1 for all a G AqA{F) and all a G A\Ap, we have 

(5) 

ICAp 

Hence, we may £x / C Ap and prove the inequality (2) restricted to a G AF^(I). 
Let Xi,..., Ap be a basis of Pmin{F") and set 
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^min — 1 — + . . . + Xp'j e l^iPmin) 

Let k ^ dim(Pmm) + 1 be an integer. We will need the following 

(6) There exists u = ui^k G W(n) such that the two maps 

® ^ ^ ® ^ ^(fl) 

® ^ "4+ ■„(/) I-)- a ^ ua G W(g) 
have bounded images and d^{u) = 1. 

This follows rather easily from lemma [6.6.1f iiiL We henceforth £x such an element 
u = ui^k ^ hi{n). By elliptic regularity fl2.ir 2B. there exist two functions (^i G 
Cl^{Pmin{F)) and ^2 e C’^{Pmin{F)), where ki = 2k - dim(Pmm) - 1, such that 

7r((^i)7r(A^i„) + 7r((^2) = 

Choose a function ipn G C^{H{F)) such that Jjj^ps^ipH{h)^{h)dh = 1. Then, for 
all e G 7r°° and all a G we have 


£(7r(a)e) = d^{u)i{7i{a)e) = i{7i{u)7i{a)e) 

= I (7r(v3i)7r(A^i„M)7r(a)e) + I (7r(v?2)vr(M)7r(a)e) 

= £ (7r((pi)7r(a)7r(a"^(A^i„M)a)e) + I (7r(v72)vr(a)7r(a"^Ma)e) 

= I * ‘^i)7r(a)7r(a“^(A^j„M)a)e) + ^ * (^2)7r(a)7r(a“^Ma)e) 

Note that the functions ipn * and ipn * both belong to C^^{G{F)). The 
inequality (2) for a G AP^{I) is now a consequence of (6) and the equality above 
if we choose k sufficiently large by the following fact 


a 


(7) There exists an integer k[ ^ 1 such that for all p> G Cp{G{F)), there exists 


continuous semi-norm z/<^ on 7r°° such that 


\E{'K{ip)TT{g)e)\ ^ v^{e)'EF{g) 
for all e G 7r°° and for all g G G{F). 


(This is an easy consequence of the fact that £ is a continuous linear form and of 

0 ( 6 )). 
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(ii) Let (i > 0. Again by (1) and proposition 16.7.It ii and (ii), we only need to prove the 
following 

(8) There exists a continuous semi-norm on C^{G{F)) such that 

\VH,^iRiai)L{a2)(p)\ ^ i/d(<p)S‘^(ai)S'^(a2)a(ai)'^cr(a2)'^ 

for all (p G C^{G{F)) and all 01,02 G AqA{F). 

The proof of this fact is very close to the proof of (2). We shall only sketch it, distin¬ 
guishing again between the case where F is p-adic and the case where F is real. 


• Assume hrst that F is p-adic. Then, we may £x a compact-open subgroup K C 
G{F) and we are reduced to prove the following 

(9) There exists a continuous semi-norm PK,d on ^{G{F)) such that 

\VH,dR{ai)L{a2)^p)\ ^ r'x,d((p)S^(oi)S'^(o2)cT(oi)V(o2)‘^ 
for all <p G C^^^{G{F)) and all Oi, 02 G AqA(F). 

We prove as in the proof of (i) that there exists a constant c = ^ 1 such that 

VH,i{R{ai)L{a2)(p) = 0 

for all <p G G^^^{G{F)) as soon as Oi G AqA{F) — AF^{c) or 02 G AqA{F) — 
AA^(c). We also prove as in the proof of (i) that there exists a compact-open 
subgroup K' C G{F) such that 

'Ph,^{R{o-i) L{a2)ip) = VH,^{R{eK')L{eK')R{(ii)L{a2)ip) 

for all (f G ^{G{F)) and all 01,02 G AA^(c). The inequality (9) now follows 
from lemma fl.S.lf ilfah 

• Assume now that F = R. Then, by (5), we may fix /, J C Ap and just prove 

(10) There exists a continuous semi-norm on C^{G{F)) such that 

|'Pp,5(F(oi)L(o2)<p)| ^ r'7,j,d(p)S^(oi)S'^(o2)a(oi)'^a(o2)‘^ 
for all if G C^(G'(F)), all oi G A+.„(/) and all 02 G A+.„(J). 
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Let k ^ dim(Pmm) + 1 be an integer and choose elements uj = ui^k,uj = uj^k ^ 

W(n) as in ( 6 ). Then, as in the proof of (i), we show that there exists functions 
ip 2 , (fs, (fi G C^^{G{F)), where ki = 2k — dim(Pmm) — 1, such that 

VH,i{R{ai)L{a2)(p) = VH,i [P((^i)L((^3)P(ai)L(a2)P(ah^A^i„M/ai)L(a^^A^i„Mja2)(^] 

+ [P(</9i)L(934)P(ai)L(a2)P(ah^A^.„M/ai)L(a^^Mja2)</9] 

VH,i [R{p>2)L{^‘i)R{ai)L{a2)R{a{^uiai)L{a2^/S^^^^uja2)p}] 

+ Vh,^ [R{(p2)L{ip4)R{ai)L{a2)R{a^^uiai)L{a2^uja2)(p] 

for all (p G C^{G{F)) and all ( 01 , 02 ) G AF^{I) x Amin{J)~^- The inequality (10) 
now follows from lemma fl.S.lf iifbi. ■ 

8.4 Explicit intertwinings and parabolic induction 

Let Q = LUq be a parabolic subgroup of G. Because G = U(W) x U(y), we have decom¬ 
positions 


(1) Q — Q\y X Qy and L — Ly/ x Ly 

where Qw and Qv are parabolic subgroups of U{W) and UiV) respectively and Ly/, Ly 
are Levi components of these. By the explicit description of parabolic subgroups of unitary 
groups (cf subsection 16.11) . we have 

(2) Lw = GLE{Zyw) X ... X GLE{Za,w) x U{W) 

(3) Ly = GLE{Zyy) X ... X GLE{Z,y) X U{V) 

where Ziy/, 1 ^ ^ a (respectively Ziy, 1 ^ i ^ h) are totally isotropic subspaces of W 

(respectively of V) and W (respectively V) is a non-degenerate subspace of W (respectively 
of V). Let G = U{W) X UiV). The pair [V^W) is easily seen to be admissible up to 
permutation, hence it dehnes a GGP triple {G,H,^) well-dehned up to G(F)-conjugation 
where G = U{W) x UiV). For all tempered representation a of G{F), we may dehne as in 
subsection 18.21 a continuous linear form £5 : End(a)°° —)■ C. 

Let cr be a tempered representation of L{F) which decomposes according to the decomposi¬ 
tions (1), (2) and (3) as a tensor product 

(4) a = aw KI ay 
(5) aw — ci'ijW K ... KI aa^w K aw 
(6) ay = a\y KI... KI a^y K ay 
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where ai^iv E Temp(GL^(Zi^iY)) for 1 ^ ^ a, a^y G Temp{GLE{Ziy)) for 1 ^ i ^ 6, aw 

is a tempered representation of U(W){F) and ay is a tempered representation of U(y){F). 
Let us set a = aw Kl ay. It is a tempered representation of G{F). Finally, let us set 
TT = iqia), TTw = and Try = iQ^J\av) for the parabolic inductions of a, aw and 

ay respectively. We have n = ttw KI Try. 


Proposition 8.4.1 With notations as above, we have 

Proof: We will use the following convenient notations. If X is an F^-vector space of hnite 
dimension, Qx = LxUx is a parabolic subgroup of GLe{X) with 

Lx = GLe{X,) X ... X GLe{X,) 

and we have tempered representations a^y of GLe^Xi) for 1 ^ ^ c, then we will denote 

by 


ayx X ... X ac,x 
GL 

the induced representation iqj^^ Kl ... Kl ac,x). Note that if all the a^y, 1 ^ ^ c, 

are irreducible so is ai x x ... x a^y. Similarly, if X is an hermitian space, Qx = LxUx is 
a parabolic subgroup of U{X) with 

Lx = GLE{Zyx) X ... X GLE{Zay) x U{X) 

and we have tempered representations a^y of GLE^Ziy) for 1 ^ ^ d and a tempered 

representation ax of U{X){F), then we will denote by 


ayx X ... X ad,x x ax 

the induced representation Tg^^(ai x ... Kla^y Kldx). In particular, with these notations, 
we have 


and 


Tiw — X ... X aa,w X aw 


TTy — aiy X ... X a^y X ay 

By the process of induction by stages, we also have ttw = o^'w ^ '^w and Try = ay x a^^ 
where 


a 


I _ 

w — 


ayw X ... X aa,W 
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— <^1,V X ... X a^y 

These are tempered irreducible representations of general linear groups (over E). Hence, the 
statement immediately reduces to the case where a ^ 1 and 6^1. 

First, we treat the particular case where G = Gq, H = Hq (codimension one case) and 
(a, b) = (0,1). Then Q = U{W) x Qy where Qy is a maximal proper parabolic subgroup of 
G. Up to conjugating Q, we may assume that it is a good parabolic subgroup (cf subsection 
16.4p . Then, to £t with our general notations of section [6l we will change our notations and 
denote Qhy Q and Qy by Qy. Set Hq = H HQ. By proposition I6.8.1f i). we have a natural 
embedding Hq L. 

We may assume without loss of generality that the invariant scalar product on tt is given by 

(e,e')=/_ {e{g),e'{g))dg, e, e'G vr 

Jq{f)\g(f) 

where the scalar product in the integral is the scalar product on a. Since we are in the 
codimension one case, the integral dehning is absolutely convergent and we have 

(7) £^(e,e')=/ [_ {e{g),e\gh))dgi{h)dh 

Jh{f) Jq{f)\g(f) 

for all e, e' G 71 °° . Let us show 

(8) The expression (7) is absolutely convergent for all e, e' G f°°. 

Let e, e' G 7i°° and choose a maximal compact subgroup K of G{F) which is special in the 
p-adic case. Then, for a suitable choice of Haar measure on K, we have 


'Q(F)\G{F) 


\{e{g),e'{gh))\dg = / \{e{k), e'{kh))\dk 


IK 


= / \ {e{k),a {lQ{kh)) e' {kQ{kh)))\dk 

Jk 


for all h G H{F). Here, as usual Iq : G{F) —)■ L{F) and kq : G{F) K are maps such 
that lQ{g)~^gkQ{g)~^ G Uq{F) (the unipotent radical of Q{F)) for all g G G{F). Since a 
is tempered and the maps k G K e{k) ^ a, k ^ K e'{k) G a have bounded image, it 
follows that 




l(e(p),e'(ph))|dp 




/ , N N 1 


for all h G H{F), where the last equality is proposition II. 5. iT iiiL The absolute convergence 
of (7) now follows from lemma [6.5.1H ). 
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Since Q is a good parabolic subgroup, by proposition I6.4.ir il the quotient Hq(F)\H{F) has 
negligible complement in Q{F)\G{F). Hence, if we choose Haar measures compatibly, we 
have 


/_ ^{9)dg = 

jQiF)\G{F) 


HQ(F)\HiF) 


(p{h)dh 


for all if & [Q{F)\G{F), 5 q) . Hence, (7) becomes 

£^(e,e')=/ [ {e{h'),e'{h'h))dh'dh 

Jh(F) Jh-q(F)\H(F) 

for all e, e' G 7 r°°, the double integral being absolutely convergent by (8). Switching the two 
integrals, we get 



for all e, e' G 7r°°, where we have set 

C„{v,v')= [ {v,a{hQ)v’) SH^ihgy^^dLhQ 

JHq{F) 

for all v,v' G The presence in the integral above of 5h-^ instead of 5q follows from 

proposition 16.8.iH ih More generally, as for Ct,, we may dehne 



Q 


for all T„ G End{a)°° 

(10) The integral dehning is absolutely convergent and is a continuous linear 
form on End{a)°°. 

Indeed, this follows from proposition l6.8.H iiil because a is tempered. We now prove the 
following 


( 11 ) 7 ^ 0 7 ^ 0 


By (9) and the density of 0 7i°° in End{F)°°, we see that if is nonzero then is 
nonzero. Let us prove the converse. The analytic hbration H{F) —)■ Hq(F)\H(F) is locally 
trivial. Let s : U ^ H{E) be an analytic section over an open subset U of H-q{F)\H{F). 
For (f G G^(U,a°°) a smooth compactly supported function from U to a°°, the following 
assignment 






a g = lus{h) with I G L{F),u G Uq{F), h eU 


0 otherwise 
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defines an element of 7r°°. By (9), we have 


/ Cai(p{h),(p'{h')) dhdh' 

J{Hq{F)\H{F)) 

for all (p,(p' G C^(U,(J°°). Now, assume that is nonzero. Because <7°° 0 <7°° is dense 
in End{a)°°, there exists Vo,Vq G <7°° such that £a-('^o,'^o) 7^ 0- Setting (p(h) = f{h)vo and 
= f{h)vQ where / G C^(U) is nonzero in the formula above, we get £^( 6 (^, 6 ^/) 7 ^ 0 
hence doesn’t vanish. This ends the proof of (11). 

By (11), we are now reduced to prove 

( 12 ) 

In order to prove (12), we will need a precise description of Hq and of the embedding Hq 
L. Since Qy is a maximal proper parabolic subgroup of U(y) it is the stabilizer of a totally 
isotropic subspace Z' of V. The quotient Q\G classify the totally isotropic subspaces of V of 
the same dimension than Z'. The action of H = U{W) on that space has two orbits: one is 
open and corresponds to the subspaces Z” as before such that dim{Z'' fl W) = dim{Z') — 1, 
the other is closed and corresponds to the subspaces Z” such that dim{Z'' fl W) = dim{Z'). 
Since we are assuming that Q is a good parabolic subgroup, Z' is in the open orbit. Hence 
Z'yr = 0' n hh is an hyperplane in Z'. Moreover, we have 

Ly = GLe{Z') X U{V) 

where H is a non-degenerate subspace of V orthogonal to Z'. Since Z^y is an hyperplane in 
Z', up to (5(£)-conjugation we have V C W and so we may as well assume that it is the 
case. Note that we have a natural identihcation IIq = U(W) fl Qy. The exact sequence 

l^UQ^Qy^ GLe(Z') X [/(V) 1 

induces an exact sequence 

(13) 1 ^ Fz' X U{V) 1 

where = U{W) fl Uq and Pz> is the mirabolic subgroup of elements g G GLe{Z') 
preserving the hyperplane Z'yr and acting trivially on the quotient Z'jZ'y^. On the other 
hand, we have 


L = U{W) X GLe{Z') X U{V) 

and the embedding Hq ^ L is the product of the three following maps 

• The natural inclusion Hq C U(W); 

• The projection Hq -» Pz' followed by the natural inclusion Pz' C GLe{Z'); 
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The projection Hq -» U{V). 


Let D be a line such that fl W = ( D ©-*- V^. Then, the unipotent group 

may be described as the subgroup of U(W) stabilizing the subspace D © Z'y^. Fix a basis 
zj,..., 2 ;^ of and let Bz' be the Borel subgroup of GLe{Z') hxing the complete flag 

(^ 1 ) $ (^ 1 , ^ 2 ) ® ® (©) •••)©) = ® ^ 

and denote by Nz' its unipotent radical. Let be a generic character of Nz>{F). Let us 
denote by N and H the inverse images in Hq of the subgroups Nz' and Nz' x U{V) of 
Pz' X U{y) by the last map of (13). If we extend to a character of H{F) through the 
projection H{F) Nz'{F), then the triple is a GGP triple corresponding to the 

pair of hermitian spaces (G, W). We can of course use this triple to dehne £ 5 . We henceforth 
assume that it is the case. 

The representation a decomposes as a = aiy a where aiy is a tempered irreducible 
representation of GLe{Z'). The subspace is dense in Hence £ 0 - is nonzero if 

and only if there exist vectors F, F' G and tc, w' G such that 

Ca{w © F, tc' © F') 7^ 0 

Let us £x a Whittaker model afy ^ G°° (^Nz'{F)\GLe{Z'),^~^'^ for a^y (such a model 

exists because aiy is a tempered representation of a general linear group). For w G cr^y, we 
will denote by the corresponding Whittaker function. We have the following 

(14) For a suitable choice of Haar measures, we have the equality 


C„{w®v,w' ®v') = / WMWyj:{p^)C^{a{p)v,a{p')v')5HJpp') ^^“^dRpdRp' 

J{N^PF)\P^,{F)f 

for all w, w' G a^y and all F, F' G and where the integral on the right is 
absolutely convergent. 

Before proving this equality, let us explain how we can deduce (12) from it. The implication 
£ 0 - 7 ^ 0 ^ £ 5 : 7 ^ 0 is now obvious. For the converse direction, we use the fact that the 
Kirillov model of c’^y, that is the restriction of the Whittaker model to functions on Pz'{F), 

contains G^ (^Nz'{F)\Pz'{F),^~^'^ (cf theorem 6 of [GK] in the p-adic case and theorem 1 

of [Kem] in the real case). Since the analytic hbration Pz'{F) —)■ Nz>{F)\Pzi{F) is locally 
trivial, we can now argue in a similar way as in the proof of ( 11 ). 

We will now prove (14). Let us fix w,w' G crfy. Let be the inverse image of UiV) in 
Hq via the last map of the exact sequence (13). The group H<^{F) is unimodular and for 
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suitable choices of Haar measures, we have dih-Q = dhi^dip where dh^ is a Haar measure on 
H^{F) and dip is a left Haar measure on Pz'{F). Moreover, the modular character 5h-^ is 
trivial on H<^{F). Thus, because of the description of the embedding Hq ^ L, we have 


(15) C^{w<^v,w'<^v')= / {v,a{ph^^)v') {w,aiy{p)w')6HUpY^^dh\^dLP 

JPz,{F) 

for all u, u' G a°°, the integral being absolutely convergent by (10). Let us dehne 

L ^(h)l(h)dh 

’ Jh{f) 


/ WMWw'{p')Vp7{L{p)R{p')p)6hJpp') ^/‘^dnpdnp' 

/ V^{ph)iw,aiy{p)w')6HJp)^^^dh^dLP 

JPz,{F)Jh^(F) 

for all if G C^{G{F)). The hrst expression above is the generalized ^-integral on H{F) of 
subsection 18.11 Because of (15) and since a is tempered, the claim (14) will follow from 

(16) The integrals dehning and are absolutely convergent, moreover 
they dehne continuous linear forms on C^{G{F)) and if Haar measures are 
chosen suitably we have 


for all p G C^(G{F)). 

Let us start by proving the absolute convergence and continuity of It suffices to show 

that the integral 


/ / '^^{p\)aQ{ph^Y\{w,aiy{p)w')\5HJpY^"^dh^dLP 

JPz,{F)Jh^{F) 

is absolutely convergent for all d > 0. Since aiy is a tempered representation this last 
integral is essentially bounded by 


<Pz,(F) Jh^{f) 




'Hq{F) 




which by proposition 16. 8. iT iiii is an absolutely convergent integral. 
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Let us now show the absolute convergence and continuity of By lemma IS.d.lf ii). it is 

sufficient to show the following 


(17) For all d > 0 and all Wq 6 a^y the integral 

JNz,{F)\Pz,{F) 

is absolutely convergent. 

Let d > 0 and wo G ciy. Let T be the maximal subtorus of GLe{Z{^) stabilizing the lines 
{z [),..., {z'^). Remark that T plays the role of the torus T for the GGP triple (G, if, (cf 
subsection I6.2p . Also, let us £x a maximal (special in the p-adic case) compact subgroup Kz^ 
of GLE{Z\y). Then, we have Pz'{F) = Nz'{F)T{F)Kz'^ together with a decomposition of 
the Haar measure d^P = 6p^,(t)^Bzi(t)~^dndtdk. Hence, 


INz,{F)\PzPF) 


\W^^{p)\E^\^{p)a{pY5H^{p) ^^^dnp = 






Bv proposition IbTTT ii fai and (ii)(a), there exists a di > 0 such that -C d^(f)^/^cr(f)' 

for all t G T{F) and all k G Kz'^- Also,we have a{tk) -C cr{t) for all t G T{F) and all 
k G Kz'^- We have an isomorphism 

fz^{RE/FG^y 

where ti, 1 ^ i ^ i, denotes the eigenvalue of t acting on z'. Since W^oitk) = y(k)wo(t) 
and the map k G Kz'^ aiy{k)wQ has bounded image, by lemma lB.2.11 it is sufficient to 
prove the existence of i? > 0 such that the integral 



i 


S'^^^(^')(t)d^(t)^/V(f)'^+'^i(5HQ(^) ^ JJmax(l, |L|e) ^dt 

i=l 


converges absolutely. Here, we have denoted by the normalized absolute value of E. By 
proposition 11.5.iH iL there exists a d 2 > 0 such that -C ^11 

t G T{F). Moreover, we have 6^{t) = 6H-^it)SB^,{YdpziY)~^ 

i 

dp^,(t) = 

i=l 


^dtdk 
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for all t G T{F). Hence, it suffices to prove that there exists R> 0 such that the integral 


converges. We have 



£ £ 

i=l i=l 


e 

a(t) « n log (l + max(|tj IUIe)) 

i=l 

for all t G T{F) and for suitable additive Haar measures dti on i?, 1 ^ ^ we have 

£ 

dt = 

i=l 

So hnally, we only need to prove the existence of i? > 0 such that the integral 
f log (l + max(|a;|^^, max(l, \x\E)~^dx 

Je 

converges. Any R > 1 fulhlls this condition. This ends the proof of (17) and hence of the 
absolute convergence and continuity of 

We are now only left with proving the equality of the functionals and Because 

we have shown that these two functionals are continuous linear forms on C^{G{F)) and since 
C{G{F)) is a dense subspace of C^{G{F)) (ll.5f 1)). we only need to prove the equality 

for all ip G C{G{F)). Let ip G C{G{F)). By theorem 6.2 of [Ber2] in the p-adic case and 
theorem 10.3 of [Bar] in the real case, if we choose the Haar measures suitably, we have 

{wq,w'q)= j W^^{p)W^'^{p)dRp 

for all wo,Wq G cr^y, the integral being absolutely convergent. Hence, we have 

(18) = [ [ ^{Ph) [ W^{p')W^ip'p)dRp'5HJpY^^dh^dLP 

JPzPF) JHt^(F) JN^,{F)\P^,{F) 

Let us assume one moment that the above triple integral is absolutely convergent. Then, we 
would have 
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'Pw,w'i^) — 


IN^,{F)\P^,(F) 


w^{p') 


lN^,{F)\P^,(F) 


W^{p') 


'Nz,{F)\P^,{F) 


w^{p') 


'Pz,{F) JHi^iF) 


'Pz,{F) JHi^iF) 


<Pz,{F) Jh^(F) 


<Nz,iF)\Pz,(F) 


<Nz>{F)\Pz,(F) 


J{Nz,(F)\Pz,{F)f 

J{Nz,{F)\Pz,{F)f 


W^{p') 

W^{p') 


'Pz^{F) Jh^{F) 


v? (p/iti) (p'p) 5H^{pf^'^dh^dLpdRp' 

I 

p{p'~^ph^)W^'{p)5H-^{pf^‘^dh^dLp5HQ{p')~^^‘^dRp' 

I 

p {p'~ ^ \p) W^> {p)5h-^{,p) {py^dh^dip 

dHQ{.p')~^^^dRp' 
p{p'~^\p)Wy,\p)dH-^{p)~^^‘^d\dRp 5 HJp')~^^'^dRp' 


lNz>{F)\Pz,{F) 


W^,{p) 


'NzPF) JHt,{F) 


p{p' ^h^^np)^{n)dh\;^dn 


dpUp) ^^^dRpdnJp') ^^^dRp' 


W^{p')W^>{p) p{p' ^hp)^{h)dhSH^{pp') ^^‘^dRpdRp' 
Jh{f) 

W^{p)W^'{p)Vp^^{L{p')R{p)p)6H-Q{pp')~^^^dRpdRp' 


where on the second line we made the variable change p i—)■ p'~^p, on the third line we made 
the variable change i—)■ p~^h\^p and on the fourth line we used the easily checked equality 
5H-^{p)dLP = dHAp)dRp. This proves the equality we wanted. Hence, it only remains to show 
the absolute convergence of (18). It is certainly equivalent to show the absolute convergence 
of the antepenultimate integral above i.e. we need to show that the integral 


'{Nz,{F)\Pz,{F)f 


\^w{p')\\W^'{p)\ / \p{p' ^hp)\dh6HJpp') ^^^dRpdRp' 


IH(F) 


converges. By proposition l6.7.lT vh there exists d > 0 such that this integral is essentially 
bounded by 


/ \W^{p')\\W^'{p)\^^^^ip)^^^^ip')(^ipY(^ip'YdHJpp') ^'‘^dRpdRp’ 

J{Nz,{F)\PzPF)f 

But by (17), we already know that such an integral converges. This ends the proof of (16) 
and hence of the proposition in the particular case we have been considering. 

We now explain how the other cases reduces to the particular case we just treated. We 
distinguish three cases 
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• Case where a = 1 and 6 = 0. Let us define a new hermitian space (C', h') by V = 
V © Ezq and h'{v + Xzq) = h{y) — N{X)h{zo). We have a natural inclusion of hermitian 
spaces V G V' and the pair (V, V') is admissible and gives rise to a GGP triple 
{G\H\^') where G' = Uiy) x U{V'), H' = U{V) and = 1. Note that this new 
GGP triple is of codimension one. Let Z'^ = Z+(BEzr+i where Zr+i = zq + Zq (where 

is defined as in subsection 16.2p . Then the group GLe{Z'_^) x U{W) is a Levi subgroup 
of U(y'). Let a' be any tempered irreducible representation of GLe{Z'_^). Then, we 
have the chain of equivalences 

■^TT = ^ '^7rv'XI(7rvy X ct') 7^ 0 "4=7 X X ct') ) 7^ 0 

■7^ ~ 7^ ^ 

where in the first and third equivalences we have used the case already treated (for the 
triple {G',H',^')) and in the second equivalence we have used induction by stages. 

• Case where a = 0 and 6 = 1. Note that we already solved this case when the triple 
{G,H,^) is of codimension one. We proceed by induction on dim(l/) (if dim(l/) = 1 
then we are in the codimension one case). Let us introduce two GGP triples {G', H', ^') 
and (G", H", relative to the admissible pairs {W(BZ, V) and (C, W®Z) respectively 
(Z is defined in subsection 16.2p . Let a' be any irreducible tempered representation of 
GLe{Zj^). Then, we have the chain of equivalences 

— -^TTVKXlTrv 7^ 0 Ll(jrviAXcr')Kl7ry = X (t')K((Ti y X CTy) 7^ 0 -4=^ LlCT^KI(7ri/lAXf7') 7^ 0 

■7^ ~ 7^ ^ 

where in the first equivalence we applied the case (a, 6 ) = (1, 0) to the triple (G', H', 
in the second equivalence we applied the case (a, 6 ) = ( 0 , 1 ) to the same triple (which is 
of codimension one) and in the third equivalence we applied the induction hypothesis 
to the triple (G", iL", (^"). 

• Case where a = 6 = 1. Then, we have the chain of equivalences 


-^TT ^[u\^-v^'><uyr)^'Ky 7“ ^ ^(T\y^{a\^yX(Ty) ^uw^'^V 7“ ^ ^(Tyr^dy 7“ ^ 

where in the first equivalence we applied the case (a, 6) = (1, 0) and in the second 
equivalence we applied the case (a, 6) = (0,1). ■ 


8.5 Proof of theorem 18.2.11 

Let tiq G Temp{G). We already saw in subsection 18. 2l the implication ^ 0. Let 

us prove the converse. Assume that m(7ro) 7^ 0 and let I G Homnij '^be nonzero. We 
begin by establishing the following 
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(1) For all e G and all / G C{G{F)), the integral 



^{M9)e)f{g)dg 


is absolntely convergent. 


Indeed, this is eqnivalent to the convergence of 


/ \i{7iQ{x)e)\ / \f{hx)\dhdx 

Jh{f)\g{f) Jh{f) 

By proposition l6.7.lT vi). for all d > 0, we have an ineqnality 


( 2 ) [ \f{hx)\dh<t:E^'^^{x)aH\G{x) 

Jh(f) 

for all X G H{F)\G{F). On the other hand, by lemma lS.d.lf i). there exists d' > 0 snch that 
we have the ineqnality 


(3) \i{Fo{x)e)\ <^E^'^^{x)aH\G{xy 

for all X G H{F)\G{F). To conclnde, it snffices to combine (2) and (3) with proposition 

EZniii). 

We may compnte the integral (1) in two different ways. First, nsing the decomposition 
C{G{F)) = G^{G{F)) *C{G{F)) (cf 12.If f)), we easily get the eqnality 

(4) [ i{n(i{g)e)f{g)dg = i{Fo{f)e) 

Jg{f) 

for all e G and all / G C{G{F)). Indeed, by linearity and the aforementioned decompo¬ 
sition, we only need to prove (4) when / is of the form f = (f * f' for some ip G G^{G{F)) 
and some /' G C{G{F)). Then, we have 



KM9)e)f{g)dg 




£(7ro(^)e)(p(7)/'(7 ^g)d-fdg 
^M'-19)e)p{l)d-if\g)dg 


Jg(f) 

^{Fo{p)Fo{g)e)f{g)dg 


where in the second line we have performed the variable change g i—)■ 7 ^. This step reqnires 
the switch of the two integrals. This is legitimated by the fact that the donble integral 




l^(7ro(d)e)| |(p(7)ll/'(7 ^9)\d7dg 
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is absolutely convergent. But this easily follows from (1) since tp is compactly supported. 
Now, the vector ^ o G actually belongs to 7f“ and by dehnition of the action of 

C{G{F)) on 7 r(^, we have 






fid) K(^)e, i o TToip)) dg = (7ro(/')e, i o TTo{(p)) 


i {7ro{(p)7ro{f)e) = i{7ro{f)e) 


and (4) follows. 

On the other hand, we may write 


Ig{f) 


^M9)e)f{g)dg = 


Ih{f)\g{f) 


£{7io{x)e) 


lH{F) 


f {hx)^{h)dhdx 


Hence, by lemma 18.2.If iv). if vr G Xtemp{G) i-G- 7 r(/) is compactly supported, we have 


(5) 


'G(F) 


^{M9)e)f{9)dg = 


'H{F)\G{F) 


i{Fo{x)e) 


* ^temp {G) 


£^(7r(/)7r(a; ))p{F)dFdx 


for all e G 7rg°. 

Let T G C^{XtempiG),S{G)). Applying (4) and (5) to / = fr, we get 


(6) iM = 


lH{F)\GiF) 


i{Fo{x) 


' ^temp {G) 


Ct,{Tt,f{x ))lJL{Tl)dFdx 


for all e G 


TTn 


Let Q = LUq be a parabolic subgroup of G and a G n 2 (L) such that fq appears as a 
subrepresentation of vr' = ig(cr). Set 


^ ~ a G iA*i} c Xtemp{G) 

It is the connected component of tt' G XtempiG). Let cq G vr^ be such that £(eo) 7 ^ 0 and let 
To G End{Fo)°° be such that ToCq = cq. We may hnd a section T° G G^{Xtemp{G),£{G)), 
such that 


• K = U; 

. SuppiT^) C O. 

Applying ( 6 ) to e = Cq and T = T°, we see that there exists A G iA\ such that 7 ^ 0, 
where tt^ = iq^ax). Introducing datas as in subsection 18.41 we may write a = ctcl where 
acL is a tempered representation of a product of general linear groups and a is a tempered 
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representation of a group G{F) which is the first component of a GGP triple (G, H,^). The 
action of iA% on a twists the representation acL but it leaves a invariant. By proposition 
18.4.11 it follows that 


7^ 0 £3; 7^ 0 Ct ,! 7^ 0 

Hence, 7 ^ 0. Thus, we may find a section G C(T’temp(G), £(G)) such that C.„i{Tli) 7 ^ 0. 
By lemma I8.2.1f i). the function vr G XtempiG) i-G- Ct,{TI) is smooth. Since T° is com¬ 
pactly supported, it follows that the section tt G XtemviG) belongs to 

G~(T’temp(G),T(G)). Applying ( 6 ) to e = eo and T = T^, we get 

(7) = [ i{7ro{x)eo) [ C^{T^)C^{Ty{x~^))n{7r)d7rdx 

Jh{F)\G{F) JXt<,mp{G) 

Remark that by the choices of and cq, the left hand side of (7) is nonzero. On the other 
hand, by lemma [ 8 . 2 . 1 f ii). we have 

C^{TI)C^{T:f{x-^)) = 

for all TT G Xtemp{G) and all x G G{F). By lemma l8.2.1f iii). the section vr 1 —)■ T,f = 
belongs to G^(Atemp(G), S(G)). Hence, applying ( 6 ) to e = cq and T = T^, we also get 


[ i{Fo{x)eo) [ C^{TI)C^{T^f{x ^))/i(7r)d7rdx = £(Tj^L^oT°^eo) 

JH{F)\G{F) JXtemp(G) 

By the non-vanishing of the left hand side of (7), we deduce that £(T^^L^(,T°^eo) 7 ^ 0. Hence, 
in particular 7 ^ 0 which is equivalent to the non-vanishing of i.e. what we want. 
This ends the proof of theorem 18.2.11 ■ 

8.6 A corollary 

Let us adopt the notations and hypothesis of subsection 18.41 In particular, Q = LUq is 
a parabolic subgroup of G with L decomposing as in subsection 18.41 (1), (2) and (3), a 
is a tempered representation of L{F) admitting decompositions as in subsection 18.41 (4), 
(5) and ( 6 ) and we set a = dw Kl dv- This is a tempered representation of G{F) where 
G = U{W) X U(y). Recall that the admissible pair {W,V) (up to permutation) defines a 
GGP triple {G,HA)- Hence, we can define the multiplicity m{d) of a relative to this GGP 
triple. We also set, as in subsection 18.41 vr = 

Corollary 8.6.1 (i) Assume that a is irreducible, then we have 

m( 7 r) = m{d) 
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(a) Let /C C XterapiG) be a compact subset. There exists a section T G C{Xtemp{G))£{G)) 
such that 


= m(7r) 

for all 71 E JC and moreover in this case, the same equality is satisfied for all subrepre¬ 
sentation 71 of some tt' G /C. 

Proof: 

(i) By proposition 18.4.11 and theorem 18.2.11 we have the chain of eqnivalences 

m(7r) m(a) 7 ^ 0 

Moreover, by theorem 16.3.11 the multiplicity m{a) is at most one. Hence it suffices to 
show that 

m(7r) ^ 1 

Equivalently: there is at most one irreducible subrepresentation of tt with nonzero 
multiplicity. Assume this is not the case and let tti, 7 r 2 C vr be two orthogonal irreducible 
subrepresentations such that m( 7 ri) = m{7i2) = 1. By theorem 18.2.11 we have 7 ^ 0 
and £ 7 r 2 7^ 0- Let Ti G End{7ii)°° C End{7i)°° and T 2 G End{'K 2 )°° C End{7i)°° be 
such that £,r(Ei) = £^j(Ti) 7 ^ 0 and £^(T 2 ) = £^ 2 (^ 2 ) 7 ^ 0. Then, by lemma [8.2.ir ii). 
we have £^(Ti)£^(T 2 ) = Cn{TiLT,T 2 ). But obviously TiLt,T 2 = 0 and this yields a 
contradiction. 

(ii) Using a partition of unity, it clearly suffices to show that for all tt' G Xtemp{G) there 
exists a section T G C{Xtemp,^{G)) such that 


GniT^) = rn{7i) 

for TT in some neighborhood of tt' in Xt^rnpiG). By (i), we know that the function 
71 G Xtemp{G) eG- m( 7 r) is locally constant. If m( 7 r') = 0, then there is nothing to 
prove (just take T = 0). If m{7i') 7 ^ 0, then by (i) there exists a unique irreducible 
subrepresentation ttq C tt' such that m{7To) = 1. Then by theorem 18.2.11 we may hnd 
To G End{7iQ)°° such that £^p(To) 7 ^ 0. Let T° G C{Xtemp{G),8{G)) be such that 
= Tq. Then we have 


£,.(r») = £„(r„) # 0 

By lemma 18.2.If iL the function vr G Xtemp{G) 1 —)■ £^(T°) is smooth and so we can 
certainly hnd a smooth and compactly supported function ip on Xtemp{G) such that 
V(7r)£,(rj) = 1 in some neighborhood of ti' . It then suffices to take T = ipT'^. ■ 
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9 Spectral expansion 

9.1 The theorem 

Let us set 


Jspecif) = / D{7r)6f{7r)m{n)d7r 

Jx{G) 

for all / G Cscusp{G{F)). Note that by lemma [5.4.21 and 12.71( 2) . this integral is absolutely 
convergent. The purpose of this section is to show the following 

Theorem 9.1.1 For all f G CscuspiG{F)), we have 

J{f) = Jspecif) 

By lemma [5.4.2l and proposition l7.1.l[ both sides of the equality of the theorem are continuous 
in / G CscuspiGiF)). Hence, by lemma [5.3.1f ii) it is sufficient to establish the equality for 
functions / G CscuspiGiF)) which have a compactly supported Fourier transform. We fix 
until the end of subsection 19.31 a function / G CscuspiGiF)) having a compactly supported 
Fourier transform. 

9.2 Study of an auxiliary distribution 

Let us introduce, for all /' G C(G(F)), the following integrals 

Kfj,igi,g2)= f figf^gg2)f'ig)dg, gi,g2eGiF) 

Jg(f) 

^f,f'igy^)= [ Kffig,hx)^ih)dh, g,xeGiF) 

Jh[f) 

^lf'i^^y)= [ Kjj,ih~^x,y)^ih)dh, x,yeGiF) 

Jh{f) 

Jauxif,f)= [ Kjj,ix,x)dx 

Jh(f)\g{f) 

Proposition 9.2.1 (i) The integral defining j:,igi, g 2 ) is absolutely convergent. For all 

gi G GiF) the map 


g2 G GiF) !-)■ K^jiigi, g2) 

belongs to C(G(F)) and for all d > 0 there exists d' > 0 such that for all continuous 
semi-norm v on CfiGiF)), there exists a continuous semi-norm y on C(G(F)) such 
that 
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for all f G C{G{F)) and all g G G{F). 

(ii) The integral defining Kjj,{g,x) is absolutely convergent. Moreover, for all d > 0, there 
exist d' > 0 and a continuous semi-norm on C(G(F)) such that 

\Kfj'i9,x)\ ^ Ud,dfif)E^{g)a{g)-'^E^\^{x)aH\G{x)‘^' 

for all f G C{G{F)) and all g,x E G{F). 

(Hi) The integral defining K‘jj,{x,y) is absolutely convergent. Moreover, we have 

/ ^n{T^{x)7l{f)7l{y~^))C^{7l{f'))g.{7l)d7l 

^temp {G) 

for all f' G C{G{F)) and allx,y G G{F), the integral above being absolutely convergent. 

(iv) The integral defining Jaux{f,f') is absolutely convergent. More precisely, for every 
d > 0 there exists a continuous semi-norm 1/^ on C{G{F)) such that 


for all f G C{G{F)) and all x G H{F)\G{F). In particular, we also get that the linear 
form 


f E C{G{F)) ^ Jauxifif) 

is continuous. 


Proof: The point (i) follows from theorem 15.5.If ih The point (ii) follows from (i), lemma 
I6.5.1f ii) and lemma 18. 3. If iih The absolnte convergence of the integral dehning Kj j-fix, y) fol¬ 
lows from (ii) and lemma lB.S.lf iih The spectral formula for K‘j ^fix, y) is a direct application 
of lemma I8.2.1f v). We are thus only left with proving the estimate (iv). For /' G C{G{F)) 
the section 


T(/') : TT G T'temp(G') ^ £.(7r(/'))7r(/) G End{nr 

is smooth by lemma [8.2.1f ii and is compactly supported by the hypothesis on /. Hence it 
belongs to C{Xtemp{G),£{G)) and by the matricial Paley-Wiener theorem ftheorem I2.6.ip 
there exists a unique function ipf> G C{G{F)) such that = CTr{'x{f'))7i{f) for all 
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TT G Xtemp{G). By lemma l5.3.iB ) ■ the function 99 j/ is strongly cuspidal for all /' G C{G{F)). 
By the formula (hi) for K‘j j, and lemma [8.2.1f ivh we have 


Klf,{x,x) = K{ipf,,x) 

for all /' G C{G{F)) and for all x G H(F)\G{F). Hence by proposition 17.1.11 for all d > 0, 
there exists a continuous semi-norm on C{G{F)) such that 

for all /' G C{G{F)) and for all x G H{F)\G{F). To conclude, it is thus sufficient to show 
that the linear map 

C{G{F)) ^ C{G{F)) 

f ^ vr 

is continuous. By theorem 12.6.11 it suffices to show that the linear map 

/' G C{G{F)) ^ (tt G Xtemp{G) ^ £.(7r(f))) G G^{Xtemp{G)) 

is continuous, where the topology on the target space is the obvious one. This follows easily 
from lemma 18.2.If ii and theorem 12 . 6.11 ■ 


Proposition 9.2.2 We have the equality 


for all f eC{G{F)). 


Jaux{f,f')= [ D{ 7 l) 9 f{ 7 l)C^{ 7 l{f'))d 7 l 

Jx{G) 


Proof: Let a : Gm —t H be a one parameter subgroup such that \{a{t)ha{t)~^) = tX{h) for 
all t G Gm and all h G id (recall that we denote by A : id —)■ Gq the additive character 
such that f o Xp). We denote as usual by R, L and Ad the action by right translation, 
left translation and conjugation of G{F) on functions on G{F). We will set Ra = R o ap, 
La = L o ap and Ada = Ad o ap. These provide smooth representations of F^ on C{G{F)). 
Let /' G C{G{F)). We want to prove the formula of the proposition for this function /'. By 
Dixmier-Malliavin in the real case, we may write /' as a hnite sum /' = 
where (pi G Gf°{F^) and /" G C{G{F)) for 1 ^ i ^ k. By linearity, we may assume that this 
sum has only one element, that is /' = Ada{(p){f") with cp G Gf°{G{F)) and /" G C{G{F)). 
By continuity of the linear form Jaux, we have 

Jauxif) = [ p>{t)Jaux{Ada{t)f'')d'^t 

J 

Returning to the dehnition of Jaux, we get 
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Jauxif')= / 

JF>^ Jh(F)\G{F) 


By proposition l9.2.lT ivB this double integral is absolutely convergent. Doing the variable 
change x ep- a{t)x and switching the two integrals, we obtain 


(1) Jaux{f')= / ip{t)6H{a{t)) Kj,^^^(^t^f„{a{t)x,a{t)x)d^tdx 

JH{F)\G{F) Jfx 

By dehnition, the inner integral above is equal to 


Ipx 


{ha{t)x,a{t)x)^{h) ^dhd^t 

J H{F) 


By proposition 19.2.in i). this double integral is also absolutely convergent. Doing the variable 
change h i—)■ a{t)ha{t)~^, switching the two integrals and remarking that Kja{t)x) 
^],Ra{t)r {hx,a(t)x), we obtain the equality 


( 2 ) / ip{t)6H{a{t)) Kf^^^^^^^f„{a{t)x,a{t)x)d^t 




a{t)x)il){—t\{h))d^tdh 


JH{F) Jf^ 

By dehnition, the inner integral of the last expression above is equal to 


/ ip{t) / Kf^^^^^-^j„{hx,h'a{t)x)^{h')dh''il){—tX{h))d^t 

J F^ Jh{f) 

After the variable change h' i—)■ a{t)h'ha{t)~^, this becomes 


/ ip{t) / K^j„{hx, h'hx)SHia{t))'ip {tX{h')) d^tdh' 
'Fx Jh{f) 


By proposition I9.2.1f i). this double integral is absolutely convergent. Switching the two 
integrals, we obtain 


(3) / ^p{t)KjJ^^^^)f„{hx,a{t)x)^p{-tX{h))d^t 


Ipx 


= / K^j„{hx,h'hx)ip{t)6H{ciit))'il! {tX{h')) d^tdh' 

Jh(F) Jfx 

We have d^t = \t\~^dt where dt is an additive Haar measure on F. Let us set = 

(p{t)6Hia{t))\t\~^ and 


(p'{x) = J (p'{t)i/j{tx)dt, X E F 
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for its Fourier transform. By (1), (2) and (3), we have 

(4) Jaux{f')= [ [ [ Kfj„{hx,h'hx)^'{\{h'))dh'dhdx 

Jh{F)\G(F) Jh{F) JH{F) 

For > 0 and M > 0, let us denote by : H{F)\G{F) {0,1} and /3m '■ G{F) —>■ 

{0,1} the characteristic functions of the sets {x G H{F)\G{F);aH\G{x) ^ -^1 and {g G 
G{F); a{g) ^ M} respectively. For all iV ^ 1 and C* > 0, we set 

Jaux,N{f) = / OiN^x) / / Kfj„{hx,h'hx)(p'{X{h'))dh'dhdx 

Jh{F)\G{F) Jh{f) JH{F) 

Jaux,N,c{f) = / o^Nix) / / /3ciog{N){h')Kff„{hx,h'hx)ip'{X{h'))dh'dhdx 

Jh{f)\g{f) jh(f) jh(f) 

By (4), we have 


(5) Jauxif) = lim Jaux,N{f') 

N^oo 


We have the following 


(6) The triple integrals defining Jaux,N{.f') and Jaux,N,c{f') are absolutely convergent. 
Moreover, there exists G > 0 such that 


\Jaux,N{f) — Jaux,N,c{f')\ ^ N 


-1 


for all iV > 1. 


Indeed, since cp' G S{F), we have |v3'(A)| (1 + |A|) ^ for all A G F. Hence, by theorem 

I5.5.1f ii. there exists d > 0 such that 


\Jaux,N{f)\ -C / (XNix) / / E^{hx)E'^{h'hx)a{hxy 

Jh{f)\g{f) Jh{f) Jh{f) 

a{h'hxY (1 + |A(F)|)~^ dh'dhdx 


\Jaux,N,G{f')\ -C / aNix) / / (3 c\og{N){h' /'Ep{hx)'EP{Fhx) 

Jh(f)\g{f) j h(f) Jh{f) 

a{hxYa{h'hxY (1 + |A(F)|) ^ dh'dhdx 


and 


\Jaux,N(^f ) Jaux,N,G^f )| I / / lcr^dog(Af) )' —' (/ix)i —i (/l hx/ 

Jh{F)\G{F) Jh{f) Jh{F) 

a{hxY(x{h'hxY (1 + |A(h')|) ^ dh'dhdx 
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for all ^ 1 and all C > 0. By proposition 16. 7. If viB (applied to c = 1), there exists d' > 0 
such that the hrst two integrals above are essentially bounded by 

[ aN{x)E^'^'^{xfaH\G{xY'dx 

Jh{f)\g{f) 

which is of course an absolutely convergent integral (the integrand is bounded and compactly 
supported). On the other hand, by proposition I6.7.1f vii). there exist e > 0 and d' > 0 such 
that the third integral above is essentially bounded by 

g-.ciog(jv) f aN{x)E^\^{xfaH\G{xfdx 

Jh{F)\G{F) 

for all ^ 1 and all O > 0. By proposition 16. 7. iT iv). there exists d" > 0 such that this last 
term is itself essentially bounded by , for all A^ ^ 1 and all O > 0. Choosing 

C to be bigger than (d" + l)/e gives the estimates (6). 

Let us £x C > 0 which satishes (6). By (5), it follows that 


(7) Jauxif) = lim Jaux,N,c{f) 

N^oo 

Since the triple integral dehning Jaux,N,G{f') is absolutely convergent, we may write 


Jaux,N,G{f') = / /3ciog(Jv)(h)(p'(A(h)) / aN{g)Kff„{g,hg)dgdh 

Jh{f) Jg{f) 

We now prove the following estimates 


( 8 ) 


Jaux,N,c{f)- Pc\og{N){h)(p'{X{h)) Kfj„{g,hg)dgdh 


IH{F) 


lG{F) 


< AT 


-1 


for all N 1. 

Indeed, since / is strongly cuspidal, by theorem I5.5.1f iii). there exists Ci > 0 such that for 
all d > 0, there exists d' > 0 such that 


for all g G G{F) and all h G H{F). Fix such a Ci > 0. Also, choose do > 0 such that the 
function g i—)■ 'E^{g)‘^a{g)~‘^° is integrable over G{F) fproposition ll.5.TT v)L Then, by the 
above inequality, for all d > d^ there exists d' > 0 such that the left hand side of (8) is 
essentially bounded by 


Jh(f) 

for all A7 ^ 1 (here the factor comes from the fact that <j{g)~^ -C N~^ for all g G G{F) 

such that aN^g) = 0). Now, by lemma IE. 1.31 there exists C 2 > 0 such that 
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/3ciog(N){h)dh <C 


for all N ^ 1. Hence, it suffices to choose d > ciC + lio + C 2 + 1 to get the estimate (8). 
From (7) and (8), we deduce that 


(9) Jauxif) = [ ( 3 c\og(N){h)^p'{\{h)) f Kfj„{g,hg)dgdh 

Jg{f) 

Arthur’s local trace formula allows us to express the inner integral above in spectral terms. 
Indeed, since / is strongly cuspidal, by theorem IS.S.lf vi. we have the equality 


(10) [ Kfj„{g,hg)dg = [ D{F)9f{7i)9^{R{h ^)f'')dF 

Jg{f) J x{g) 

for all h G H{F). Bv l2.2f 5) and I2.2f 7i. it is easy to see that 


for all TT G A’(G) and all h G H{F). Hence, by lemma [5.4.21 and 12.7f 2). we have an inequality 


/ Din) 9fin)9^iR{h-^)r) « S^(h) 

Jx{G) 

for all h G H{F). Hence, by lemma [6.5. If hi), the double integral 


/ (p'(A(h)) / D{f) 9f{7r)9jf{R{h ^)f")d7rdh 

Jh{f) J X{G) 

is absolutely convergent and by (9) and (10) this double integral is equal to Jauxif')- Switch¬ 
ing the two integrals and applying lemma IS.l.lf ii). we get 


Jauxif) = / D{F)9f{F)C^ [F{Ada{(p)f")]dF 

Jx(G) 


= / D{F)9f{F)C^{F{f'))dF 

Jx(G) 

which is the equality we were looking for and this ends the proof of the proposition. 


9.3 End of the proof of 19.1.1 

Recall that we have hxed a function / G Cscusp{G{F)) having a compactly supported Fourier 
transform. By lemma 18.2. If iv). we have 


(1) KU.x) 



(G) 


£^(7r(x)7r(/)7r(a; ^))/i(7r)ci7r 
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for all X e H{F)\G{F). By corollary 18.6. If ii). there exists a function f G C{G{F)) such 
that 


(2) £^(7r(/')) = m{7i) 

for all 71 G XtempiG) such that 7r(/) ^ 0. Also, by theorem 18.2.11 and corollary I8.6.1f i). for 
all TT G Xtemp{G), wc liayc 


7 ^ 0 m{7i) = 1 

Hence, by (1), we haye the equality 

K{f,x)= j £^(7r(a;)7r(/)7r(a:“^))£^(7r(/'))/i(7r)ci7r 

^tempiG) 

and by proposition l9.2.lT iii). it follows that 

K{f,x) = Klf,{x,x) 

for all X G H{F)\G{F). Consequently, we haye the equality 

Af) = JauAfJ') 

Applying proposition 19.2.21 we deduce that 

J{f)=[ A>(7r)0/(7r)£^(7r(/'))dvr 

Jx(G) 

Let 71 G X{G) be such that 0f{7i) ^ 0 and let vr' be the unique 
such that TT is a linear combination of subrepresentations of vr'. 

Hence, by corollary 18.6.If ii) and (2), we haye = rn{7i) 

J{f) = f D{'k) 9 f{7T)m{W)d7i 

Jx{G) 

and this ends the proof of theorem 19.1.11 ■ 

10 The spectral expansion of 

10.1 The affine subspace E 

Denote as usual by P = MN the parabolic subgroup opposite to P with respect to M. 
There exist an unique element S G h(P) such that 

AN) = 7P{b{e,n)) 

for all N G tT(P). We haye the following explicit description of S: 


representation in Xtemp{G) 
Then, we haye vr'(/) ^ 0. 

= m{w). It follows that 
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(1) Ezi = Zj_i, for 1 ^ ^ r, Ez^t = — for 0 ^ i ^ r — 1, Ez_r = 0 and E.W = 0 
Set E = S + J)-*- where [)^ is the orthogonal of fi in g for .). 

Recall that we have hxed a Haar measnre dX on In this whole section we will denote 

this Haar measnre by (i/if,(X). In snbsection 11.61 we explained how to associate to (i/if,(X), 
nsing a Haar measnre dpfj- on Let ns denote by d/xs the translate of this 

measnre to E{F). Then, bv ll.bf l). we have the following eqnality 

( 2 ) [ f{X)aX)dfi,{X) = [ f{Y)dfi^{Y) 

Ji){F) ds(F) 

for all / e 5(g(F)). 

10.2 Conjugation by N 

We have the following explicit description of ()■*■: an element X = [Xw^Xy) G g = u{W) © 
u(R) is in !)-*■ if and only if we have a decomposition 

Xy = -Xw + c{zo, w) + Xc{zo, T]Zo) + A + N 

for some w G W-p, X E F, A E a and iV G n (recall that rj E E is a nonzero element with trace 
zero and cf snbsection 16.11 for the notation c{v,v')). Thns for every element X = {Xy,X]y) 
of E we have a decomposition 

(1) Xy = ^ — X\y © c[Z(), w) + Ac(^O) V^o) F A F N 
where w, A, A and N are as above. Let ns dehne the following affine snbspaces of g: 

. u(iy)- = {(Xh., Xm. G u(W)}; 

• Ao is the snbspace of u(lA) C g generated by the c(©, rjZi) for i = 0,..., r, the c(©, ©+i) 
for z = 0,..., r — 1, and the c(©, w) ior w E W; 

• A = .^ + (u(hL) © Aq). 

Proposition 10.2.1 Conjugation by N preserves E and induces an isomorphism of alge¬ 
braic varieties: 


N xA^E 

(n, X) nXn~^ 
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Proof: First we show that the map 


(2) iV X A ^ S 
(n, X) !-)■ nXn~^ 

is injective. This amounts to proving that for all n G X and all X G A if nXn~^ G A then 
n = 1. So let n G X and X = {X]y,Xv) G A be such that nXn~^ G A. By dehnition of A, 
we may write Xy and nXyn~^ as 

r r—1 

(3) Xy = S - Xw + c(Zr, + \c(zi, r]Zi) + ^ fliC{Zi, Zi+i) 

i=0 i=0 

r r—1 

(4) nXyn"^ = S - Xy/ + c{zr, w') + ^ A'c(xi, rjZi) + ^ ^'ic{zi, Zi+i) 

i=0 i=0 

where w, w' G Wj^, A*, A' G F, 0 ^ i ^ r, and /Xj, /x' G F, 0 ^ i ^ r — 1. Let us prove hrst 
that 

(5) nzi = Zi for all 0 ^ i ^ r. 

The proof is by descending induction. The result is trivial for i = r by dehnition of X. 
Assume that the equality (5) is true for some 1 ^ i ^ r. Then, from (3) we easily deduce 
that we have 


(nXyn ^)zi = nXyZi = nSxj = nzi^i 
and from (4), we easily deduce that 

{nXvn~^)zi = Ezi = Zi-i 

so that we have the equality (5) for i — 1 instead of i. This ends the proof of (5). 

We now prove the following 

(6) nz-i = for all 1 ^ i ^ r. 

We prove this by strong induction on i. First, we do the case i = 1. By (3) and (5), we have 


(nXyn ^)zo = nXyZo = n(—x_i + 2\Qriuzo + Hqizzi) = —nx_i + 2\Qr]uzo + 
On the other hand, by (4), we have 

(nXyn“^)xo = -x_i + 2Ao?7z/xo + n'o^Zi 

It follows that 
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nz_i - z_i = 2(Ao - \'Q)r]izzQ + (/xq - 

But, since uzq = zq and n G 17(V) we have h(nz-i,zo) = h(z-i,zo) = 0 and h(nz-i, Z-i) G 
Frj. From this we deduce that Aq = Aq and juq = ju'q so that indeed nz-i = Z-i. Let 
i ^ j ^ r — 1 and assume now that (6) is true for all 1 ^ f ^ j. By (3) and (5), we have 

(nXYn~^)z-j = nXyZ-j = n(—Z-j-i + 2\jr]uzj — fXj-iuzj-i + fXjUZj+i) 

= —nz-j^i + 2\jrih'Zj — Hj^iuZj^i + fijUZj+i 

On the other hand, by (4), we have 

{nXvn~^)z-j = —z-j-i + 2\'jriuzj — + fi'jUZj+i 

It follows that 

nz_j_i - z_j_i = 2{\j - \'j)wzj + - ij,j_i)uzj_i + (nj - iJ.'j)TzZj+i 

Since nz-j = Z-j, nz-j+i = Z-j+i (by the induction hypothesis) and n G U(y), we have 
h{nz-j-i, Z-j) = h{z-j-i, Z-j) = 0, h{nz-j-i, Z-j+i) = h{z-j-i, Z-j+i) = 0 and 
h{nz-j-i, Zj+i) G Ft], From this we deduce that \j = A), /i)_^ = and fij = /i'- so that 
indeed nz^j^i = z^j^i. This ends the proof of (6). 

From (5) and (6) and since n E N, we may now deduce that n = 1. This ends the proof 
that the map (2) is injective. We easily compute 


dim(A^xA) = dim(iV)+dim(A) = (2r^+r+2mr) + (m^+2m+2r+l) = 2r^+3r+2mr+(m+l)^ 


dim(S) = dim(I)-*-) = dim(G) — dim(iL) = (m + 2r + 1)^ + — dim(A^) 

= 2r^ + 3r + 2mr + {m + 1)^ 

where m = dim(IF). Hence, we have dim(S) = dim(A^ x A). Since we are in characteristic 
zero, it follows that the regular map (2) induces an isomorphism between N xA and a Zariski 
open subset of S. But, obviously N x A and S are both affine spaces so that the only Zariski 
open subset of S that can be isomorphic to x A is S itself. It follows that the regular map 
(2) is indeed an isomorphism. ■ 

10.3 Characteristic polynomial 

Let X = {Xw,Xv) G A. By dehnition of A, we may write 

r r—1 

(1) Xy = S - Xw + c(Zr, w) + ^iC(Zi, rjZi) + ^ HiC{Zi, Zi+i) 

2=0 2=0 
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where w G W-p, \i E F and E F. Denote by Pxy and P-Xw characteristic polynomials 
of Xy and —Xy/ acting on Vp and Wp respectively (these are elements of E\T]). Let D be 
the E-Yme&i endomorphism of E\T] given by D(T*+^) = T*, for i ^ 0 and -D(l) = 0. 

Proposition 10.3.1 We have the following equality 


m—1 

(r) = ^ Xi^,w)iy+gp.x,. (T))+ 

j=0 

P-XwiT) 

V j=0 j=0 ' 

(Reeall that m = dim(fP )). 

Proof: This can be proved by induction on r. The computation, fastidious but direct, is left 
to the reader. ■ 

Corollary 10.3.1 The following U(W)-invariant polynomial funetions on A 

= {Xw, Xy) ^ ri^h{w, X{^w) E F, j = 0,..., m - 1 

(where we have written Xy as in {!)) extend to G-invariant polynomial functions on 0 defined 
over F. 


In particular, the polynomial function 

A' = (X„, Xv) ^ det (h (X(,,w, 6 F 

extends to a G-invariant polynomial function on g dehned over F. Let us denote by Qo such 
an extension and set Q = Qod^ E ^[ 0 ]*^, where d^ is the unique element of T’[0]'^ such that 
= \d^{X)\ for all X E QregiF). Let A' and S' be the non-vanishing loci of Q in A 
and S respectively. Remark that we have A' C A^eg and S' C S^gg (since d^ divides Q). 


10.4 Characterization of E' 

Proposition 10.4.1 S' is precisely the set of X = {Xw,Xy) E S^eg such that the family 


Zr,XyZr, . . . , Xy E. 


generates Vp as a E-module (Recall that d = dim(l /)). 
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Proof: Let X = {X\y,Xv) € S. It suffices to prove that the family 


Zr-iXyZr, ■ ■ ■ , Xy ^Zr 


generates as a i?-module if and only if Qo{X) ^ 0. By proposition 110.2.11 X is X- 
conjugated to an element of A. Since Qo is G-invariant and nzr = Zr for all n E N, we may 
as well assume that X E A. We assume that it is the case in what follows. 


By the decomposition [TOAf 1). we see that 


XyZi = EZi = Zi_i 


for alH = 1,..., r. It follows that 


(Z)., XyZrj ■ ■ ■ t XyZf'^ (^Z^Zf—ly • • • ; 

Next, again by the decomposition [T03f IL it is easy to see that 

= -z_i_i mod {zq, ..., Zr) 

for all 0 ^ ^ r — 1. Hence, we have 


(^Zry • • • , Xy Z-p'^ • • • ) •2^1) ^0i -2—1, ■ ■ ■ , 2_j.) p 


and 


Xy Zr = { — lyz-r mod 

It follows that the family 


Zr-iXyZr, ■ ■ ■ , Xy ^Zp 

generates Vp as a i?-module if and only if the image of the family 


df ^ z — p ,..., z—p 

in Vp/W-A ~ W-p is a basis of Wp. But, using again the decomposition [T0T3f li we see that 

{XyZ-r, . . . , XyZ-r) = V (w, —XyrUl, . . . , (— w) mod 
Hence, the family 

{Xyz^p ,..., Xy-z^p) mod WA 
generates as an £^-module if and only if the determinant 

Q„(X) = det (h (Xlyw, e F 

is non-zero and this ends the proof of the proposition. ■ 
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10.5 Conjugacy classes in E' 

Proposition 10.5.1 The action by conjugation of H on S' is free and moreover two ele¬ 
ments of S' are G-conjugate if and only if they are H-conjugate. 

Proof: Recall that by definition, H acts freely on S' if the map 

X S' ^ S' X S' 

{h,X) ^ (X, hXh-^) 

is a closed immersion. Because of proposition 110 . 2.11 this is equivalent to proving that 

(1) U{W) X A' ^ A' X A' 

(h,X) ^ (X, hXh-^) 

is a closed immersion. For X = {Xw,Xy) G 0 , we dehne the characteristic polynomial of X 
to be the pair Px = {Px^,PXy). Let y C A' X A' be the closed subset of pairs (X, X') such 
that Px = Px'- We claim the following 

(2) The map (1) is a closed immersion whose image is y . 

This will prove the two points of the proposition (if two elements of 0 are G-conjugate, they 
share the same characteristic polynomial). First, of course, the image of (1) is contained in 
y. Let (X, X') e y. We may write 

r r—1 

Xy = S - Xw + c(Zr, W) yc(Zi, TJZi) + ^ iaiC{Zi, Zi+i) 

^=0 i=0 

r r—1 

Xy = E- X[y + c(zr, w') + ^ Kcizi, rjZi) + ^ fi'ic{zi, Zi+i) 

^=0 ^=0 

where X = {Xy,X]y), X' = {Xy,X{y), w,w' e Wp, A*, A' G F and fii, fr'i G F. By 
proposition 110.3.11 we have A* = A' for i = 0,..., r, /i, = /r' for i = 0,..., r — 1 and 

(3) h{w, X\yw) = X'\yw') for i = 0,..., m — 1 

Moreover, by dehnition of A', {w, Xyrw ,..., X^~^w) and (w', X[yw ',..., X'^~^w') are basis 
of Wp. Let g be the unique F'-linear automorphism of W-p sending X\yW to X'\yw' for all 
i = 0,... ,m — 1. By (3), we have g G U{W) and we easily check that gXg~^ = X'. It 
is also easy to see that g is the only element of U{W) with this property. Hence, we have 
proved that the map (1) induces a bijection from U{W) x A' to 3^ and we have constructed 
the inverse, which is obviously a morphism of algebraic varieties. This proves the claim (2). 
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Corollary 10.5.1 We have an inequality 


a{t) -C 

for all X G E' and all t G Gx- 
Proof: First, we prove that 

(4) acih) < crs'(X) + a^{hXh~^) 
for all h G iP, X G E'. From the previous proposition, we know that 

X E' ^ E' X E' 

(h,X) ^ (X, hXh-^) 
is a closed immersion. Hence, we have 

(^G{h) -C cte'(X) + cTs'(hXh“^) 

for all X G E' and h ^ H. Moreover, since E' is the principal Zariski open subset of E 
dehned by the non-vanishing of the polynomial Q and since Q is G-invariant, we have 

aj:fhXh-^) ~ ag(hXh-i) + log(2 + |g(X)|-i) 
for all h G if, X G E'. Combining this with the inequality 

log(2 + |g(X)|-') «asKX) 

for all X G E', we get (4). We now deduce the following inequality: 

(5) aG{h) -C crs'(X) aG{ht) 

for all h G ii, X G E', t G Gx- Indeed, since {g, X) G G x g i-G- gXg~^ G g is a regular map, 
we have 


a^QiXh = ag{htX(ht) crc(hf) -|- o'g(X) 

for all h G ii, X G E and t G Gx- Combining this with (4) and the inequality crg(X) <C 
cTs'(X) for all X G E', we get (5). 

We are now in position to prove the lemma. By (5), we have the following chain of inequalities 

o'G(i) = o-{h~^ht) < aG{h) aG{ht) < as'(X) (TG{ht) -C as'(X)crG(hf) 

for all h G ii, X G E', t G Gx- By lemma 16.2.11 1). taking the inhmum over h & H gives the 
desired result. ■ 
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10.6 Borel subalgebras and E' 

Proposition 10.6.1 Let X G S' and b be a Borel subalgebra o/g (defined over F) containing 
X, then 


b © I) = g 

Proof: Let X G S' and b C g be a Borel subalgebra containing X. By proposition I10.2.T1 up 
to X(F)-conjugation we may assume that X G A' and we will assume this is so henceforth. 
Write X = {X\y,Xv) with Xw G u(hP) and Xy G u(P). By dehnition of A, we have a 
decomposition 


(1) Xy = S - Xw + c(Zr, + \c(Zi, T]Zi) + ^ Zi+i) 

where w G Wp, Aj G F, 0 ^ ^ r and G F, 0 ^ ^ r — 1. 

It is easy to check that dim(b) + dim(()) = dim(g) so that it suffices to prove 

(2) b n 1) = 0 

There exist Borel subalgebras biy and by of u{W) and u(IA) respectively such that Xw G bpy, 
Xy G by and b = bw x by. Then obviously (2) is equivalent to 

(3) {bw + n) n by = 0 

Fix an F-embedding E ^ F and set P = V <S)e F, W = W F. Denote by V* and W* 
the F-dual of V and W respectively. Then, we have isomorphisms of F-vector space 

v-p-v®v* 

Wpz^W®W* 

sending n ©i? A and tc ©i? A to (n ©£; A, h{v, .) ©£; A) and (tc ©£; A, h{w, .) ©s A) respectively. 
For V E V, we will denote by v and v* the image of n in D and V respectively. Also, if U 
is a subspace of V we will set U = U ®e F and see it as a subspace of V. We will adopt 
similar notations with respect to W. We have an isomorphism 

which sends X G u(I/) 7 r to its restriction to V (the inverse is given by mapping X G gt(D) 
to the endomorphism of Vp acting as X on D and as —*X on D ). Similarly, we have an 
isomorphism 


u(hF)^~g[(W) 

and we will use these isomorphisms as identifications. Then, b^y is the stabilizer in gt(hF) of 
a complete flag 
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0 = Wo c Wi C ... C = w 

and similarly by is the stabilizer in 0l(V^) of a complete flag 

jr; 0 = Fo C Fi c ... c Frf = F 

Let ns define another complete flag 

JT' ; 0 = F'o C F'l C ... C Frf = F 

of V by setting: 

• Fj =< Zr,..Zr-i+i > for i = 1,..., r + 1; 

• V^r++i+i = Z + ® D ® Wi ioT i = 1,m; 

• K+m+i+i = Z+® V"o© < Z-i, ...,z_i>ioTi = l,...,r. 

For all n G Id, let ns denote by V{Xv,v) the snbspace of V generated by v, Xyv, XyV,.... 
We will need the following lemma 

Lemma 10.6.1 Let 1 ^ i ^ d, then we have 
(i) For all v G v[ which is nonzero, V'i_i + V{Xv,v) = V; 

(it) F'nFd_, = o 

Proof: First we prove that {i) implies {ii). Indeed, if n G Vd-i is nonzero, then by {i), we 
wonld have dim(Id(Xy,n)) ^ d + 1 — L Bnt V{Xv,v) C Vd-i (since v G Vd-i and Xy G by 
preserves V d-i)-, and so dim(Id(Xy,n)) ^ dimly d-i) = d — i. This is a contradiction. 

We now tnrn to the proof of (i). Let n G Id^ be non-zero. Withont loss of generality, we may 
assnme that v G Idj\f^i-i since otherwise the resnlt with i — 1 instead of i is stronger. We 
assnme this is so henceforth and it follows that 

(4) F '_1 + l^(Xy, v) = V[ + V{Xv, v) 

Obvionsly W G v[ + V{Xy,v) and so by proposition 110.4.11 it snffices to show that F 
V{Xy,v) is Xy-stable. The snbspaces V{Xy,v) is Xy-stable almost by dehnition. Hence, 
we are left with proving that 


(5) XyH'_iCH' + Id(Xy,n) 
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This is clear iil^i^r + loTr + m + 2^i^d = 2r + m + l since in this cases using the 
decomposition (1) we easily check that XyV^_^ C V^. It remains to show that (5) holds for 
r + 2^i^r + m + l. In this cases, again using the decomposition (1), we easily check that 

( 6 ) Xyv'eV\ + {r^,v')XvZo 

for all v' G V[ (where Xv'Zq = —T_i + 2z/pAoTo + if r ^ 1 and XyZo = uw + 2iyT]XQZo 

if r = 0). Here, we have used the fact that X^ G bw so that Wi-r -2 and Wi-r-i are Xw- 
stable. As n G V^, it suffices to show that the existence of A; ^ 0 such that {zl,Xyv) ^ 0. 
By proposition 110.4.11 the family 


X,*XyZ*,'XyX, . 


—* t —* 


generates V*. Hence, since v ^ 0, there exists fco ^ 0 such that {*XyZ*,v) = {X.,Xyv) ^ 0. 
This already settles the case where r = 0. In the case r ^ 1, since V^ is included in the 
kernel of z* this shows that the sequence v^Xyv^XyV,... eventually escapes from and 
by (6) this implies also the existence of fc ^ 0 such that {z^,Xyv) ^ 0. This ends the proof 
of (5) and of the lemma. ■ 

Let us now set Di = V d+i-i for i = 1,..., d. By the previous lemma, these are one 

dimensional subspaces of V and we have 


1 ^ = 00 . 

i=l 

Let V G (biy + n) n by. We want to prove that F = 0 (to get (2)). Obviously Y must 
stabilize the flags X and X' so that Y stabilizes the lines Hi,..., We claim that 


(7) Y (Hj) = 0 for alH = 1,..., r + 1 and alH = r + m + 2,..., d. 

Indeed, since Y G bw + we have YV[ C for all z = l,...,r + 1 and all i = 

r + m + 2,..., d and so FH* C F^_i fl Vd+i-i = 0 (by the previous lemma). 

To deduce that F = 0, it only remains to show that 


(8) F(Hj) = 0 for all z = r + 2,..., r + m + 1. 


Assume, by way of contradiction, that there exists 1 ^ j ^ m such that FH^+i+j ^ 0. Since 
F G biy + n, we have C Wj © F+ so that Dr+i+j = YDr+i+j F Wj © Z+. Let 

V G Dr+i+j be non-zero. We claim that 
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(9) [Z+®W,) + V{Xv,v) = V 

Indeed by the previous lemma, it suffices to prove that 'zq G (Z+ © Wj'j + V{Xv,v). By the 
decomposition (1), we easily check that 

Xy © hhj) © Z © Wj © Fzq 

so that we only need to check that the sequence v,Xvv, ... eventually escapes Z+ © Wj. 
From proposition 110.4.11 we know that there exists k ^ 0 such that {z*,Xyv) ^ 0. Since 
© Wj is included in the kernel of©*, this proves (9). 

From (9), we deduce that dim V (Xy, v) ^ 1+d—j—r. On the other hand, we have v G Vd-r-j 
(since v G Dr+i+j) and Xy leaves V d-r-j stable (since Xy G by). As dim V d-r-j = d — r—j 
it is a contradiction. This ends the proof of (8) and of the proposition. ■ 

Recall that we have hxed a classical norm |.|g on g. Denote by B{0, r), r > 0, the closed ball 
of radius r centered at the origin in g{F). 

Corollary 10.6.1 There exists c > 0 such that, for all e > 0 sufficiently small, all X G 
S'(F) and all parabolic subalgebra p of g defined over F and containing X, we have 

exp [B (0, C H{F) exp (R(0, e) O p{F)) 


Proof: 

Lemma 10.6.2 There exists a constant eo > 0 such that for all subspace V of g{F) and all 
Co ^ 1 satisfying 


B{0, 1) C B{0, Co) n f)(X) + B{0, Co) O V 

we have 


exp (^R(0, ^)^ C H{F). exp (R(0, e) O V) 

for all 0 < e < eo- 

Proof: Use the Campbell-Hausdorff formula and successive approximations. ■ 

Because of this lemma, it suffices to prove the following: 

(10) There exists ci > 0 such that for all X G S'(F) and all parabolic subalgebra p of 
g dehned over F and containing X, we have 

R(0,1) C R (0, ni){F) + B (O, n p{F) 


230 






Let us denote by B the variety of all Borel subalgebras of g. Let X be the closed subvariety 
of Qreg X B defined by 


X ■.= {{X,b)eQregXB; X E b} 

We will denote by p the natural projection X —)■ Qreg and by Xj: the inverse image by p of 
S'. By the previous proposition, for all (X, b) G X^ we have b © f) = g and we will denote 
by p^ (resp. pi) the projection with range b (resp. t)) and kernel t) (resp. b). Denote by |.| 
the subordinate norm on End-p[Q) coming from the norm we fixed on g. We first prove the 
following fact 

(11) There exists C 2 > 0 such that 


\pI\ + bbl ^ 

for all (X, b) G Xs. 

Since the map (X, b) G e-)- G End-p[g)^ is regular, we have an inequality 

log (\pI\ + bbl) < 

for all (X, b) G X^. Moreover, the morphism p : X —)■ Qreg is finite etale and therefore, so is 
its restriction ps : X^ —?• S'. By lemma 11.2.11 we thus also have an inequality 

a;,,(X,b)«as.(X) 

for all (X, b) G X^. Combining this with the previous inequality, we get (11). 

We will also need the following fact, that we leave as an exercise 

(12) There exists a finite Galois extension K of E, contained in E, such that for all 
(X, b) G X with X G QregiF), the Borel subalgebra b is defined over K. 

We are now able to prove the corollary. Fix a Galois extension K as in (12) and a constant 
C 2 as in (11). For r > 0, we will denote by BxiS^^r) the closed ball of radius r centered at 
the origin in g(X). Let X and p be as in the corollary and let b G be such that X G b 
and b C p. By (11) and (12), we have 

(13) 5(0,1) C Bk (0, W) n b(X) © Bk (O, n f)(X) 

Denote by P the projection g(X) — g{E) given by 

p(y) = T- S XY) 

CLK 

a&Gal(K/F) 
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where dx = [K \ F]. Let |P| be the subordinate norm of P relative to the norms on g{K) 
and g{F) (obtained by restrictions of that on g). Then applying P to the inclusion (13), we 
get 


B{0, 1) C Bk (O, n b{K) © Bk (O, n i){K) 

Since P(b(iL)) C p(P), we get (10). ■ 


10.7 The quotient T.'{F)/H{F) 

By proposition I10.2.T1 we know that S' has a geometric quotient by N and that S'/iV ~ A'. 
Because H = N >i U{W) and U{W) is reductive, the geometric quotient of S' by H exists 
and we have /H ~ A'/U{W). Denote by g' the non-vanishing locus of Q in g and by g'/G 
the geometric quotient of g' by G for the adjoint action. The natural map S' —)■ q'/G factors 
through the quotient /H and we will denote by 


TT : S'/P ^ q'/G 

the induced morphism. We will also consider the P-analytic counterpart of this map: 


TTp : S'(P)/P(P) ^ g'(P)/G(P) 

Recall that we put on H{F) the Haar measure which lift the Haar measure /i[, on f)(P). 
Because P(P) acts freely on S'(P), we can dehne a measure /xs'/h on S'(P)/P(P) to be 
the quotient of /is and {Ih- It is the unique measure on S'(P)/P(P) such that 



ip{x)d^JiFx) 


lT.'(F)/H{F) 



(p{h ^Xh)dhd^Y.'/ h{X) 


for all (p G Gc(S(P)). Recall also that we have dehned in subsection 11.81 a measure dX on 
Qreg{F)/G{F) = rreg(g). Moreover, g'(P)/G(P) is an open subset of Qreg{F)/G{F) and we 
will still denote by dX the restriction of this measure to q'{F)/G{F). 


Proposition 10.7.1 ITe have the followings: 


(i) 71 is an isomorphism of algebraic varieties and Tip is an open embedding of F-analytic 
spaces ; 

(a) TTp sends the measure dnY:'/H{X) to D^{XY^^dX; 

(Hi) The natural projection p : S' ^ TI/FI has the norm descent property. 

Proof: 
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(i) Both Tj'/H and q'/G are smooth. By proposition I10.5.T] tt and iTp are injective. More¬ 
over, using proposition 110.3.11 we see that vr is surjective and so tt is bijective. Since 
the tangent spaces at X G T,'(F)/H(F) of T,'{F)/H{F) and E'/if are the same, we 
only need to prove that tt is a local isomorphism (i.e. etale). Let X G E'. The tangent 
space of E'/iL at X is 


TxT.'/H = \)^/ad{Xm 
and the tangent space of 0 '/G at X is 

Tx{^/G)=Q/ad{X){Q) 

Modulo these identideations, the differential of vr at X is the natural inclusion of 
f)-*-/a(i(X)(()) in q/ ad{X){Q). We want to prove that it is an isomorphism. Choose a 
Borel subalgebra b of g that contains X and denote by u its nilpotent radical. By propo¬ 
sition (TOSIIl we have g = f) © b so that g = Ip*- © b-*-. But, we have b-*- = u C ad{X){g) 
and this establishes the surjectivity. On the other hand, from the equality g = [^ © b, 
we deduce that 


ad(X)(g) = ad(X)([)) © ad(X)(b) = ad{X){\)) © u 

We just saw that g = ()■*■© u so that ()■*■ 0 u = 0. Hence, we have ()■*■ fl a(i(X)(g) = 
ad{X){\)) and this proves the injectivity. 

(ii) In what follows, we will use heavily the notions dehned at the end of subsection 11.61 
Let X G E'(F). Set gx = Ker{ad{X)) and g^ = Im{ad{X)). Then we have natural 
identiheations (as above) 

TxE'{F)/H{F) = f)^(F)/ad(X)(f)(F)) 

Txg'{F)/G{F) = g{F)/g^{F) 

and the tangent map of Tip at X, that we will denote by lx, is the natural inclusion 
(and this is an isomorphism). Let F{X) G R+ be such that 

^X,* (ht) /fld(X)*p,(,^ T'(X) Pg/P'g-’f 

where pg and PgX are the autodual measures with respect to H(.,.) on g{F) and g^(X) 
respectively. Then Tip sends the measure dfip,i/H{X) to F{X)dX and so we have to 
prove that F{X) = D'^{XY^'^. Fix a Borel subalgebra b of g containing X and let u 
be its nilpotent radical. Then we have g = f)©b, g = lp*-©u and b = gx © u. Let pu 
be the unique measure on u such that 
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(1) /ig = /ij^ (g) /i^ 

Then bv 11.61^ 2) and ll.bf S). we have 


hg ~ hf) ® hu 

But, u-*“ = b and it is easy to see that ® /iu, where /ig^ is the autodual 

measure on Qx{.F). Hence, we have 

(2) hg = hi) ® hgx ® hu 

Let T be the endomorphism of g that is equal to ad{X) on [) © u and to Id on gx- 
Then we have det(T) = det{ad{X)\g/g^) so that |det(T)| = D^{X). Thus, using (2), 
we have the equalities 

T)'^(X)/ig = T*/ig = ad{X)^fii, © /ig^ © ad(X)*/iu 

= (a(i(X)*/i[, © /ig^ © /iu) 

Moreover, we have /ig = /ig^ © /igx (relative to the decomposition g = gx ® 0^)- This 
implies /igX = D^{XY/‘^ad{X)^ii^® (relative to the decomposition g^ = a(i(X)(f))® 
u). From this and (1), we easily deduce that F{X) = D^{Xy/‘^. 

(hi) By proposition 110.2.11 it is sufficient to show that 

A' ^ A'/U{W) 

has the norm descent property. Denote by Aq^ the non-vanishing locus of Qo in A 
(where Qq G F’[g]^ is dehned in subsection IIP.3p . Then we have the following cartesian 
diagram where horizontal maps are open immersions 

-- AQg 

A'/U{W)^^AqJU{W) 

Thus, if we prove that Aq^ —)■ Kq^/U{W) has the norm descent property, we will be 
done. By dehnition of A (cf subsection 110.21) . we have an t/(hF)-equivariant isomor¬ 
phism 


A ~ u(hF) X IT X 
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where the action of U{W) on the right hand side is the product of the adjoint action on 
u(iy), the natural action on W and the trivial action on Denote by (u(hh) x hh)^ 

the open-Zariski subset of \x{W) x W consisting of all pairs (X, w) G \x{W) x W such that 
{w, Xw, X'^w ,...) generates W. Then corresponds via the previous isomorphism 
to (u(lT) X 1D)q X Since U(W) acts trivially on we are reduced to show 

that 


(u(lT) X W)^ (u(lT) X W)JU{W) 

has the norm descent property. Let B be the variety of basis of W and let Polm be the 
variety of monic polynomial P G E[T] of degree m. Consider the action of U{W) on 
Polm X B which is trivial on Polm and given by g.{ei,. ■ ■, Om) = (gsi, ■ ■ ■, g^m) on B. 
The map 


(u(fT) X W)^ Polm X B 
(A, w) {Px, w, Xw ,..., X^-^w) 

is a.U (IT)-equivariant closed immersion. Passing to the quotient, we get a commutative 
diagram 


(u(lT) X W)if - ^Polm X B 

(u(lT) X W)o/U{WY - ^Polm X BlUiW) 

where horizontal maps are closed immersion (since U{W) is reductive). Moreover the 
diagram is cartesian (because all 17(lT)-orbits in B are closed and so the quotient 
separates all orbits). Thus, we are hnally reduced to show that B — B/U{W) has the 
norm descent property. Choosing a particular basis of hP, this amounts to proving that 

GL{W) GL{W)/U{W) 

has the norm descent property. Since this map is GL(hP)-equivariant for the action 
by left translation, by lemma [T.2.2f iL it suffices to show the existence of a nonempty 
Zariski open subset of GL{W)/U{W) over which the previous map has the norm de¬ 
scent property. Choose an orthogonal basis (ei,..., e^) of W and denote by B the 
standard Borel subgroup of GL{W) relative to this basis. Then B fl U{W) = Z is 
the subtorus acting by multiplication by an element of Ker Ne/f on each Cj (so that 
Z ~ (Aer Ne/f')'^)- Denote B x^ U{W) the quotient of i? x U{W) by the Z-action 
given by z.{b,g) = {bz~^,zg). Then the multiplication map 

B XzU{W) -^GL{W) 
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( 6 , g) ^ hg 


is an open immersion. Thus, it suffices to prove that 


B xz U{W) {B xz U{W)) /U{W) = B/Z 

has the norm descent property. Let U be the unipotent radical of B and T the subtorus 
of B stabilizing the lines (ei),. .., (cm). Then the previous map is isomorphic to 

U xiTxz U{W)) -^U X T/Z 

and so we are reduced to prove that T xzU{W) —fTjZ has the norm descent property. 
Let S ~ be the subgroup of elements of Z with eigenvalues ±1 and let 

Ti = be the split part of the torus T = {^RE/F^m)^■ Then we have T = 

Ti Xs Z and thus T Xz U{W) = T* Xs UiyV) and T/Z = Ti/S. So, we need to 
prove that the map R Xs U(W) Ti/S has the norm descent property. For all c G 
Ker S) H^{F, U{W))) let g^ G U{W) such that c, = (T{gc)g-^, for all a G T^. 

Denote by £ the set of all gc (this is a hnite set). Let t G Tj and denote by t its image 
in Ti/S. Assume that t G Im{{Ti Xs U{W)) (F) —)■ Tj/S'(F)). Then the 1-cocycle 
cr G Ti? HG- Co- = G S splits in U{W). So there exists (a unique) gt & £ such 

that Co- = cr{gt)g£^, for all cr G Tj?. Moreover, the element (t,gt) G (Tj Xs U(W)) (F) 
maps to t and we clearly have an inequality 


0'TiXsU(W)it, 9t) < CTTi/sii) 

for all such t. This proves that Rxs U{/W) —)■ R/S has the norm descent property 
and this ends the proof of (iii). ■ 


10.8 The spectral expansion of 

Let us define r(S) to be the subset of r(g) consisting in semi-simple conjugacy classes that 
meet S(F). We equip this subset with the restriction of the measure dehned on r( 0 ). Thus, 
if T{G) is a set of representatives for the G(F)-conjugacy classes of maximal tori in G and 
if for all T G T(G) we denote by t(F)s the subset of elements X G t{F) whose conjugacy 
class belongs to r(S), then we have 



^{X)dX 


for all (p G Cc(r(S)). Recall that in subsection 17.21 we dehned a continuous linear form 
on SscuspidiF)). The purpose of this subsection is to show the following. 
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Theorem 10.8.1 We have 


foT all f G Sscusp(,Q(,P')\ 


jLie(y) _ f D^{Xy/%{X)dX 

ir(s) 


Let / G iSscusp(0(-^))- By proposition 17.2.11 lemma l5.2.2f ii and I1.8r 2). both sides of the 

equality of the theorem are continuous in /. Hence, bv IS.lf l). we may assume that Supp{f)^ 
is compact modulo conjugation (this condition is automatic if F is p-adic). We assume this 
is so henceforth. 

Let us £x a sequence {kn)n^i of functions kn : H{F)\G{F) —)■ [0,1] satisfying the following 
conditions: 

(1) There exist Ci, C 2 >0 such that for all x G H{F)\G{F) and all iV ^ 1, we have: 

(^h\g{x) ^ GiN ^ kn{x) = 1 


kn{x) 7 ^ 0 ^ (Th\g{x) ^ G2N 

(2) If F is p-adic, there exists an open-compact subgroup K' C G{F) such that the function 
K]sf is right-invariant by K' for all ^ 1. 

(3) If F = R, the functions kn are smooth and there exists a positive real number G such 
that 


A 

dt 




|t=o 




for all X G H{F)\G{F), all X G 0 (F) and all N ^ 1. 


Such a sequence of truncation functions is easy to construct. Indeed, pick any sequence 
of measurable functions : H{F)\G{F) —)■ [0,1] that satisfy the condition (1) 

above, let p G G^{G{F)) be any positive function such that / p{g)dg = 1, then the 

Jg(f) 

sequence of functions ^ 1, satisfies the conditions (l)-(3) above. 

Let us now set 

[ f{g-^Xg)aX)dXdg 

Jh{F)\G(F) Jt){F) 

Then, by definition of we have 
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(4) J‘“(/) = hm 4“(/) 

N^oo 

Bv [T0:Tr 2l. we have 

( 5 ) 4 "(/) = / ^Nig) [ fig-^Xg)df^,:iX)dg 

Jh{F)\G{F) d^{F) 

Fix a set T{G) of representatives for the conjugacy classes of maximal tori in G. Recall 
that in snbsection 110.31 we have dehned a G-invariant polynomial fnnction Q on g. For all 
T G T{G), let us denote by t' the principal Zariski-open subset 

t' = {X G t; Q(X) ^ 0} 

and set t(X)' = i'iF) n Then, t(F)' is exactly the subset of elements X G t(F) that 

are conjugated to some element in Fl'(F). Let us £x, for all T G T(G), two maps 

X G t(F)' ^ 7x e G{F) 


X G t(F)' ^ Xs G S'(F) 

such that yj^^Xyx = X^ for all X G t(X)'. Then, by proposition llO.T.IT ii and (ii), we have 


/ f{g-^Xg)df^^{X)= V |hF(G,T)|-W D^{X)F^ f{g-^h-^X^hg)dhdX 

ds(F) T£T{G} X{F)' Jf[{F) 

for all g G G{F). By inserting this expression in (5) and switching two integrals, we get 


4“(/)= E / D°(Xy'G f(g-^Xg)K„,x(g)dgdX 


TeT(G) 




T{F)\G(F) 


for all X ^ 1, where we have set 


FN,x{g) = / KN{'yx^tg)dg 
Jt(f) 


Let us set 


(6) JnW) = / / f(g-'Xg)KxM3)d3, for iV > 1 

Ji{Fy Jt{f)\g{f) 


for all T G T(G), so that 


(7) 4“(/)= E |W'(G.r)r‘4;|(/), toriV>l 

TeTiG) 
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We fix from now on a torus T G T{G). The previous formal manipulation (switch of two 
integrals) will be legitimated by the next lemma proving the absolute convergence of (6). 
But hrst we need to prove the following 

(8) We can choose the maps X G t(-F)' i-)- 'jx and X G t(-F)' t-G Ws such that they 
satisfy inequalities 

« ag(X) + log (2 + |g(X)|-i) 

adlx) « ag(W) + log (2 + |Q(X)|-^) 
for all X G t(F)'. 

By proposition llO.T.lT i) and (hi), we can choose the map X G i^F)' X^, G S'(F) such 

that 


(9) as'(Xs) (jg//G(X) 

for all X G t(-F)'. Moreover, since q'/G is the principal open subset of q/G dehned by Q, we 
have 


(10) <t,vg(A') ~ a,,a{X) + log (2 + |0(A)|-‘) 

for all X G t(-F)'. But, since T is a torus, we have ag/c{X) ~ crg{X) for all X G i{F). The 
hrst inequality of the claim is now a consequence of (9) and (10). On the other hand, by 
ll.2f li and ll.2f 2i. we can choose the map X jx such that 

o'g(7x) -C 

^Qreg (^ e ) 

for all X G i^F)'. Since we have cr^^^giY) UE'iX) for all Y G B'(F), the second inequality 
of the claim follows from the hrst. This ends the proof of (8). 

We will assume from now on that the maps X i-G- yx and X i-G- Xs satisfy the conditions 
of (8). For all e > 0, let us denote by t(F)'[> e] the set of elements X G t(X)' such that 
|g(X)| > e. For all C* > 0, we will denote by 1<g the characteristic function of the set of 
X G q{F) such that crg(X) < G. For all X ^ 1 and all e > 0, we dehne the two following 
expressions which are similar to (7): 

Ji{FY Jt{F)\G{F) 

4:t,.(/)= f D^{Xf/^ I l^,,,^x){g-^Xg)f{g-^Xg)KxA9)dg 

JliFy[>e] Jt{F)\G{F) 
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Let ojt C t(F) be a relatively compact subset such that / is zero on i{F) — lot (recall the 

assumption that Supp{f)^ is compact modulo conjugation). The following lemma proves in 
particular the absolute convergence of (7). 

Lemma 10.8.1 (i) There exist k > 0 such that 

kn,x{9) « ^'log (2 + \Q{X)\-^fa,{g-^Xgf 
for all X G t(F)' fl ut , all N ^ 1 and all g G G{F). 

(ii) There exist /c > 0 such that 


for all N ^ 1. 

(Hi) Forb > 0 large enough, we have 

l4:i(/) - «-.(/) I« 

for all N ^ 1. 

Proof : (i) implies easily (ii) and (iii) bv I1.2f 3) and I1.2f 4). By the property (1) of kn, we 
have an inequality 


(^H\G{g) < N 

for all ^ 1 and all g G G{F) such that K^lg) > 0. It follows that 

( 11 ) aHxahx^t'yx) < Nacig'jaGi'yx) 

for all ^ 1, all X G t(X)', all t G T{F) and all g G G{F) such that Kxi'Jx^tg) > 0. On the 
other hand, since jf^^t'jx £ Gx^{F), for all X G t(F)' and all t G T{F), by corollary 110.5.11 
we have 


(ycilx^t'yx) -C o-/^\g(7x^^7x)o's'(Xs) 

for all X G i{Fy and all t G T{F). Combining this with (8) and (11), and since ut is 
bounded, we get 


(Tcit) NaG{g)\og{2+\Q{X)\ 

for all X ^ 1, all X G t(X)' 0 ut, all t G T{F) and all g G G{F) such that Kxi'Jx^tg) > 0. 
The function kn is nonnegative and bounded above by 1. Hence, it follows from the previous 
inequality and the dehnition of k,n,x that there exists cq > 0 such that 
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KN,x{g) <vol{t eT{F); acit) ^ coNaG{g)\og{2 + \Q{X)\ ^)} 

for all ^ 1, all X G t(-F)' fl ut and all g G G{F). It is easy to see that there exists k > 0 
such that 


vol{t G T(F); acit) ^ M} M’^ 

for all M ^ 1. Hence, we get 

f^N,xig) «iV"log (2+ |Q(X)|-i)Vg(^/)" 

for all X ^ 1, all X G t(F)' fl ojt and all g G G{F). Since the function is invariant by 
left translation by T{F), we may replace g by tg for any t G T{F) in the right hand side of 
the inequality above. By 11.21 1). taking the inhmum over T{F) gives the inequality 

( 12 ) Kx,xig) « (2 + |Q(X)|-1) 

for all X ^ 1, all X G t(X)' Hl/Jt and all g G G{F). Bv ll.2f 2h we have an inequality 

(13) arxcig) « a,{g-^Xg) log (2 + D^{X)-^) 

for all g G G{F) and all X G treg{F). But since the polynomial d'^ divides Q, we also have 

(14) log (2 + D^{X)-^) « log (2 + |g(X)|-i) 

for all X G t(X)' fl ut- The point (i) now follows from the combination of (12), (13) and 

(14), ■ 

We fix for the moment a positive integer 6 > 0 satisfying (iii) of the previous lemma. We 
shall allow b to increase after the proof of the next proposition. 

Set Mt = Zg{At)- It is a Levi subgroup of G. Fix a minimal Levi subgroup of G 

included in Mr, a minimal parabolic subgroup Pmin having M^m as a Levi component and 
K a maximal compact subgroup of G{F) which is special in the p-adic case. We use this 
compact subgroup to dehne the functions Hq for all Q G F{Mmin)- Let be the set 

of roots of Amin in Pmin- Let Y G and define Yp, for P G V{Mmin), by Yp = w.Y 

where w is the only element in the Weyl group W (G, Mmin) such that wPminW~^ = P. 
Then (Yp)p^p(^Mmin) a positive (G, Mmm)-orthogonal set. By the general constructions 
of subsection 11.91 this determines a positive (G, Mr)-orthogonal set (Yp^)p^^p(^Mt)- Tor all 
g G G(F), we define another (G, Mr)-orthogonal set y{g) = {y{g)pT)p^^p(^MT) setting 

y{g)p^ = Yp^-Hp^{g) 

for all Pp G V{Mp) and where Pp denote the parabolic subgroup opposite to Pp with respect 
to Mp. We will need the following 

(15) There exists c > 0 such that for all g G G(F) and Y G Ap^.^ satisfying 
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^ c inf Q:(Y) 

dS^rnin 

the (G, M'r)-orthogonal set 3^(5') is positive. 

For y = {ypj)pT&v(MT) ^ positive (G, M^) -orthogonal set and Q = LUq G y{MT),'we will 
denote by and (resp. tq) the characteristic function in Amt of the sum of Ap and 

of the convex hull of the family iypj,)pj,cQ (resp. the characteristic funtion of A^^ + ^q)- 
Then we have 


(16) Z <^Mx(C.W7-<3(C-J’e) = l 

Q&T{Mt) 


for all C £ Amt- 

For all Y G we dehne a function v(Y,.) on G(F) by 

v{y,g)=[ a^^{HMT{t),y{g))dt 

Jt(f) 


Let us now set 


W-(/)= [ [ l^,,,^^){g-^Xg)f{g-^Xg)v{Y,g)dgdX 

Ji{Fy[>N->>] Jt{f)\g{f) 

for all TV ^ 1 and Y G At, 

y^min 

Proposition 10.8.1 There exist ci,C 2 > 0 such that 

~ JY,T,N-^{f) \ TV ^ 

for all N y 1 and all Y G Af,^.^ that satisfy the following two conditions 

(17) cilog(TV)^ inf a{Y) 

dS^rnin 

(18) sup a{Y) ^ C 2 TV 

dG.^rnin 

Proof : For all TV ^ 1, let us denote by An the subset of (t(F)' fl up) xT{F)\G{F) consisting 
of pairs {X,g) such that |Q(X)| > TV“^ and ag{g~^Xg) < log(TV). Then, we may rewrite 

JnIn-^U) = [ D^{X)y^f{g-^Xg)KNAg)dXdg 

J An 

Jyx.nAJ)^ f D°{Xy/^f(g-'Xg)v{Y,g)dXdg 
J An 
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for all N ^ 1 and all Y G Ap . . Let ci, C 2 be positive real numbers. We will prove that 
the inequality of the proposition is valid for all iV ^ 1 and all Y G that satishes the 

inequalities (17) and (18) as long as ci is large enough and C 2 is small enough. We note the 
following 

(19) We have an inequality crxcid) ^og{N) for all iV ^ 1 and all {X,g) G ^tv- 

Indeed, this follows from I1.2f 2) and the fact that divides Q. In particular, by (15), if 
Cl is sufficiently large, the (G, MT)-family y{g) is positive orthogonal for all iV ^ 1, all 
{X,g) G An and all Y G Ap . that satisfies (17). We will henceforth assume that Ci is at 
least that sufficiently large. Hence, for all Q G we can set 

f4f,x,Qi9)-= / f^Ni'yx^tg)a^^{HMAt)^yi9))TQiHMTit)-yi9)Q)dt 
Jt{f) 

for all N ^ 1, all {X,g) G An and all Y G that satisfies (17). By (16), we have the 

decomposition 


i^n,x{9) — ^ ^^\},x,q{9) 

Q&T{Mt) 

for all N,X,g and Y as before. Obviously the functions nJfXQ invariant by T{F) 

and so we have accordingly a decomposition 

Jn'^,N-<=U) = ^ dx^T^N-bif) 

Q&T{Mt) 

for all 77 ^ 1 and all Y G satisfying (17), where we have set 

Y'tn-^U) = / D°(Xy/^J(g-Ng)K^^_^Jg)dgdX 

JAn 

The proposition will now follows from the two following facts 


(20) If C 2 is sufficiently small, there exists A7i ^ 1 such that 


J 


G,Y 


N,T,N 


-b{f) — ■JY,T,N->>{f) 


for all N y Nq and all Y G Ap^.^ satisfying (18). 

(21) Let Q G Q ^ G. If ci is large enough, then we have an inequality 


tQ,Y 
^ N,T,N 


-.(/) 


< N 


-1 


for all ^ 1 and all Y G Ap ^ satisfying (17). 
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First we prove (20). Obviously, we only need to prove that for C 2 small enough, N large 
enough and Y G satisfying (18), we have 

^v,x,G(fi') = 9 ) 

for all {X,g) G An- Expanding the dehnitions, it is certainly enough to prove that 

( 22 ) y{g)) = l^ KNi^X^g) = 1 

for all {X,g) G An and all t G T{F). We have an inequality 

(j{tg) < sup a{Y) + (Jt\g{9) 

for all Y G all g G G{F) and all t G T{F) satisfying a^^{HMj-it),y{g)) = 1. By (8), 

we have a(7x) log(iV) for all iV ^ 2 and all X G t(F)'[> iV“^] fl up- Combining these 
two facts with (19), we get 

(23) aZ^{HMT{t),y{g)) = 1 ^ < sup a{Y) + log(iV) 

<y.^^rnin 

for all iV ^ 2, all {X,g) G An, all t G T{F) and all Y G Ap^.^. Moreover, by the 
property (1) of kn, there exists Co > 0 such that for all iV ^ 1 and all 7 G G{F) we have 
<7(7) ^ GqN hn{i) = 1- Hence, (22) follows from (23) when C 2 is small enough and N 
large enough and this ends the proof of (20). 

We now move on to the proof of (21). Fix a proper parabolic subgroup Q = LUq G F{Mt) 
and denote hj Q = LUq the opposite parabolic subgroup with respect to L (the only Levi 
component of Q containing Mp). We have the Iwasawa decomposition G{F) = L{F)Uq{F)K 
and for suitable choices of Haar measures we have dg = dldudk. For all iV ^ 1, let Bn be the 
set of quadruple {X,l,u,k) ^ KX' ^ XiXXX)) ^ ^qX) ^ ^ such that {X,luk) G An- 
Then we have 


Jj’^^_,(/) = / D^{XX^f{k-^u-H-^Xluk)KlxQXk)dldudkdX 
’ ’ -JBm 

for all iV > 1 and all Y G At, . We claim the following 
(24) If Cl is large enough, we have 

\Xf,x,QX^) ~ ^ N ^ 

for all N y 1, all (X, /, u, k) G Bn and all Y G Ap^.^ satisfying (17). 

We will postpone the proof of (24) and show how to deduce (21) from it. Assume that ci is 
large enough so that (24) holds. Then we have 
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jQ,Y 

N,T,N 


_,(/)- / D^{Xy/‘^f{k-^u-H-^Xluk)Klj^Qi^k)dldudkdX 


’Bn 


<iV-i 

= AT-i 
< AT-i 




'Biv 


dXdldudk 


An 


D °(. Y )‘-'2 /( s - i . Yj ) 


dXdg 


lt{F) 


JG{X,\f\)dX 


for all iV ^ 1 and Y G Ap . satisfying (17). The last integral above is convergent. Conse¬ 
quently, in order to prove (21), we only need to prove an inequality 


(25) 


I Bn 


D^{XY/^f{k-^u-H-^Xluk)K]^^x,Q{lk)dldudkdX 


< X 


-1 


for all iV ^ 1 and all Y G A'^^.^. Obviously, we have aT\Gi}k) -C aT\Gi}uk) for all I G L{F), 
all u G Uq{F) and all k E K. By (19), it follows that there exists c > 0 such that 
(JT\G{lk) < clog(iV) for all ^ 2 and all (X, /, u, k) G Let us denote, for all X ^ 2, by 
Ctv the set of triples {X,l,k) ^ (t(F)' O (n-r) x (^(-^)\-^(-^)) x K such that |(5(X)| > X“^ 
and aT\G{lk) < clog(X). By what we just said, we have Bn C Cat x Uq{F). Since / is 
strongly cuspidal, we have 


/ D^{XY/^f{k-^u-H-^Xluk)KYx,QYk)dudldkdX = 0 

JcnxUq{F) 

Let us set Vn = {Cn x Uq{F)) \Bn for all N ^ 2. Note that by dehnition of Bn, we have 

(26) ag{k~^u~^l~^Xluk) ^ log(X) 

for all X ^ 2 and all (X, I, u, k) G Fn- From the vanishing of the above integral, we deduce 


(27) / D^{Xf/^f{k-^u-H-^Xluk)KY^x,Q{lk)dldudkdX 


'Bn 




DG{XYFf{k-^u-H-^Xluk)KYx,QYk)dldudkdX 


for all X ^ 2 and all Y G Ap^.^. Obviously, we have h'n,x,q ^ ’^n,x- Using lemma fTO.S.lf i). 
it follows that there exists k > 0 such that 


for all X ^ 2, all (X, I, k) G Cn and all Y G Hence, we see that the integral (27), is 

essentially bounded (in absolute value) by 


245 












D^{Xy/^\f{k-\-H-^Xluk)\dldudkdX 


N’^ [ 

Jvm 

for all iV ^ 2 and all Y G Ap . . But, since / is a Schwartz function, we easily deduce from 
(26) that the last integral above is essentially bounded by N~^~^ for all N ^ 2. This proves 
(25) and ends the proof of (21). 

It remains to prove the crucial point (24). By (19), there exists c > 0 such that for all iV ^ 2 
and all {X,l,u,k) £ up to translating I by an element of T{F), we have a{lul~^) < 
clog(iV) and a{lk) < clog(iV). Since h'm,x,q is left invariant by T{F), it suffices to prove the 
following 


(28) If Cl is sufficiently large, we have 

l^/^,x,Q(ufl') — ^ ^ 

for all iV ^ 2, all X e t(F)'[> iV"^] n ut, all u e Uq{F) and all g e G{F) 
satisfying a{u) < clog(X), a{g) < clog(X) and all Y G Ap^.^ satisfying (17). 

Let N, X, M, g and Y as above. We will prove that the inequality (28) holds provided Ci 
is large enough. First, if ci is large enough, we see by (15) that the (G, M 7 ’)-famihes y{ug) 
and y{g) are positive orthogonal. For g' G G{F), the function o'2[^{.,y{g'))TQ{. — y{g')Q) 
only depends on y{g')pj. for Pp G V{Mt) with Pp C Q and these terms are invariant by left 
translation of g' by Uq{F). Thus, we have 

(^Mri-^yi^gyrgi- - y{ug)Q) = a^^{.,y{g))TQ{. -y{g)Q) 

Remembering the dehnition of deduce that 


\i^n,x,q{u 9) - i4f,x,Qi9)\ ^ / \KNhx^t'^9) - i^hx^t9)\(^MTi^MT{t),y{9)) 

Jt{f) 

-y{9)Q)dt 

By the property (1) of kx, there exists Gi > 0 such that for all t G T{F) we have 

lKx( 7 x^tug) - K{ 7 x^tg) \ 7 ^ 0 ^ a{t) ^Gi{N + a( 7 x) + a{u) + a{g)) 

By the hypothesis made on g, u and X and by ( 8 ), this last condition implies a{t) ^ G 2 N 
for some bigger constant G 2 > Gi. Moreover, there exists G 3 > 0 and A; > 0 such that the 
volume of the subset {t G T{F)] a{t) ^ G 2 N} is bounded by G^N^■ Hence, we will be done 
if we can establish the following 

(29) Provided Ci is sufficiently large, for all t G T{F) satisfying 
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we have 


<’%(f^Mr(t),y(a))TQ{HM^{t) - >>( 9 ) 0 ) = 1 


KxiJx'tug) - Kw(7a''*s)| i N ' 


Fix t G T{F) such that 


a%^{HMAt),yi9))rQ{HMAt) - 3 ^(^/) q ) = 1 

Let LIq be the set of roots of At in Uq and consider it as a subset of = X*{At) < 8 ) R. 
There exist positive constants C 4 and C 5 such that 

(/?, Hurit)) ^ C 4 inf a(Y') - C 5 aG{g'), for all /? G Si 

aGAmin 

for all Y' G Ap^.^, all g' G G{F) and all t G T{F) such that 

a‘^^iHMAt),yi9'))rQ{HMAt)-yW)Q) = 1 

Hence, by the assumptions on g and Y, we have 

(30) (/3,hfM^(f)) ^ (C'4Ci-C'5c)log(iV), forall/?GS+ 

Let e be a positive real number that we will assume sufficiently large in what follows. By 
(30) and the assumption on u, if ci is sufficiently large, we have 

tut-^ G exp {B (0,At-4e)) 

Hence, by ( 8 ) and the assumption on X, if e is sufficiently large, we have 

Jx^tur^jx e exp {b 

Let Ft G V{Mt) be a parabolic subgroup such that ^ A'^x^ (where the bar denotes 

the closure). Recall that = X^ G S'(F). By corollary 110.6.11 and ( 8 ) again, if we 

choose e sufficiently large, we will have 

G H{F)'yx^ exp [B (O, n pt{F)) 7x 

where pi = Lie{Pt). Hence, we may write 'Jx^tut~^'yx = h'jx^y^'lx with h G H{F) and 
Xp E B (0, X"2®) n pi(X). By left invariance of nx by H{F), we will have 

(31) KNyx^tug) = KNyx^e^^tg) 

Since we choose Ft G V{Mt) so that ^ Ap^, there exists C5 > 0 independent of t 

such that t~^ (H(0,1) fl pt(Y)) t C B(0, C 5 ) fl pt(F). Hence, we get 
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t-^Xpt e B (0, cgAT-^") n pt{F) 

It follows by the assumption on g that if e is large enough, we have 

g-H-^XptgeB{0,N-^) 

By the conditions (2) and (3) that we imposed on kn, for e sufficiently large we have 
(In the non-archimedean case) KNi'yx^e^^tg) = nxi'^^tg) 

(In the archimedean case) — ^v(7x^e^^f5f)| ^ N~^~^ 

Combining this with (31), we get, if Ci is large enough, 

(In the non-archimedean case) Kxilx^tug) = Kxi'Jx^tg) 

(In the archimedean case) \KNi'yx^tg) — KNi'yx^tug)\ ^ 

This proves (29) from which the claim (24) follows and this ends the proof of the proposition. 


We are now in position to hnish the proof of theorem 110.8.11 Let us set 

JvMf)^ f D^iXylX f{g-\Xg)v(Y,g)dgdX 

Ji(Fy Jt{f)\g{f) 

for all Y G At, , . Obviously, we can find k > 0 such that 

F^min ' 


5(K,j)«(1 + |K|)Vt\g(9)'= 

for all Y G and all g G G{F). Using [L2f 2L 11.21( 3) and I1.2f 4). it follows that there 
exists e > 0 such that we have 


\jYAf) - JY,T,NAf)\ « 

for all ^ 2 and all Y G AF^ satisfying the inequality (18) of the last proposition. Hence, 
combining this inequality with the last proposition, we see that if we choose b large enough 
we will have 


(32) iJy.Af) - 


for all ^ 2 and all Y G AF^ that satisfies the inequalities (17) and (18) of the last 
proposition. Arthur has computed the functions Y G AF^ v(Y,g) (cf [Al]p.46). More 
precisely, the result is the following: for every g G G{F) the function Y G AF^ u(y, g) 
for U in a certain lattice 77. is a sum of functions of the form q^iY^ g)e^F) where q({-,g) is 
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a polynomial in Y and ( G Hom{TZ^2i'K'K/2m'E). Snch fnnctions are linearly independent, 
and it follows from (32) that we have 

(33) limj“|(/)=/' D°(xy/^ [ f(g-^Xg)q„((,,g)dgdX 

Ji{F)' JT{F)\G{F) 

Moreover, by [Al] (6.6), we have 

qo{0,g) = c'Qv‘^^{g) 

Q&T{Mt) 

where the Cg are certain constant with c'q = 1 and the fnnctions v^^{g) are the one intro- 
dnced in snbsection 11.101 (recall that we hxed a maximal compact snbgronp K that is special 
in the p-adic case). Recall that the factor z/(T) is the quotient between the Haar measure we 
hxed on T{F) and another natural Haar measure on T{F) (cf subsection 11.61) . It is present 
in the formula above because we are using different normalizations of measures than the 
one used by Arthur in [Al]. By dehnition of the weighted orbital integrals J^^(X,.), (33) 
becomes 


4j(/) = (-i)“"T„(r)-‘ c'g/ _-D“(x)‘/vgyA',/)« 


Q&T{Mt) 


t(F)' 


Since / is strongly cuspidal, by lemma 15.2.If i) we have J^^(X,/) = 0 for all X G heg(R) 
and all Q G F{Mt) such that Q ^ G. So hnally we obtain 


hm (/) = {-ir-TuiT) 

N^oo ’ 


-1 


D°(xy/^j°jxj)dx 


/t(F)' 


't(F)' 

D^{xy^^ej{x)dx 


Summing this last equality ove T G T{G), we obtain, by (7) and (4), 

J^^\f)= V |fR(G,T)|"^ / D^{Xf>^eYX)dX 

TeT{G) 


/r(s) 


't(Fy 

D^{xy/^ef{x)dx 


But, by proposition 15. 6. iT i) we have dj = dj. This ends the proof of theorem 110.8.11 
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11 


Geometric expansions and a formula for the multi¬ 
plicity 


11.1 The linear form nigeom 

In this subsection, we define a continuous linear form mgeom on QC{G{F)). This will be the 
main ingredient in the formulation of two of the three theorems of the next section (geometric 
expansion on the group and the formula for the multiplicity). The last theorem (geometric 
expansion on the Lie algebra) will involve the Lie algebra analog of mgeom, which is 

going to be a continuous linear form on SQC{g{F)). 

Before defining the linear forms mgeom and m^H^, this will be done in the next proposition 
below, we need to introduce some spaces of semi-simple conjugacy classes. 

Let X G Hss{F). We are now going to describe the triple H^, ix) where ^x = i\H:^(F)- Up 
to conjugation, we may assume that x G U{W)ss{F). Denote by W'^ and Id' the kernel of 
1 — X in IT and V respectively and by W" the image of 1 — x. We then have the orthogonal 
decompositions W = BT ©■‘■IT" and V = V^S)-^W". Set = U{W^) x Nx (where Nx is the 
centralizer of x in A^), = T(IT;) x U{V'), H” = U{W'f)x and G" = f/(IT")x x u\w'^)x- 

We have natural decompositions 


U{V)x = U{Vi) X U{W';)x, U{W)x = UiW') X U{W^)x and Hx = U{W)x x Nx 


Moreover, we easily check that U(W")x commutes with Nx- Hence, we also have natural 
decompositions 


(1) Gx = G'^x G" and Hx = H'^x H” 

the inclusions Fl^ C Gx being the product of the two inclusions iLj, C G(, and F[” C G". It 
is clear that ^x is trivial on iL", so that we get a decomposition 

{Gx,Hx,^x) = {G’,,K,Q X {G'',H':,1) 

where and the product of triples is obviously defined. Note that the triple 

(G^, ifj., (^j.) coincide with the GGP triple associated to the admissible pair (14', IT^). The 
second triple {G",H”, 1) is also of a particular shape: the group G" is the product of two 
Lf", the inclusion iL" C G" being the diagonal one. We shall call such a triple an Arthur 
triple. Finally, note that although we have assumed x G U(W)ss{F), the decompositions (1) 
still hold for all x G Hss{F) and that they depend on the conjugacy class of x only up to an 
inner automorphism. 

Let us denote, for all x G Hss{F), by T{H), T{Hx), r(G) and r(G 3 ;) the set of semi-simple 
conjugacy classes in H{F), H^^F), G{F) and Gx{F) respectively. We topologize these sets 
as explained in subsection 11.81 We have the following 
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(2) For all x G Hss{F), the natural maps T^H^) —)■ r(Gj;) and —)■ r(G) are 

closed embeddings. Moreover, if hla, C Gx{F) is a sufficiently small G-good open 
neighborhood of x, then the following commutative diagram 

— ^T{Gx)nnx 
r{H) -^r(G) 

is cartesian. 

We see easily using the above descriptions of both Fl^ and Gx that the two maps T{Hx) —)■ 
r(Ga;) and —)■ r(G) are injective. Since these maps are continuous and proper and 

T{Hx), r(Ga;), T{H), r(G) are all Hausdorff and locally compact, it follows that T{Hx) —)■ 
r(Ga,) and T{H) r(G) are indeed closed embeddings. Let hla, C Gx{F) be a G-good 
open neighborhood of x. We show now that the above diagram is cartesian provided hla, 
is sufficiently small. This amounts to proving that ii y E is G(F)-conjugated to an 
element of H{F) then y is Ga;(F’)-conjugated to an element of Hx{F). Let y be such an 
element and let us £x C Gx{F) another G-good open neighborhood of x. In all what 
follows, we will assume that hla; ^ ^'x- Since Gx = Zg{x) (because Gder is simply-connected), 
by definition of a G-good open subset, it suffices to show that if fla, is sufficiently small then 
y is G(F)-conjugated to an element in Hx{F) nhl^,. We easily check that Hx{F) is a H- 
good open neighborhood of x. Hence, the map r(iLa;) -E T{H) is injective and has open 
image. Similarly, the map r(Ga;) flHa; ^ is injective and has open image. Moreover, as 
Ha; runs through the G-good open neighborhoods of x the subsets r(Ga;) n Ha, form a basis 
of open neighborhoods of x in r(G). Hence, since T{H) —)■ r(G) is a closed embedding, the 
subsets T{H) fl (r(Ga;) H Ha,), as Ha; runs through the G-good open neighborhoods of x, form 
a basis of open neighborhoods of x in T{H). It follows that for Ha, sufficiently small we have 
T{H) n (r(Ga;) n Ha;) c T{Hx) n H(, and this implies what we want. 

We now define a subset r(G, H, of T{H) as follows: x G r(G, FT, ^) if and only if H” is an 
anisotropic torus (and hence G" also). By (2), we may also see r(G, H,^) a.s a subset of r(G). 
Remark that r(G, iF, ^) is a subset of Teii{G) that contains 1. We now equip r(G, Ff, ^) with 
a topology, which is not the one induced from its inclusion in r(G), and a measure. For 
this, we need to give a more concrete description of F(G, FF, ^). Consider the following set T 
of subtori of U(W): T G T if and only if there exists a non-degenerate subspace IF" C IF 
such that T is a maximal elliptic subtorus of [/(IF"). For such a torus T, let us denote by 
Tt| the open Zariski subset of elements t E T which are regular in [/(IF") acting without the 
eigenvalue 1 on IF". Then, F(G, FF, ^) is the set of conjugacy classes that meet 

U 

Ter 

Indeed, for all x E T{G,H,^) (identified with one of its representatives in U(W)ss{F)), we 
have FF" G T and x G whereas on the other hand if a; G T^{F) for some T E T_, 
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then H” = T. For T ^ “T, the non-degenerate subspace W" C W such that T is a maximal 
torus of U{W'') is unique (since we have W” = W” for all x G T\^{F)) and we shall denote 
it by hF^. We will also set W{T) for the Weyl group W{U{W!pj,T). Let us now £x a set 
of representatives T for the f/(hF)(F)-conjugacy classes in T. Then, we have a natural 
bijection 


(3) r(G,i/,{)^ U 

Ter 

Indeed, the map that associates to an element of the right hand side its conjugacy class 
is a surjection onto That this map is injective is an easy application of Witt 

theorem. Now, the right hand side of (3) has a natural topology and we transfer it to 
T{G,H,^). Moreover, we equip T{G,H,^) with the unique regular Borel measure such that 


'r(G,rf,5) 


v(x)dx = Y^\W(T)\-MT) 


TeT 



for all (p G Cc{T{G, Recall that v{T) is the only positive factor such that the total 

mass of T{F) for the measure v{T)dt is one. Note that 1 is an atom for this measure whose 
mass is equal to 1 (this corresponds to the contribution of the trivial torus in the formula 
above). 

More generally, for all x G Has{F) we may construct a subset V{Gx-i of r(Ga,) which 

is equipped with its own topology and measure as follows. By (1), we have a decomposition 
r(Ga;) = r(G(,) X r(G"). Since the triple {G'x,H'^,^x) is a GGP triple, the previous con¬ 
struction provides us with a space T{G'x, H'^,^x) of semi-simple conjugacy classes in G'x{F). 
On the other hand, we dehne r(G", H”) to be the image of Vani{,H”) (the set of anisotropic 
conjugacy classes in H'J.{F), cf subsection 11.81) by the natural inclusion C r(G"). In 

subsection 11.81 we already equipped r(G",if") = Tani{H”) with a topology and a measure. 
We now set 


T{Gx,Hx,^x) = r(G;,if;,e) X r(G",iL") 

and we equip this set with the product of the topologies and the product of the measures 
dehned on r(G(,, iLj,, .^j.) and r(G",iL"). Note that T{Gx, Hx,^x) = 0 unless x G G{F)eii 
(because then Tani{H”) = 0). 

We may also dehne a subset H,^) of r(g), again equipped with a topology and a 

measure, as follows. For all X G u(fF)ss(F), we have decompositions 

(4) Gx = G'^xG'^, Hx = H'^xH'^ 

where this time 


G'x = U{W;^)xU{V^), = [/(IF")x X t/(IF")x, = UiW^,) tK X 


X 


H'i = mw'iu 
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for W'x, y'x the kernels of X acting on W and V respectively, W'x the image of X in kk and 
Nx the centralizer of X in N. Again, the decompositions (4) still hold for every X G f)ss(-F) 
and they depend on the conjugacy class of X only up to an inner automorphism. We now 
dehne if, ,^) to be the set of semi-simple conjugacy classes X G r([)) such that H'x 

is an anisotropic torus. The obvious analog of (2) for the Lie algebra allows us to identify 
ii, ,^) with a subset of r( 0 ). Remark that ii, (^) is a subset of that 

contains 0 . Moreover, hxing a set of tori T as before, we have a natural identihcation 

(5) r"'(G,ir.0= □ i,(F)/M.'(r) 

Ter 

where for T G T, ft] denotes the Zariski open subset consisting in elements X G t that are 
regular in u(kT^) and acting without the eigenvalue 0 on By the identihcation (5), 

ii, ,^) inherits a natural topology. Moreover, we equip H,^) with the unique 

regular Borel measure such that 

f ^(XMA' = 5^|iv(r)|-V(r) / ^{x)dx 

Ji{F) 

for all (p G Note that 0 is an atom for this measure whose mass is 1. 

We need now to dehne some determinant functions. Let us set 

A(r) = D^{x)D^ {x)~^ 
for all X G Hss{F). Then, we easily check that 

( 6 ) A(x) = |X(det(l - x)\w^)\ 
for all X G Hss{F). Similarly, we dehne 

A(X) = D^(X)D^(X)-2 
for all X G flss(X) and we have the equality 

(7) A(X) = |X(det(X|H.^))| 

for all X G ()ss(F). Let oj C 0 (F) be a G-excellent open neighborhood of 0. Then, we easily 
check that u fl f)(F) is a ii-excellent open neighborhood of 0 (cf the remark at the end of 
subsection 13.3p . We may thus set 

jE{x)=f{x)Y{x)-^ 

for all X G a; n f)(F). Bv l3.3f l). we have 

(8) j^(X)=A(X)A(e^)-^ 
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for all X G ca n t)ss(-F). Note that is a smooth, positive and hr(F)-invariant fnnction 
on a; n 1)(-F). It actnally extends (not nniqnely althongh) to a smooth, positive and G{F)- 
invariant fnnction on u. This can be seen as follows. We can embed the gronps Hi = U{W) 
and H 2 = U{V) into GGP triples {Gi, Hi,^i) and (G 2 , iC 2 )- Then the fnnction X = 

{Xw,Xv) G a; I—)■ jQ^{XwY^'^jcliXvY^'^ is easily seen to be snch an extension (nsing for 
example the eqnality (8) above). We will always assnme that snch an extension has been 
chosen and we will still denote it by Jq . 

Let X G Hss{F). Then, we dehne 


A^{y) = 

for all y G Hx,ss{F). On the other hand, since the triple {G'^, is a GGP triple, the 

previons constrnction yields a fnnction on We easily check that 

(9) A,(!/) = A°i(»') 

for all y = (»',!/") 6 = H',JF) x H’lJF). 

Let Ga; C Gx{F) be a G-good open neighborhood of x. Then, it is easy to see that Ga, O 
H{F) C H^{F) is a iL-good open neighborhood of x (cf the remark at the end of snbsection 
13.2p . This allow ns to set 


VG,xiy) = Vxiyfvxiy) ^ 
for all ?/ G Ga; 0 H{F). Bv 13.21( 4). we have 

(10) VG,xiy) = ^Ay)A{y)-^ 

for all y E fix ^ H^g^F). Note that rjQ^ is a smooth, positive and iLa;(-^)-invariant fnnction 
on Q^nH^F). It actnally extends (not nniqnely althongh) to a smooth, positive and Gx{F)- 
invariant fnnction on Ga;- We will always still denote by t]q^ snch an extension. 

The dehnitions of the distribntions rrigeom and rrigll^ are contained in the following proposi¬ 
tion 

Proposition 11.1.1 (i) Let 6 G QG{G{F)). Then, for all s E G such that Re{s) > 0 the 

integral 


D^{xY^‘^CB{x)X{xy ^^“^dx 


is absolutely convergent and the limit 


mgeorniO) := lim / D^{xf^‘^ce{x)A{xy ^^‘^dx 

s^0+ Jr{G,H,i) 
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exists. Similarly, for all x G Hss{F) and for all 9^ G QC{Gx{F)), the integral 


/ D^^{yy^^cg^{y)^x{yy 

is absolutely convergent for all s E <C such that Re{s) > 0 and the limit 
m^^geomioy := lim [ 

exists. Moreover, mgeom is a continuous linear form on QC{G{F)) and for all x G 
Hss{F) mx,geom is a continuous linear form on QC{Gx{F)). 

(a) Let X G Hss{F) and let C Gx{F) be a G-good open neighborhood of x and set 
Ll = Off. Then, if is sufficiently small, we have 

^geom(.9^ rnx^geomifj]Q^x) ^ dx,^,^} 

for all 9 G QGc{^). 

(Hi) Let 9 G QGc{g{F)). Then, for all s E C such that Re{s) > 0 the integral 

[ D^{Xy/^cg{X)A{Xy-^/^dX 

is absolutely convergent and the limit 


- lini f D°{Xy/^c,(X)A{Xr'/^dX 

s^0+ JrLie(^G,H,0 

exists. Moreover, rUgH^ is a continuous linear form on QGc{q{F)) that extends con¬ 
tinuously to SQG{q{F)) and we have 

^^Tomidx) = 

for all 9 E SQG{g{F)) and all X E F^ (recall that 9x{X) = 0(A“^X) for all X E 
Qreg{.Fy. 

(iv) Let u C 0 (F) be a G-excellent open neighborhood o/O and set f2 = exp(a;). Then, we 
have 


mgeom{9) = m^y,^{{j(dy/‘^9^) 

for all 9 E QGciyi). 
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Remark: By proposition 14.5.11 l-fi). in the integral defining mgeom{d) above only the con- 
jugacy classes x G r(G, if, such that Gx is quasi-split contribute. This means that we 
could have replace the space r(G,if, by the usually smaller one consisting 

in conjugacy classes x G V{G,H,^) such that Gx is quasi-split. Of course, a similar remark 


{Ox) and 


applies to m.. 


'geom 


Proof: 

(i) We first show the following 

(11) For all 9 G QG{G{F)) and all s G C such that Re{s) > 0, the integral 

mgeom,s{(^) ■= [ D^{xY^‘^Cg{x)A{xy~^^‘^dx 

is absolutely convergent. Moreover, mgeom,s defines a continuous linear form 
on QG{G{F)) (for all Re{s) > 0). 

Indeed, since T(G,H,^) is compact modulo conjugation and the function {D^Y^'^ce is 
locally bounded by a continuous semi-norm on QG{G{F)) (for all 9 G QG{G{F))), it 
is sufficient to show that the integral 



is absolutely convergent for Re{s) > 0. By definition of the measure on r(G, H,^) and 
(6), this is a straightforward application of lemma [B.1.2f ib Similarly, we prove that 

(12) For all x G HgsiF), all 9x G QG{Gx{F)) and all s G C such that Re{s) > 0, 
the integral 

mx,geom,s{^x) ■= [ D^YyY^'^Cg^y)Ax{yY~^^‘^dy 

is absolutely convergent. Moreover, mx^geom,s defines a continuous linear form 
on QG{Gx{F)) (for all Re{s) > 0). 

Assume one moment that the limits 


(13) mgeora{9) = lim m 

geom,s (0) 


'geom 
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and 


(14) 'fT^x,geonnifix) lim ^x,geom,si_^x') 

s^0+ 

exist for all 6 E QC{G{F)), all x E Hss{F) and all 6a; E QC{Gx{F)). Then, by the 
uniform boundedness principle (cf appendix lA.ip . rrigeom and mgeom,x {x E Hss{F)) will 
automatically be continuous linear forms on QG{G{F)) and QG{Gx{F)) respectively. 

Hence, it only remains to show that the limits (13) and (14) always exist. We prove 
this by induction on dim(G') that is we assume that the result is true for all GGP triple 
{G';H',^') with dim(G') < dim(G) (the result is trivial when dim(G) = 1). We start 
by showing the following 

(15) Let X E Hss{F) and assume that x 7 ^ 1. Then the limit (14) exists for all 
Ox E QG{Gx{F)). 

Since Gx = G'^xG", by proposition l4.4. If v) we have QG{Gx{F)) = QG{G'^{F))^pQG{G”{F)). 
By IA.5f 3L it thus suffices to show that the limit (14) exists for all quasi-character dx 
of the form 6x = d'a-® 6” where 6'^ E QG{G'a.{F)) and 6” E QG{G”{F)). Fix such a 
quasi-character. Since T{Gx, Hx,ix) = r(G'^, ^(,) x T{G”,H'J.), using (9) we have 


mx,geomA^x) = [ D^'AyY^^ceAy)^^'Ayy ^^^dyx [ D^'Ayf^‘^ceAy)dy 

for all s G C such that Re{s) > 0. Recall that the triple (G'^, iL(,, ^(,) is a GGP triple. 
For Re{s) > 0, let us denote by mgeom,s the distribution on QG{G'a.{F)) defined the 
same way as mgeom,s but for this GGP triple instead of (G, H,A- Then, the first integral 
above is equal to mgiom,s{6'A■ Since dim(G' 2 ,) < dim(G), the induction hypothesis tells 

G' _i_ 

US that rrigeom,s{6'^) has a limit as s ^ O^and this ends the proof of (15). 

We are now left with proving that the limit (13) exists for all 6 E QG(G(F)). Let us 
hx temporarily x E Hss(F) and Ga, C Gx{F) a G-good open neighborhood of x. Set 
G = We claim the following 

(16) If Ga; is sufficiently small, the restriction of the natural map P(Ga;) —)■ P(G) to 
Ga: G P(Ga;, Fix, A) induces an isomorphism of topological spaces 

G, n P(Ga., Hx, Cx) ^ G n P(G, H, 0 
that preserves measures on both sides. 
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First, note that the restriction of the natural map r(Gj;) —)■ r(G) to hla, n r(Ga,, H^, 
is injective since hlj, is G-good. As a first step towards the proof of (16), we show the 
following 

(17) If is sufficiently small, the image of fla, fl r(G^, in r(G^) is fl 

r(G,ff,0- 

By (2), if hlj, is sufficiently small, every conjugacy class in hi fl r(G,II,^) has a repre¬ 
sentative in hlj, n Hx^ss{.F). Moreover, every conjugacy class in hla, n r(Gj,, Hx, ^x) also 
have a representative in flx(^Hx,ss{F). Let y G Vtx^Hx^ss{F). We need only prove that 
the G(F)-conjugacy class of y belongs to r(G, F[,^) if and only if the Gj,(F)-conjugacy 
class of y belongs to V{Gx, F[x,ix)- Let y' G and y" G H"{F) for the compo¬ 

nents of y relative to the decomposition Hx = H'^ x F[". Since hlj, is a G-good open 
neighborhood of x, we have 


Gy = (Gy), = (Gy),, X (G3„» 

Moreover, we have the decomposition 

{G'x)y = {G% X {G% 

and it follows that 

G, = (Gy),, X [(Gy;, X (Gy,„] 

We easily check that this corresponds to the decomposition Gy = G'y x G", that is 

G; = {G'Jy, and G" = (G^)", x (G"),. 

By dehnition, y belongs to r(G, H,^) if and only if Gy is an anisotropic torus whereas 
y belongs to V{Gx, Flx^ix) if and only if both (G(,)", and (G")^^// are anisotropic tori. 
By the last equality above, these two conditions are equivalent. This ends the proof of 

(17). 

To hnish the proof of (16), it only remains to show that the induced map 

nx n r(G,, Hx, r(G, h, o 

is locally a topological isomorphism that preserves the measures. Let y G fix H 
V{Gxt Hx^ix) and identify it with one of its representative in Hx^ss{F). Set T = G". 
We introduce as before the components y' and y" of y relative to the decomposition 
H. = K X F[”. Then, T is an anisotropic torus and we have a decomposition 
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T = T' X T" 


where T' = {G’J’, and T" = (G'")y/. We have = T{G'^,H'^,Q x 

r(G", H”). By dehnition of the topological structures and measures on both r(G^, 
and T{G", H”), the two maps 

t€T'(F)^ty' er(G'„H^,0 
t g t"(f) ^ ty" e r(G^, ) 

are locally near 1 topological isomorphisms that preserve measures (where we equip 
T'{F) and T"{F) with the unique Haar measures of total mass 1). Hence, the map 

t G T{F) ty E r(Ga;, Fix, ix) 

is also locally near 1 G T{F) a topological isomorphism that preserves measures (again 
equipping T{F) with the Haar measure of total mass 1). On the other hand, by 
dehnition of the topology and the measure on r(G, H, ^), the map 

teT{F)F^tyeT{G,H,0 

has exactly the same property. Hence the map 

o, n r(G,, Hx, ix)^nn r(G, h, o 

is locally near y a topological isomorphism that preserves measures. This ends the 
proof of (16). 

We now deduce from (16) the following 

(18) If Ha; is sufficiently small, for all 6 G QGc{ll), we have the equality 

'^geom,siP^ ^x,geom,si,i,Vx,G^ ^ ^a;,f!a;) 

for all s G C such that Re{s) > 0. 

Let 9 G QGc{Vl). By (16), we have 
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m 



nnr(G,H,^) 


D^{yf/^ce{y)/^{yy ^^^dy 


/ 

Jn 


Qxr\^iGx,H:c,^x) 


D^{yf/^CB{y)/^{yy ^^^dy 


for all s G C such that Re{s) > 0. For all y G f2a;nr(Ga;, Cx), we have D'^{yy^‘^co{y) = 
D^^[yyRc0^ {y) lproposition l4.5.1l lfiv)l and by (10) we also have A(|/) = p^g(|/)“^Aa.(?/). 
The equality (18) follows immediately. 

We can now forget the particular element x G Hss{F) and the G-good open neigh¬ 
borhood VLx of X that we have hxed. The point of (18) is to allow us to show the 
following 

(19) Let 6 G QC{G{F)) and assume that 1 ^ Supp{6). Then, the limit (13) exists. 

Indeed, since T{G,H,^) is a subset of T{H) which is compact modulo conjugation, by 
an invariant partition of unity process, we are immediately reduced to prove (19) for 
9 G QCc{fi) where is of the form for some x G Hss{F) different from 1 and 

some fla; C Gx{F) a G-good open neighborhood of x that we can take as small as we 
want. In particular by (18), if we take fla; sufficiently small, we have 



m, 


'geom,s 


for all Re{s) > 0. By (15), we know that the continuous linear forms mx^geom,s converge 
point-wise to a continuous linear form rrix^geom on QG{Gx{F)) as s —)■ 0. By the uniform 
boundedness principle, it implies that mx^geom,s converges uniformly on compact subsets 
of QG{Gx{F)). In particular, if we can show that the function s yixGY^‘^~^^x,G.x h^is 
a limit in QG{Gx{F)) as s —)■ 0, then we will be done by the above equality. Clearly, 
iVx,Gy^‘^~^ converges to G°°{^lx)^"'- Hence, by proposition I4.4.1f iv). we 

have 



in QGc{fix) and so also in QG{Gx{F)). This ends the proof of (19). 

Let now u C q{F) be a G-excellent open neighborhood of 0 and set = exp(ci;). By 
(19), and since there exists ip G G°°(G(F))'^ such that Supp{ip) C and (p = 1 in a 
neighborhood of 1, we are left with proving 


(20) The limit (13) exists for all 9 G QGc{fi) 
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As a first step towards the proof of (20), we claim the following 


(21) For all 9 G QCc{q{F)) and all s G C such that Re{s) > 0, the integral 

converges absolutely. Moreover, g dehnes, for Re{s) >0, a continuous 

linear form on QCc{q{F)), and we have 

rrig^omA^) = 

for all 9 G QCc(ff) and all s G C such that Re{s) > 0. 

The hrst part of the claim can be proved similarly as (11) using lemma [B.1.2f iii. On 
the other hand, the second part of the claim is proved as (18) once we establish the 
following 

(22) The exponential map induces a topological isomorphism 

a; n r“"(G, hf, 0 - n r(G, h , o 

that preserves measures on both sides. 


Since u C g(F) is a G-excellent open subset, the exponential map induces a bijection 


a;nr(0) ~onr(G) 

Moreover, this bijection restricts to a bijection between cj O ff, and O fl 

r(G,R,^) since for X G a; O r(P)) we have G'^ = G”x- To hnish the proof of (22), 
it only remains to show that this bijection is locally a topological isomorphism that 
preserves measure. Let X G a; Pi r^*®(G, FT, ^) and set T = G"x- Then, we have the 
following commutative diagram 


Y G t(F) I -- X + X G a; n r“^(G, FF, 0 


exp 


exp 


t G T(F) h 


te^ G finr(G,FF,o 


where the maps at the top and on the left are locally near 0 topological isomorphisms 
that preserve measures and the map at the bottom is locally near 1 a topological 
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isomorphism that preserves measures. This shows that the map on the right is locally 
near X a topological isomorphism that preserves measure. This ends the proof of (22) 
and hence of (21). 

Once again, if the limit 


(23) := 

exists for all 9 G QCc{ 5 {F)), then rrigll^ will automatically be a continuous linear form 
on QCc{q{F)) and the linear forms g will converge uniformly on compact subsets 

to rriglom- Hence, by (21) to prove (20), we only need to show the existence of the limit 
(23) for all 6 G QCc{q{F)). As a first step, we show 

(24) For all 9 G QCc{u)) such that 0 ^ Supp{9), the limit (23) exists. 

Let L C ta be a closed invariant neighborhood of 0. Then, it suffices to show that the 
limit (23) exists for all 9 G QCc{uj — L). By (21), we have 

^gTom,si^) = mgeornAUc ° expy-^/^9n) 
for all 9 G QCc(cj) and Re{s) > 0. Hence, it suffices to prove that the limit 

(25) \im mgeomAUc 

s^0+ 

exists for all 9 G QCc{^ — e^). Since is a closed invariant neighborhood of 1 in G{F), 
we already know, by (19), that the limit (13) exists for all 9 G QCc{fi — e^). But, by 
an argument already used, it follows that the linear forms mgeom,s converge uniformly 
on compact subsets of QCd^ — T), hence the limit (25) exists for all 9 G QCd^ — e^). 

We now extend slightly (24) and prove 

(26) For all 9 G QCc{q{F)) such that 0 ^ Supp{9), the limit (23) exists. 

Recall that for 9 G (5C(g(F)) and A G F^, the quasi-character 9x is defined by 9\{X) = 
9{\~^X), X G Qreg{F). Of course, if 0 G QCc{q{F)) is such that 0 ^ Supp{9) then the 
quasi-character 9x has the same property for all A G F^. Moreover, if |A| is sufficiently 
small then 9x G QCc{oj)- Hence, (26) will follow from (24) and the following fact 

(27) Denote by M^, A G F^ the endomorphism of QCc{q{F)) given by 

Mx{9) = There exists a positive integer d > 0 such 
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that for all 9 G QCc{q{F)) and all A G , we have 


mn [{M, - I'fe] = 0 


Let d > 0 be an integer. For all X G iL, ^), let us denote by dx the dimension 

of the torus G'x- By dehnition of the measure on iL, and proposition 14.5.11 

2.(iv), it is easy to see that 

[(Mx - l)‘e] = [ (lAl"*''- - l)'‘D‘^(xy/WX)A(Xr-^/^dX 

for all 9 G QCc{q{F)), all A G F^ and all Re{s) > 0. By this and the dehnition of the 
measure on to establish (27) it is now sufficient to show the following 

(28) For all T G T there exists a positive integer d > 0 such that for all 
9 G QGc{q{F)), we have 

lim [ D^{Xy/^cg{X)A{Xy-^/^dX = 0 

■ 5 ^- 0 + 

The point (28) is a straightforward consequence of lemma IB.1.2f ii) and of the fact 
that for all 9 G QGc{q{F)) the function (D'^Y^'^cg is locally bounded and compactly 
supported modulo conjugation. This ends the proof of (27) and hence of (26). 

We now again improve (26) slightly. More precisely, we prove 

(29) Let 9 G QGc{q{F)) and assume that ce^c>(0) = 0 for all O G Nilregid)- Then, 
the limit (23) exists. 

Choose d so that (27) holds. Fix A G F^ such that |A| Y 1. Let 9 G QGc{q{F)) and 
assume that cg^o{0) = 0 for all O G Nilregio)- Then, by proposition 14.6. ll B we may 
hnd 6*1 G QGc{g{F)) and 6*2 G QGc{g{F)) such that 9 = {M\ — l)'^6*i + 6*2 and 6*2 is 
supported away from 0. Now (29) follows from (26) and (27). 

If G is not quasi-split, then (29) already shows that the limit (23) always exists, ending 
the proof of (i). We assume henceforth that G is quasi-split. Then, G has two regular 
nilpotent orbits G Nilregio)- Let ip G C°°(g(F))‘^ be an invariant smooth 

function that is compactly supported and equals 1 in some neighborhood of 0. Set 
6 *+ = ipj{0+,.) and 6*_ = (pj{0-,.). These are compactly supported quasi-characters 
on g{F) and by (29), it only remains to show that the two limits 


263 








(30) ^lim ^lim 

exist. The quasi-character j(C>+,.) -|-j((9_,.) is induced from a maximal torus of a 
Borel subgroup of G (cf I3.4f 6)). Hence the support of 6*+ -|- 6- intersects Veii{G) only 
at the center of q{F). It follows fror dl.7f 5) that the support of 6*+ -|- 9- intersects 
only at 0. Hence, we have 

(31) "igeom,.(^+) + = C0+(0) + Ce_ (0) = 1 

for all Re{s) > 0. On the other hand, let A G N{E^) — and d as in (27). Then, 
multiplication by A exchange the two orbits 0+ and 0-. It follows that (Mx — 1)^9+ 
coincides near 0 with a nonzero multiple of 9^ — 9-. Hence, by (26) and (27), the limit 

mn - 9_) 

exists. Combining this with (31), this shows that the two limits (30) exists. This ends 
the proof of (i). 

(ii) This follows from (18). 

(hi) We already proved the first part during the proof of (i). For all T G T, let us introduce 
the distribution 


= |M-'(r)r'/ B°(X)‘/%(X)A(A')-'''^AV eegcMF)) 

Jt(F) 

for Re{s) > 0. Again using lemma [B.1.2r iih this integral is absolutely convergent and 
defines a continuous linear form on QCc{q{^))- Moreover, if we follow the proof of (i) 
closely, then we see that it actually works ’’torus by torus” so that the limit 


lim m 

s^0+ 


Lie,T 

geom,s 


(0) 


exists for all 9 G QCc{g{F)) and all T ^T. Since, we have 


Ter 

for all 9 G QCc{q{F)), all A G F^ and all Re{s) > 0, it now easily follows that 


= 1^1 


= \\\^(G)/2^Lie 


^geom 


geom 


{ 0 ) 


for all 9 G QCc{q{F)) and all A G F^. The fact that extends continuously to 

SQC{q{F)) now follows from proposition l4.6.lT iib 


264 










(iv) This follows from (21). ■ 


Let L be a Levi subgroup of G. Then, as in subsection 18.41 we may decompose L as a 
product 

L = L^^ xG 

where is a product of general linear groups over E and G belongs to a GGP triple 
{G,H,^) which is well-dehned up to G(F)-conjugation. In particular, the last proposition 
provides us with a continuous linear form on QG{G{F)). Let us dehne a continuous 

linear form on QG{L{F)) = QG{L^^{F))®pQG{G{F)) by setting 

®0)= m^^^^(9)ceGL{l) 

for all e QG{L^^{F)) and all 6 G QG{G{F)). 

Lemma 11.1.1 Let 6^ G QG{L{F)) and set 6 = Then, we have 

'^geom{d) = '^geomi^ ) 

11.2 Statement of three theorems 

Let us set 


Jgeom(^f') '^geomifif^) fo^ all f ^ C scusp (G(F)) 

^^geomi,'^') ^geom(^7r)) ^ ^ RtempiG^ 

JgeLif) = for all / G SscuspidiF)) 

Recall that in section [7] we have dehned two continuous linear forms J(.) and on 

Cscusp{G{F)) and Sscusp{G{F)) respectively. Recall also that in subsection 16.31 we have 
dehned a multiplicity m{7r) for all tt G Temp{G). We have the following theorems 

Theorem 11.2.1 ITe have 


for all f G Cscusp{G{F)). 


J{f) = Jgeomif) 
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Theorem 11.2.2 We have 



for all 71 G TempiG). 


Theorem 11.2.3 We have 




for all f G . 

The purpose of the next hve subsections is to prove these three theorems. The proof is by 
induction on dim(G') (the case dim(G') = 1 being obvious). Hence, until the end of subsection 
111.71 we assume that theorem 111 .2.11 theorem 111 .2.21 and theorem 111.2.31 hold for all GGP 
triples such that dim(G') < dim(G). 

11.3 Equivalence of theorem 111.2.11 and theorem 111.2.2 

Recall that Rtemp{G) stand for the space of complex virtual tempered representations of 
G{F). In subsection 12.71 we have dehned the subspace Rind{G) of’’properly induced” virtual 
representations and also a set X^iiiG) of virtual representations well-dehned up to multipli¬ 
cation by a scalar of module 1 (the set of elliptic representations). 

Proposition 11.3.1 (i) Let vr G Rind{G). Then, we have 


'geom 


(a) For all f G Cscusp{G{F)), we have the equality 


j{f) = Jgeomif) + D{7l)9f{7l) (m(7r) - mgeom{T^)) 

the sum in the right hand side being absolutely convergent. 



'geom 


(Hi) Theorem \11.2.1\ and theorem \11.2.S\ are equivalent. 

(iv) There exists an unique continuous linear form Jqc on QG{G{F)) such that 


. J(/) = for all f G Cscusp{G{F)); 

• Supp{Jqc) C G{F)m. 


Proof: 
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(i) Let TT G Rind{G). By linearity, we may assume that there exists a proper parabolic 
subgroup Q = LUq of G and a representation a G Temp{L) such that tt = 

Then, as in subsection 18.41 we may decompose L as a product 

L = L^^ xG 

where is a product of general linear groups over E and G belongs to a GGP triple 
{G,H,^). We have accordingly a decomposition 

a = Kl a 

of cr, where G Temp{L^^) and a G Temp{G). By corollary IS.b.lf ih we have 

m(7r) = m(a) 

On the other hand, bv l3.4f 3i and lemma 111.1.11 we have 

Finally, by the induction hypothesis applied to the triple {G,H,^), we have 

m(a) = 

It only remains to see that c^gl (1) = 1. But this follows from proposition 14.8.11 1). since 
every tempered representation of a general linear group admits a Whittaker model. 

(ii) Let / G Cscusp{G{F)). The sum in the right hand side of the identity is absolutely 
convergent by lemma 15.4.21 proposition l4.8.lT iii and l2.7f 2L By theorem 19.1.11 we have 
the equality 

(1) Jif)= [ D{7i)ef{7i)m(w)d7i 

Jx{G) 

= f D{Ti)9f(Ti)m{w)d7i + D{7i)9f(Ti)m(w) 

Since the (virtual) representations in Xind{G) are properly induced, by (i), we have 

m{w) = rrigeomi'^) 

for all 71 G Xind{G). Hence, (1) becomes 
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J{f)= D{7r)ef{n)mgeom{'^)d7r + ^ L)(7r)0/(7r) (m(7r) - mgeom(vr)) 


IX{G) 


vreA’e„(G) 


Finally, by proposition 15.6.iT ii). we have the equality 




IX{G) 


and (ii) follows. 

(hi) It is obvious from (ii) that theorem 111.2.21 implies theorem 111.2.11 For the converse, it 
suffices to use (i), corollary I5.7.1f ivl and 12.7f lb 

(iv) The unicity follows from corollary 15. 7.1 f ib For the existence, it suffices to set 


Jqc{0) = rrigeomiO) + D{7r) {m{7i) - mgeom{T^)) D'^{x)9{x)9^{x)dx 

-k&Xm{G) dr,u{G) 

for all 9 G QC{G{F)). That it defines a continuous linear form follows from corollary 
I5.7.1f iil and (hi), proposition Id.S.lf hl and l2.7l 2b ■ 

11.4 Semi-simple descent and the support of Jqc — mgeom 

Proposition 11.4.1 Let 9 G QC{G{F)) and assume that 1 ^ Supp{9). Then, we have 

Jqc{9^ = Vngeom{9^ 

Proof: Since Jqc and mgeom are both supported in Feii(G), by a partition of unity process, we 
only need to prove the equality of the proposition for 9 G QGc{Ll) where 12 is a completely 
G'(F)-invariant open subset of G{F) of the form 12^ for some x G G{F)eii, x ^ 1, and some 
G-good open neighborhood 12j. C Gx{F) of x. Moreover, we may take as small as we 
want. In particular, we will assume that 12a, is relatively compact modulo conjugation. 

Assume first that x is not conjugated to any element of Hss{F). Then, since F(i7) is closed 
in F(G) fbv II 1.11 21). if 12a; is chosen sufficiently small, we would have 12nF(i7) = 0. In this 
case, both sides of the equality are easily seen to be zero (for all 9 G QGc(12)). 

Assume now that x is conjugated to some element of Hss{F). We may as well assume that 
X G Hss{F). Then, we have the decompositions 

g. = g;xg", g: = h:xh': 

Shrinking Ifa, if necessary, we may assume that 12a; decomposes as a product 
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X ((]" X1]") 

where Q!^ C G'^{F) (resp. f2" C H”[F)) is open and completely G'^(F)-invariant (resp. 
completely if"(F)-invariant). Note that x is elliptic in both G'^ and H'J.. Hence, by corollary 
15.7.H ih shrinking further if necessary, we may assume, and we do, that the linear maps 

f'x ^ Sscusp{^'x) ^ QCci^'x) 


r: e Sscuspi^'') ^ Of. e QG^in'') 

have dense image. Since QGd^) = QC'c(H^)(8)pQCc(H")(8)p(5C'c(f2") fproposition 14.4.iT vH 
and Jqc and rrigeom are continuous linear forms on QGci^t), we only need to prove the equality 
of the proposition for quasi-characters 6 G QGci^t) such that some fx G 

<Sscusp{^x) which further decomposes as a tensor product fx = fx® {fx,i ® f'x, 2 ) where 
f'^ G Sscuspi^'x) and f'fi,fx ,2 ^ ^scuspi^x)- So £x a quasi-character 9 G QGc{^) with this 
property and £x functions fx, fx, f'fi and /"2 as before. 

Consider a map as in proposition 15.7.11 and set f = fx ^ Sscuspi^)- Then, we have 

( 1 ) J(f) = JM) = jje) 

(Note that here Zg{x) = Gx since Gder is simply-connected). Let us denote by the 
continuous linear form on Cscusp{,G'^{F)) associated to the GGP triple {G'^, H'^, . Also, let 

us denote by continuous bilinear form on Cscusp{.H'f.{F)) introduced in subsection 

15.51 (where we replace G by H'f). Recall that we have defined a Hx{F)-mva.na.nt smooth 
and positive function rj^Q on Ha, n Hx{F) = (H(, n H'^{F)) x H". It is easy to see, using the 
formulas Ill.lf Qh Ill.lf lOi and I11.1T 6). that this function factorizes through the projection 
Ha; n Hx{F) —>■ H". We shall identify tj^q with the function it dehnes on H". Let us show 
the following 

(2) If Ha, is sufficiently small, we have J(/) = /", 2 ) 


The intersection Ha, H Hx{F) C Hx{F) is a LT-good open neighborhood of x (cf the remark 
at the end of subsection 13.2p . Moreover, by 111.11 21 if Ha, is sufficiently small, we have 
H n H{F) = (Ha, n Hx{F))^. We henceforth assume Ha, that sufficiently small. Then, by 
I3.2f 5). we have 


( 3 ) Af) = 


'H{F)\G{F) Jh{F) 


^f{h)Ah)dhdg 


'H{F)\G{F) Jh,,(F)\H{F) Jh,,{F) 


Ih{F)\G(F) JH,,{F)\HiF) JH:,{F) 


Vxihx) A{hx)ix{hx)dhxdhdg 

9 x,gAxY^‘^{''^ f)x,nSA)ix{hx)dhxdhdg 
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Assume one moment that the exterior double integral above is absolutely convergent. Then, 
we would have 


Af) = 


'H4F)\G{F) Jh^{F) 


Vx,Gihx)^^‘^{^f)x,n.{hx)^x{hx)dKdg 


'G^{F)\G{F) JH^{F)\G:,iF) JH^(F) 


Vx,Gidx') ^ f)x,Qx{9x dx9x)^x{hx)dhxdgxdg 


Introduce a function a on Gx{F)\G{F) as in proposition 15.7.11 Let g G G{F). Up to 
translating g by an element of Gx{F), we may assume that {^f)x,n^ = <^{g)fx- Then, the 
interior integral above decomposes as 


«(^) 


IH,{F)\G^{F) Jh,{F) 

= a{g) / 


Vx,G^dx^ ^ fxi,9x dx9x^^xi,dx^dhxdgxdg 
f fxi9'x~'hWx)C{h'x)dh'xdg'x 


X 


IH'^{F)\G',{F) JWJF) 

<G{KY^"fxM~"K9l)fUK)dKdg\ 


'H^{F) JH^{F) 


We recognize the two integrals above: the hrst one is J^'^ifx) and the second one is 
f" 2 ) (Note that the center of H"{F) is compact since x is elliptic). By 
proposition IT.l.lf iii and theorem I5.5.1f iii and since the function a is compactly supported, 
this shows that the exterior double integral of the last line of (3) is absolutely convergent. 
Moreover, since we have 


this also proves (2). 


IG^{F)\G(F) 


a{g)dg = 


1 


We assume from now on that fla, is sufficiently small so that (2) holds. By the induction 
hypothesis, we have 


J^Hfx) = ^%JdrY) 

On the other hand, by theorem 15. 5. If iv). we have 

lJx,2)= f 

JraniiH'J) 

(Note that here both and /"2 are strongly cuspidal, hence the terms corresponding to 
r(if") — Vani{,H'Y) vanish). Moreover, it is easy to check that 




JAHKGY^^fx, 


m 


geom,x 


iiv, 


lx 




X 


iiH'J) 


9 x,g 


(y) (y) ^ {y)efj ^ (?/) d|/ 
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Hence, by (1), (2) and proposition II 1.1. iT ii) . we have 


Jqc{0) = j if) = = mgeom{d) 

This ends the proof of the proposition. ■ 


11.5 Descent to the Lie algebra and equivalence of theorem 111.2.1 
and theorem 111.2.31 

Let u C g{F) be a G(F)-excellent open neighborhood of 0 and set = exp(a;). Recall that 
for all quasi-character 9 G QC(g(F)) and all A G , 6 \ denotes the quasi-character given 
by e^X) = e{\-^X) for all X G greg{F). 

Proposition 11.5.1 (i) For all f G Sscuspi^), we have 

Af) = A'‘{(]aFSA 

(ii) There exists a unique continuous linear form on SQC{q{F)) such that 


for all f G SscuspidiF)) . Moreover, we have 

for all 9 G SQC{q{F)) and all A G F^ . 

(Hi) Theorem \11.2.1\ and theorem \11.2.tA are equivalent. 

(iv) Let 9 G SQC{g{F)) and assume that 0 ^ Supp{9). Then, we have 




Proof: 

(i) The intersection Wf, = wfl i){F) C ()(F) is a TT-excellent open neighborhood of 0 (cf the 
remark at the end of subsection I3.3p . Recall that 

for all X G wi,. Hence, bv I3.31 2L we have 
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fig-^hg)ah)dh 


j^{X)f{g-^e^g)aX)dX 


'UF) 


j^{xY/^Ug-^Xg)ax)dx 


for all / G iS(f2) and all g G G{F). The identity of the proposition follows immediately. 


(ii) The nnicity follows from proposition 15.6.iT ii. Let ns prove the existence. Set 


( 1 ) = [ D^{xy^^e{x)dx 

ir(s) 

for all 6 G SQC{q{F)), where r(S) is dehned as in snbsection 110.81 Bv ll.8f 2). the inte¬ 
gral above is absolntely convergent and is a continnons linear form on SQC{q{F)). 
Moreover, by theorem 110.8.11 we have 


for all / G Sscusp{d{X)). This shows the existence. The last claim is easy to check nsing 
the formnla (1). 

(hi) By (i) and proposition 111. l.U iv). it is clear that theorem II 1.2. 31 implies theorem lll.2.11 
Let ns prove the converse. Assnme that theorem 111.2.11 holds. Then by (i) and propo¬ 
sition [TTITII](iv), we have the eqnality 


for all / G Sscusp{<^)- Hence, by proposition IS.O.lf ii. we also have 

Jim = m^YUO) 

for all 9 G QCc{oj). By the homogeneity properties of ci-nd mYelm (cf proposition 
Ill.l.lf iiiH. this last eqnality extends to QCc{q{F)). By the density of QCc{q{F)) in 
SQC{q{F)) flemma l4.2.2f vH. this identity is even trne for all 9 G SQC{q{F)). This 
implies theorem 111.2.31 

(iv) First, we show that we may assnme 9 G QCc{q{F)). By lemma H:.2.2f vi. we may hnd 
a seqnence {9n)n^i in QCc{,q{,F)) snch that 

lim 9n = 9 

in SQC{q{F)). Let (p G be an invariant compactly snpported modnlo 

conjngation fnnction which is eqnal to 1 in a neighborhood of 0 and snch that {l — ip)9 = 
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6. By lemma H.2.2r iv) and the closed graph theorem, multiplication by (1 — (p) induces 
a continuous endomorphism of SQC{g{F)). Hence, we have 


lim (1 — (p)9n = 9 

n—^oo 

and each of the quasi-characters {1 — ip)9n, n ^ 1, is supported away from 0. By 
continuity of the linear forms and this shows that we may assume that 

9 G QCc{q{F)). By the homogeneity properties of and rrigl^ (cf proposition 
lll.l.lf iiii). we may even assume that Supp{9) C oj. Finally, using proposition 15.6. If ih 
we only need to prove the equality for 6* = 9f where / G Sgcuspi^)- If is then a 
consequence of (i) and proposition lll.l.lf ivh ■ 

11.6 A first approximation of 

Proposition 11.6.1 There exists a constant c G C such that 

- m^^romiO) = c.coiO) 

for all9e SQC{q{F)). 


Proof: We hrst prove the following weaker result 

(1) There exists constants cq, O G Nilregio), such that 

4“(«) - = E 

OSNilreg (fl) 

for all 9 G ^QC'(g(F)). 


Let 9 G SQC{q{F)) be such that co^oi^) = 0 ^ ^ Nilregid)- We want to show 

that Jqf^{9) = rn^llm{9). Let A G be such that |A| 7 ^ 1. Denote by Mx the operator 
on SQC{g{F)) given by Mx9 = Then by proposition I4.6.1f i). we may hnd 

01,02 G SQC{q{F)) such that 0 = {Mx — l)0i -|- 02 and 02 is supported away from 0. 
Then, by proposition lll.b.llf iv). we have J^*®(02) = On the other hand, by the 

homogeneity property of and rUgll^ (cf proposition lll.S.lT iii and proposition dTTTTTfiii)), 

we also have Jfff^{{Mx — l)0i) = — l)0i) = 0- This proves (1). 


To ends the proof of the proposition, it remains to show that the coefficients co, for O G 
Nilreg{Q)-i are all equal. If G is not quasi-split, there is nothing to prove. Assume now 
that G is quasi-split. Then G has two nilpotent orbits and multiplication by any element 
A G F^ — N{E^) exchanges the two orbits. The results now follows from [L7f 5l and the 
homogeneity property of and ■ 
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11.7 End of the proof 

By proposition 111.S.TT iii). proposition [ILSlUii) and (iii), in order to finish the proof of theo¬ 
rem 111.2.11 theorem 111.2.21 and theorem 111.2.31 it only remains to show that the coefficients 
c of proposition 1 11.6 .T] is zero. If G is not quasi-split there is nothing to prove. Assume now 
that G is quasi-split. Fix a Borel subgroup B <Z G and a maximal torus Tq^ C B (both 
defined over F). Denote by rgd(0) the subset of r(g) consisting in the conjugacy classes 
that meet tqd{F). Recall that in subsection I1U.81 we have defined a subset r(S) C r(g). It 
consists in the semi-simple conjugacy classes that meets the affine subspace S(F) C q{F) 
defined in subsection 110.11 We claim that 


(1) r„(0)cr(E) 


Up to G(F)-conjugation, we may assume that R is a good Borel subgroup (cf subsection 
16. 4p . Then, we have 1) © b = g and it follows that 


(2) fi^®u = g 

where u denotes the nilpotent radical of b. Recall that S = S + !)-*■. From (2), we easily 
deduce that the restriction of the natural projection b —)■ to S fl b induces an affine 
isomorphism S fl b ~ and this clearly implies (1). 

Let 9o G G^{tqd,reg{F)) be IU(G, Tq(i)-invariant and such that 


(3) [ D^{xyFeo{x)dx ^ 0 

Jiqd{F) 

We may extend 9q to a smooth invariant function on Q^f.g{F)i still denoted by 6*o, which is 
zero outside iqd,reg{F)'^. Obviously, 9q is a compactly supported quasi-character. Consider 
its Fourier transform 9 = 9q. By proposition Id.l.ll iiil. lemma I4.2.2f iiij and Id.df S). 9 is 
supported in Fqd(g)- Since Fgrf(g) fl F(G, H) = {1}, by definition of we have 


= ©( 0 ) 

On the other hand, by proposition l4.1.lT iii). Iemma l4.2.2r iiij and proposition I4.5.1l 2fv). we 
have 


(4) ©(0)=/ D^{X)F^9o{X)c-.,^JO)dX= [ {X)F^9o{X)dX 

’ Jr,a(s) 

By definition of and (1), this last term is also equal to Jqc^{9). Hence, we have Jqc^{9) = 
Combining (3) with (4), we see that C6i(0) ^ 0 and it follows that the constant c 
of proposition 111.6.11 is zero. ■ 
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12 An application to the Gan-Gross-Prasad conjecture 

In this whole section, we fix, as we did in sections [6] to [TTl an admissible pair of hermitian 
spaces iy^W) and we denote by the corresponding GGP triple but we now make 

the following additional assumption 

G and H are quasi-split 


12.1 Strongly stable conjugacy classes, transfer between pure in¬ 
ner forms and the Kottwitz sign 

In this subsection, we recall some definitions and facts that will be needed later. These 
considerations are general and we can forget about the GGP triple that we fixed. So, 
let G be any connected reductive group defined over F. Recall that two regular elements 
x,y G Greg{F) are said to be stably conjugate if there exists g G G{F) such that y = gxg~^ 
and g~^cr{g) G G^ for all cr G P^ = Gal{F/F). We will need to extend this definition to 
more general semi-simple elements. The usual notion of stable conjugacy for semi-simple 
elements (cf for example [Kottl]) is too weak for our purpose. The definition that we will 
adopt is as follows. We will say that two semi-simple elements x,y ^ Gss{F) are strongly 
stably conjugated and we will write 


^ ^stab y 

if there exists g G G{F) such that y = gxg~^ and the isomorphism Ad{g) ■. G^ — Gy is 
defined over F. This last condition has the following concrete interpretation: it means that 
the 1-cocycle a G P ^ g~^a{g) takes its values in Z{Gx) the center of G^ (this is because 

Z{Gx) coincide with the centralizer of G^ in Zg{x) since G^ contains a maximal torus of G 
which is its own centralizer). Moreover, for x G Gss{F) the set of G(F)-conjugacy classes 
inside the strong stable conjugacy class of x is easily seen to be in natural bijection with 

Im {H\F, Z{Gy ^ H\F, Zcix))) G Ker {H\F, Zg{x)) ^ H\F, G)) 

We now recall the notion of pure inner forms. A pure inner form for G is defined formally 
as a triple {G'y^c) where 

• G' is a connected reductive group defined over F; 

• 'ip : G^ ~ G'-p is an isomorphism defined over F ; 

• c ■. a & VF ^ Ca & G{F) is a 1-cocycle such that = Ad{c„) for all a G P p- 

There is a natural notion of isomorphism between pure inner forms the equivalence classes 
of which are naturally in bijection with H^{F,G) (the isomorphism class of {G','ip,c) being 
parametrized by the image of c in H^{F,G)). Moreover, inside an equivalence class of pure 
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inner forms {G'^'ip^c), the group G' is well-defined up to G"(F)-conjugacy. We will always 
assume fixed for all a G H^{F, G) a pure inner form in the class of a that we will denote by 
{Ga, t/’o, Co) or simply by G^ if no confusion arises. 

Let {G',ip,c) be a pure inner form of G. Then, we will say that two semi-simple elements 
X G Gss{F) and y G G'gg{F) are strongly stably conjugated and we will write 

^ stab y 

(this extends the previous notation) if there exists g G G{F) such that y = 'ip{gxg~^) and 
the isomorphism ip o Ad{g) : G^ — Gy is dehned over F. Again, the last condition has an 
interpretation in terms of cohomological classes: it means that the 1-cocycle cr G Ti? i—)■ 
g~^Ca(x{g) takes its values in Z{Gx)- For x G Gss{F) the set of semi-simple conjugacy classes 
in G'{F) that are strongly stably conjugated to x is naturally in bijection with 

Im {H\F,Z{Gx)) ^ H\F,Zg{x))) np-\a) 

where a G H^{F, G) parametrizes the equivalence class of the pure inner form [G', ip, c) and 
Px denotes the natural map H^{F, Zg(x)) —)■ H^{F, G). We will need the following fact 

(1) Let y G G'gg{F) and assume that G and G'y are both quasi-split. Then, the set 

{x G Gss{F); X r^stab y} 

is non-empty. 

Since G'y is quasi-split, we can £x a Borel subgroup By of G'y and a maximal torus Ty C By 
both defined over F. Consider the embedding l = ip^rjt : G^. Since ip is an inner 

form, it is easy to see that for all cr G T^t’ the embedding is conjugated to i. As G is 
quasi-split, by a result of Kottwitz (corollary 2.2 of [Kottl]), there exists g G G{F) such that 
Ad{g) o t is defined over F. Set x = gi{y)g~^ = g'ip~^{y)g~^ and Tx = gi{Ty)g~^. We claim 
that X and y are strongly stably conjugated. To see this, we first note that the 1-cocycle 
a G TiT’ I—)■ g~^c„a{g) takes its values in Tx (as Ad{g) o is defined over F). Hence, we only 
need to show that the map H^{F, Z(Gx)) —)■ H^{F,Tx) is surjective or what amounts to the 
same that the map H^{F, Z{G'y)) —)■ H^{F,Ty) is surjective. Denote by A the set of simple 
roots of Ty in By (a priori these roots are not defined over F but T p acts on them). We have 
the equality 


.Y±(r„/Z(G,)) = 0Za 

qSA 

and the Galois action on X^{Ty/Z{Gy)) permutes the basis A. It follows that the torus 
Ty/Z{Gy) is a finite product of tori of the form RpypGm where F' is a finite extension of F 
and Rp'/p denotes the functor of restriction of scalars. In particular, by Hilbert 90 the group 
H^{F,Ty/Z{Gy)) is trivial and it immediately follows that the morphism H^{F,Z{G'y)) —)■ 
H^{F,Ty) is surjective. 
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We continue to consider a pure inner form {G', ^|J, c) of G. We say of a quasi-character 9 on 
G{F) that it is stable if for all regular elements x,y E Greg{F) that are stably conjugated we 
have 9{x) = 0{y). Let 9 and 9' be stable quasi-characters on G{F) and G'{F) respectively 
and assume moreover that G is quasi-split. Then, we say that 9' is a transfer of 9 if for all 
regular points x G Greg{F) and y G G'j.^g{F) that are stably conjugated we have 9'{y) = 9{x). 
Note that if 9' is a transfer of 9 the quasi-character 9' is entirely determined by 9 (this is 
because every regular elements in G'{F) is stably conjugated to some element of G{F) for 
example by the point (1) above). We will need the following 

(2) Let 9 and 9' be stable quasi-characters on G{F) and G'{F) respectively and assume 
that 9' is a transfer of 9. Then, for all x G Gss{F) and y G G'^^^F) that are 

strongly 

stably conjugated we have 


ceiy) = cg(x) 

Let X G Gss{F) and y G G'gg{F) be two strongly stably conjugated semi-simple elements. 
Choose g G G{F) such that y = 'ip{gxg~^) and the isomorphism 'ip o Ad{g) : Gx — Gy is 
dehned over F. We will denote by l this isomorphism. If Gx and G'y are not quasi-split 
there is nothing to prove since by proposition 14.5.If ii both sides of the equality we want to 
establish are equal to zero. Assume now that the groups Gx, G'y are quasi-split. Let Bx be a 
Borel subgroup of Gx and Tx G Bxhe a maximal torus, both dehned over F. Set By = i{Bx) 
and Ty = i{Tx). Then, By is a Borel subgroup of G'y and Ty G By is a maximal torus. By 
proposition 14.5. iT ii). we have 

D^{xY/\g{x) = \W{Gx,Tx)\-^ lim D^{x'YN{x') 

x'&T^(F)^x 

and 

y'&Ty{F)^y 

= |lV(G;,r„)r' lim 

x'&Tx:{F)^X 

For all x' G Tx{F) n Greg{F), the elements x' and l{x') are stably conjugated. Hence, since 
9' is a transfer of 9, we have 9'{l{x')) = 9(x') for all x' G Tx{F) n Greg{F). On the other 
hand, we also have D'^{x) = D'^'{y), \W{Gx,Tx)\ = \W{G'y,Ty)\ and D'^' {l{x')) = D'^{x') 
for all x' G Tx{F) fl Greg{F). Consequently, the two formulas above imply the equality 
ceiy) = cg{x). 

Let us assume henceforth that G is quasi-split. Following Kottwitz ([Kott2]), we may as¬ 
sociate to any class of pure inner form a G F[^{F,G) a sign e{Ga) (as the notation sug¬ 
gests, this sign actually only depends on the isomorphism class of the group Go)- Let 
Br 2 {F) = H‘^{F, {±1}) = {±1} be the 2-torsion subgroup of the Bauer group of F. The 
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sign e{Ga) will more naturally be an element of Br 2 {F). To define it, we need to introduce 
a canonical algebraic central extension 


(3) 

of G by {±1}. Recall that a quasi-split connected group over F is classified up to conjugation 
by its (canonical) based root datum 'l/o(G) = {Xq, Aq, Xq, Aq) together with the natural 
action of T^ on \['o(G). For any Borel pair {B,T) of G that is dehned over F, we have a 
canonical F^T’-equivariant isomorphism 'l/o(G) ~ {X*{T),A{T,B),X^,{T),A{T,By) where 
A{T,B) C X*{T) denotes the set of simple roots of T in R and A{T, By C X*(T) denotes 
the corresponding sets of simple coroots. Fix such a Borel pair and set 

P = l E «eX*(T)®Q 

aeR{G,T) 

for the half sum of the roots of T in B. The image of p in Xq 0 Q doesn’t depend on the 
particular Borel pair {B,T) chosen and we shall still denote by p this image. Consider now 
the following based root datum 


(4) (Xg,Ag,X^,A^) 

where Xq = Xq + Zip C Xq 0 Q and Xq = {A'^ G Xy (A'^,p) G Z}. Note that we have 
Ag C Xq since {oAi p) = 1 for all a'^ G A^. The based root datum (4), with its natural 
FiT-action, is the based root datum of a unique quasi-split grcmp Gq over F well-dehned 
up to conjugacy. Moreover, we have a natural central isogeny Go G, well-dehned up to 
G(F’)-conjugacy, whose kernel is either trivial or {±1} (depending on whether p belongs to 
Xq or not). If the kernel is {±1}, we set G = Gq otherwise we simply set G = G x {±1}. In 
any case, we obtain a short exact sequence like (3) well-dehned up to G(F)-conjugacy. The 
last term of the long exact sequence associated to (3) yields a canonical map 

(5) H\F, G) ^ H^{F, {±1}) = Br^iF) ~ {±1} 

We now dehne the sign e(Ga), for a G H^{F, G), simply to be the image of a by this map. 
We will need the following fact 

(6) Let T be a (not necessarily maximal) subtorus of G. Then, the composite of 
(5) with the natural map H^{F,T) H^{F,G) gives a group morphism 

H^{F,T) —)■ Br 2 {F). Moreover, if T is anisotropic this morphism is surjective if 
and only if the inverse image T of T in G is a torus (i.e. is connected). 

The hrst part is obvious since the map H^{F,T) —)■ Br 2 {F) = H^{F, {±1}) is a connecting 
map of the long exact sequence associated to the short exact sequence 

(7) 
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of algebraic abelian groups. To see why the second part of the claim is true, we first note 
that if T is not a torus then the short exact sequence (7) splits so that the connecting map 
H^{F,T) —)■ {±1}) is trivial. On the other hand, if T is a torus and T is anisotropic 

then T is also anisotropic. From the long exact sequence associated to (7), we can extract 
the following short exact sequence 

H\F,T) H^{F,{±1}) H^{F,f) 

But, by Tate-Nakayama we have H‘^{F, T) = 0 and it immediately follows that the morphism 
H^{F,T) —)■ H'^{F, {±1}) is surjective. 

12.2 Pure inner forms of a GGP triple 

Let B be a hermitian space. We have the following explicit description of the pure inner forms 
of U(y). The cohomology set H^{F,U{V)) naturally classihes the isomorphism classes of 
hermitian spaces of the same dimension as V. Let a G H^{F, U{V)) and choose a hermitian 
space Va in the isomorphism class corresponding to a. Set Vp = V®pF and V^p = Va®FF. 
Fix an isomorphism — V^;p of i7-hermitian spaces. Then, the triple {U(ya),'ipa,Ca), 

where 'ipa is the isomorphism UiV)^ ~ Uiya)^? given by = (t>a ° 9 ° and Cq, is 

the 1-cocycle given by a G F^r i-G- <p~^'^<pa, is a pure inner form of U(y) in the class of a. 

Moreover, the 2-cover U{V) of U{V) that has been dehned in general at the end of the 
previous subsection admits the following explicit description: 

• If dim(B) is odd, then UiV) = U{V) x {±1}; 

• If dim(I/) is even then U{V) = {{g,z) G U{V) x KerNp/F] det( 5 f) = z'^}. 

We now return to the GGP triple {G, H, that we have hxed. Recall that this GGP triple 
comes from an admissible pair (V, IF) of hermitian spaces and that we are assuming in 
this whole section that the groups G and H are quasi-split. Let a G H^{F,H). We are 
going to associate to a a new GGP triple {Ga, Ha,^a) well-dehned up to conjugacy. Since 
H^{F,H) = H^{F,U{W)), to the cohomology class a corresponds an isomorphism class 
of hermitian spaces of the same dimension as IF. Let IFq, be a hermitian space in this 
isomorphism class and set IF = IFq, ©■*■ Z (recall that Z is the orthogonal of IF in V). 
Then, the pair (IF, IFq) is easily seen to be admissible and hence there is a GGP triple 
(Gq, TLq, G) associated to it. Of course, this GGP triple is well-dehned up to conjugacy. We 
call such a GGP triple a pure inner form of {G,H,^). By dehnition, these pure inner forms 
are parametrized by H^{F,H). Note that for all a G H^{F,H), G^ is a pure inner form 
of G in the class corresponding to the image of a in H^{F,G) and that the natural map 
H^{F,H) H^{F,G) is injective. 
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12.3 The local Langlands correspondence 

In this subsection, we recall the local Langlands correspondence in a form that will be 
suitable for us. Let G be a quasi-split connected reductive group over F and denotes by 
= G(C) XI Wp its Langlands dual, where Wp denotes the Weil group of F. Recall that 
a Langlands parameter for G is a homomorphism from the group 


, _ f Wp X S'L2(C) if F is p — adic 

[Wp if F = R 

to ^G satisfying the usual conditions of continuity, semi-simplicity, algebraicity and com¬ 
patibility with the projection ^G — )• Wp. A Langlands parameter p is said to be tempered 
if LpiWp) is bounded. By the hypothetical local Langlands correspondence, a tempered 
Langlands parameter p for G should gives rise to a finite set n‘^((p), called a L-packet, of 
(isomorphism classes of) tempered representations of G(F). Actually, such a parameter p 
should also give rise to tempered L-packets C Temp{Ga) for all a G H^{F,G) (we 

warn the reader that in this formulation of the local Langlands correspondence, some of 
the L-packets 11*^“(<p) may be empty). These families of L-packets should of course satisfy 
some conditions. Among them, we expect the following properties to hold for all tempered 
Langlands parameter ip of G: 


(STAB) For all a G H^{F,G), the character 


is stable 


9 


a,(p — 


((f) 


For a = 1 G H^{F, G), in which case G^ = G, we shall simply set 9^ = 9i^^. 

(TRANS) For all a G H^{F, G), the stable character 9a^^ is the transfer of e{Ga)9^p 
where e{Ga) is the Kottwitz sign whose definition has been recalled in 
subsection 112.11 


(WHITT) For every O G NUj-egio), there exists exactly one representation in the 
L-packet n'^((p) admitting a Whittaker model of type O. 

(cf subsection 14.81 for the bijection between Nilregio) and the set of types of Whittaker 
models). 

Remark that these conditions are far from characterizing the compositions of the L-packets 
uniquely. However, by the linear independence of characters, conditions (STAB) and (TRANS) 
uniquely characterize the L-packets n‘^“((p), a G H^{F,G), in terms of n‘^(<p). 

When F = R, the local Langlands correspondence has been constructed by Langlands himself 
by packaging differently previous results of Harish-Chandra ([Lan]). This correspondence 
indeed satishes the three conditions stated above. That (STAB) and (TRANS) hold is a 
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consequence of early work of Shelstad (cf lemma 5.2 and theorem 6.3 of [She]). The property 
(WHITT) for is part, follows from results of Kostant (theorem 6.7.2 of [Kost]) and Vogan 
(theorem 6.2 of [Vog]). 

When F is p-adic, the local Langlands correspondence is known in a variety of cases. In 
particular, for unitary groups, which are our main concern, the existence of the Langlands 
correspondence is now fully established thanks to Mok ([Mok]) and Kaletha-Minguez-Shin- 
White ([KMSW]) both building up on previous work of Arthur who dealt with orthogonal 
and symplectic groups ([A7]). 


12.4 The theorem 

Recall that we hxed a GGP triple (G, with the requirement that G and H be quasi-split. 
Also, we have dehned in subsection 112.2l the pure inner forms (G^, Ha, Ca) of (G, H,^). These 
are also GGP triples, they are parametrized by H^{F, H) and Gq, is a pure inner form of G 
corresponding to the image of a in H^{F, G) via the natural map H^{F, H) —)■ H^{F, G). 

As we said, the local Langlands correspondence, in the form we stated it, is known for unitary 
groups. It is a fortiori known for product of two such groups and hence for G. 

The purpose of this section is to show the following theorem. It has already been shown 
in [Beni] (theoreme 18.4.1) in the p-adic case. The proof we present here is essentially the 
same as the one given in [Beni] (which itself follows closely the proof of theoreme 13.3 of 
[Wal]) but here we are treating both the p-adic and the real case at the same time and it 
requires more care since in the real case there are usually far more pure inner forms to keep 
track of (in the p-adic case there are only two unless dim(IP) = 0). 


Theorem 12.4.1 Let (p he a tempered Langlands parameter for G. Then, there exists an 
unique representation tt in the disjoint union of L-packets 


such that m{n) = 1. 




12.5 Stable conjugacy classes inside T{G,H) 

Recall that in subsection lll.il we have dehned a set r(G, H) of semi-simple conjugacy classes 
in G{F). It consists in the G(F)-conjugacy classes of elements x G U{W)ss{F) such that 

T. = G(H^'). 

is an anisotropic torus (where we recall that W'f denotes the image of x — 1 in W). Two ele¬ 
ments x,x' G U(W)ss{F) are G(F)-conjugated if and only if they are G(IP)(F)-conjugated 
and moreover if it is so, any element g G U{W){F) conjugating x to x' induces an isomor¬ 
phism 


281 






Moreover, this isomorphism depends on the choice of g only up to an inner automorphism. 
From this it follows that any conjugacy class x G T{G,H) determines the anisotropic torus 
Tx up to an unique isomorphism so that we can speak of ’’the torus” associated to x. 

These considerations of course apply verbatim to the pure inner forms {Ga, Ha,^a), « £ 
H^{F, H), of the GGP triple {G, H,^) that were introduced in subsection 112.21 In particular, 
for all a G we have a set T{Ga,Ha) of semi-simple conjugacy classes in Ga{F) 

and to any y G r(Ga, Ha) is associated an anisotropic torus Ty. 

Proposition 12.5.1 (i) Let a G H^{F,H) and let y G T{Ga^Ha) he such that Ga,y is 

quasi-split. Then, the set 


{x eT{G,H); X r^stab y} 


is non-empty. 

(a) Let a G H^{F,H), x G T{G,H) and y G T{Ga,Ha) be such that x ^stab V- Choose 
g G Ga{F) such that g'il^a{.x)g~^ = y and Ad{g) o 'ipa ■ G^ — Gy is defined over F. 
Then, Ad{g) o ipa restricts to an isomorphism 

T ^ T 


that is independent of the choice of g. 

(Hi) Let X G T{G,H). Then, for all a G H^{F,H) there exists a natural bijection between 
the set 


{y ^ r(GQ,, Ha), X '^stab 1/} 


and the set 


Qx\(^) 

where Qx denotes the natural map H^{F,Tx) —)■ H^{F,G). 

(iv) Let X G V{G,H), x 1. Then, the composition of the map a G H^{F,G) i— )■ e(Ga) G 
Br 2 {F) with the natural map H^{F,Tx) —)■ H^{F,G) gives a surjective morphism of 
groups H^{F,Tx) Br 2 {F). 
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Proof: For all a G H^{F,H) = H^{F,U{W)), let us fix a hermitian space of the same 
dimension as W and in the isomorphism class dehned by a. Set = Wa ©■*■ Z. Then, we 
may assume that Ga = U{Wa) xU{Va). Moreover, we may also £x the other parts of the data 
{Ga,iJaiCa) of a pure inner form of G in the class of a as follows. Choose an isomorphism 
0^ • of hermitian spaces, where we have set as usual = W F and 

f^aF = ®F F, and extend it to an isomorphism 0^ : Vjr ~ l/,;p that is the identity on 
Z^. Then, we may take ijja to be the isomorphism 


G-p = X f/(VV) x U(V^j,] 


given by 


i9w,9v) ^ ° 9w ° (K) 

and we may take the 1-cocycle Cq to be given by 

aerp^ e U(Wf) X U(Vp) = Gp 

Remark that if we do so, then the isomorphism sends Ff-p onto p. 

(i) Let y G V{Ga,Ha) and assume that Ga,y is quasi-split. Identify y with one of its 
representatives in U{Wa)- Writing the decomposition ITLlT ll for Ga,y, we have 


py _ py/ 
'^a,y — '^a,y 


X G 


n 

a,y 


where 


G'^,y = f/(0 X G';, = U{w:)y X umy 

where is the kernel of y — 1 in Wa, = W'a © Z and IT" is the image of ?/ — 1 in 
ITq,. By dehnition of r(Ga, Ha), Ty = U{W”)y is an anisotropic torus and in particular 
y is a regular element of f/(lT") without the eigenvalue 1. Since Ga,y is quasi-split, 
we see that the unitary groups of both W'a and 1© = W'a © Z are quasi-split. As 
Z is odd-dimensional, by Witt theorem these two conditions are easily seen to imply 
that the hermitian space W'a embeds in W . Fix such an embedding W'a W and 
let us denote by W" the orthogonal complement of B© in W . Then, f/(lT") is a pure 
inner form of U(W") and moreover U{W") is quasi-split. Hence, bv I12.1f li. there 
exists a regular element x G U{W"){F) that is stably conjugated to y. In particular, x 
doesn’t have the eigenvalue 1 when acting on W" and moreover we have an isomorphism 
U{W")x — U{W'a)y which is dehned over F. Thus, Ff{W")x is an anisotropic torus and 
it follows that x G F(G, H). This ends the proof of (i). 

(ii) Let us identify x and y with representatives in Ff{W){F) and Ff{Wa){F) respectively. 
Then, 4’a{x) and y are Ga(F)-conjugated. However, as Ga = U{Wa) x UiVa), two ele¬ 
ments in U(Wa){F) are GQ,(F)-conjugated if and only if they are U (HA)(F)-conjugated. 
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Hence, there exists h G U(Wa){F) such that y = h'ipa{x)h Obviously, h o (f)^ sends 
W” to W”y and so Ad{h)oipa induces an isomorphism = U— U{W”y)y = Ty. 
Now every element g G Ga{F) such that g4’a{x)g~^ = y may be written g = gyh for 
some element gy G Ga,y{F) (since G^ has a derived subgroup which is simply-connected, 
here we have Ga,y = ZgSv)) as Ty is contained in the center of Ga,yi the restriction 
of Ad{g) o to Tx will coincide with the isomorphism Ad{h) o — Ty. 

(iii) Recall that the set 


{y G r(Ga); X r^stab y} 

is naturally in bijection with Im {H^{F, Z{Gx)) —t H^{F,Gx)) np“^(Q;) where px de¬ 
notes the natural map H^{F,Gx) —t H^{F,G) (recall that as the derived subgroup of 
Ga is simply connected we have Zg{x) = Gx)- This bijection is given as follows: for 
y G r(Ga) such that x ^stab y choose g G G{F) so that il)a{gxg~^) = y. Then the 
cohomological class associates to y is the image of the 1-cocycle a G Ti-G- o-O'(fi') 
in H^{F, Gx) which by dehnition belongs to Im (Tr^(F, Z{Gx)) —t -H^(R, Gx)) np“^(Q;). 
To obtain the desired bijection, it suffices to show that the image of the subset 

{y ^ r(GQ,, tTq,), X '^stab I/} 

by this bijection is exactly H^{F,Tx) np“^(Q;) (remark that the restriction of the map 
H^{F, Z{Gx)) —t H^iF, Gx) to H^{F, Tx) is injective). Let y G r(GQ,, Ha) be such that 
X ^stab y and identify y with one of its representatives in Ha{F). Since two semi-simple 
elements of Ha{F) are Ga(R)-conjugated if and only if they are //^(Fj-conjugated and 
as tpa sends H{F) to Ha{F), we may hnd h G H{F) such that y = 'ipa{hxh~^) and it 
follows that the cohomology class associated to y lies in 


(1) Im{H\F,Hx)^ H\F,Gx))Alm{H\F,Z{Gx))^ H\F,Gx)) App\a) 

Conversely, assume that y G r(GQ,) is strongly stably conjugated to x and that its 
associated cohomology class belongs to (1). Then, since the map H^{F, H) —)■ H^{F, G) 
is injective, we may hnd h G H{F) such that 'ipa{hxh~^) G Ha{F) is in the conjugacy 
class of y. From this, it is easy to infer that y G r(Ga, Ha). Thus, we have proved that 
the set 


\y ^ r(GQ, Ha)) X '^stab I/} 

is in bijection with (1). To conclude, we only need to prove the equality 


( 2 ) Im{H\F)Hx) ^ H\F)Gx)) nlm{H\F)Z{Gx)) ^ H\F)Gx)) = H\F)Tx) 
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Using the decompositions 


Gr = G' X G 


H, = H'x T, 


G''=T,x T, 


it is easy to deduce that 


Im {H'(F, H,) ^ H\F, GJ) n Im {H^(F, Z(GJ) ^ H\F, GJ) = 

[Irn (//‘(F,Z(Gy) ^ H\F,G'J)nIm (H^{F,H',) ^ //'(f-.O;))] x H'(F,T,) 

Hence, to get (2) it suffices to see that 


(3) Im (ff‘(F,Z(G'J) ^ II'(F,G'J)n/m (ff‘(F,ff^) ^ ff’(F,G'J) = {1} 

Now recall that 


Gi = U(Wi) X UK) 

K = U)W',) X 

where HU is the kernel of a; — 1 in lU, \U = HU 0 Z and is the centralizer of x in 
N. Thus, we have 

H\F,G'J = H\FK(W'J) X H\FKK)) 

H\F,H’.) = H\F,U(K)) 

and the map H^{F, H'^) —)■ H^{F, G'^) is the product of the two maps 

H\F, UiW')) ^ H\F, U(fU')), H\F, UiW')) ^ H\F, UiV')) 
which are both injective. So, to get (3) we only need to show that 


(4) Im(H' (F,Z(U(Wl))) ^ H\F,UK)))FIm (X (F,Z(UK))) ^ H'(F,UK))) = {1} 

Recall that H^{F,U{V^)) classihes the (isomorphism classes of) hermitian spaces of 
the same dimension as fU. Let 5 G F^\NE/FiE^). Then, the group (F, Z{U{W^))) 
contains only one nontrivial element whose image in H^{F,U{V^)) corresponds to the 
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hermitian space © Z (where SW^ denotes the hermitian space obtained from W'^ 
by mnltiplying its hermitian form by 5). Similarly, {F, Z{U{V^))) has only one 
nontrivial element whose image in H^{F,U{V^)) corresponds to the hermitian space 
6V^. As Z is odd dimensional, we have 6Z 9 ^ Z (the two hermitian spaces have distinct 
discriminants) so that by Witt theorem we also have 6V^ = 6W^ (B SZ ^ © Z. 

This proves (4) and ends the proof of (iii). 

(iv) Let us denote by G the 2 -cover of G dehned at the end of subsection 112.11 and let 
Tj. be the inverse image of in this 2-cover. Then, bv ll2.1f 6L it suffices to check 

that Tx is connected. By the precise description of U(y) and U(W) given at the 
beginning of subsection 112.21 and since exactly one of the hermitian spaces V and W is 
even-dimensional, we have 

Tx = {(t, z) eTx X KerNE/F] det(t) = 

Moreover, over the algebraic closure F there exists an isomorphism 


for some integer i ^ 1 such that 




£ 

det(t) = 

i=l 

for all t G Tx{F). Hence, we have an isomorphism 

(Txh E 

from which we easily infer that Tx is connected. ■ 


12.6 Proof of theorem 112.4.1 

Let <93 be a tempered Langlands parameter for G. We want to show that the sum 


(1) E 



m{7i) 


aem{F,H) 7renGc(<p) 

is equal to one. Let a E H^{F, H). By the formula for the multiplicity ftheorem lll.2.2p . we 
may write 


m(7r) = lim [ ^I’^dy 

^^0+ 7r(G^,H„) 
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for all TT G n‘^“(93). Summing this equality over the L-packet 11'^“ (<p), we deduce that 


( 2 ) 

where we have set 


^^ 0 + Jt{Gc,Ho.) 


^if^OL / ^ CjV 

TTGII^Q; 

Denote by TstabiGa, Ha) the set of strong stable conjugacy classes in r(G'Q, Ha). We endow 
this set with the quotient topology and with the unique measure such that the projection 
map T{Ga,Ha) ^stab{Ga, Ha) is locally measure-preserving. By the condition (STAB) of 
subsection I12.3[ the character 9^p^a = 0^ is stable and it follows from I12.1f 2) that 

TTGII^Q: ((^) 

the function y i-G- c^,a{y) is constant on the fibers of the map T{Ga,Ha) Tstab{Ga, Ha). 
Since it is also trivially true for the functions and A, we may rewrite the right hand 
side of (2) as an integral over Tstab{Ga, Ha) to obtain 


(3) [ \Pa!stabiy)KAy)G>^‘^iyy^^^iyy ^^^^y 

where Pa,stab ■ r(G'Q,, Ha) —)■ Tstab{Ga, Ha) is the natural projection. 

Let us introduce the subset ^ItabiGa, Ha) C TstabiGa, Ha) of elements x G Tstab{Ga, Ha) such 
that Ga,x is quasi-split. This subset is open and closed in rstoft(GQ,, Ha) and by proposition 
14. 5. ll l.fi). the function vanishes on the complement ^stab{Ga, Ha)\TlA{Ga, Ha) SO that 
(3) becomes 


(4) ^A) 


lim [ \p^^^^^^{y)\c^,aiy)D^yy)^^^Ay)' ^^^dy 


By proposition 112.5. If i). we have an injection TlA{Ga,Ha) ^ TlA{G,H) such that if 
y ^ X then y and x are stongly stably conjugated. For all y G T^AiGa, Ha), denoting by x 
its image in AtabiG, H), we have the following commutative diagram 


Ty{F) 


UF) 


T^qd / ^ 


a, Ha) 


r’L(G. H) 
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where the two vertical arrows are only defined in some neighborhood of 1 , are given hj t ^ ty 
and t ^ tx respectively and are both locally preserving measures (when Ty{F) and T^iF) are 
both equipped with their unique Haar measure of total mass one) and the top vertical arrow is 
the restriction to the F-points of the isomorphism provided by proposition ll2.5.U iib From 
this diagram, we easily infer that the embedding Ha) ^ ^ltbiG,H) preserves 

measures. Moreover, by I12.1f 2) and the condition (TRANS) of subsection 112.31 if x G 
maps to X G H) we have the equality c^,q-(?/) = e{Ga)cy,{x) (where we 

have set c<^ = c^,i). Using these two facts, we may now express the right hand side of (4) as 
an integral over H). The result is the following formula 


V] m(7r) = lim f e(G„) |{|/G r(Ga, F„); ?/a:}| c<^(x)F>'^(x)^/^A(x)® ^/^dx 


(cf) 

Summing the above equality over a G H^{F, H), we get 


(5) V] V] m( 7 r) = lim / V e{Ga) \{y e T{Ga, Ha);y-^stab x}\ 

aSHl (F,ir) 7ren<3a(y3) stabC^’^) aem{F,H) 

Cy,{x)D'^{x)^^^A{x)^~^^‘^dx 

Pick X G inner sum 

(6) ^ e{Ga)\{y &T{Ga,Ha)-,y ^stabX}\ 

a&m(F,H) 

By proposition 112.5.R iiih this sum equals 

yeH^F,T^) 

Moreover, by proposition 112. 5. If iv). the map /3 G H^{F,Tx) e(G/ 3 ) G Br 2 {F) ~ {±1} is a 
group homomorphism which is non-trivial for x 7 ^ 1. We deduce from this that the sum ( 6 ) is 
zero unless x = 1. Returning to the formula (5) and taking into account these cancellations, 
we see that the right hand side of (5) reduces to the contribution of 1 G T{G,H) and thus 
we get 


(7) m{7i) = c^{l) 

aem{F,H) TrenGc (<^) 

By proposition 14.8. If ih the term c^(l) has an easy interpretation in terms of representations 
in the L-packet n‘^( 93 ) admitting a Whittaker model. More precisely, this term equals the 
number of representations in 11'^( 93 ) admitting a Whittaker model (a representation being 
counted as many times as the number of different type of Whittaker model it has) divided 
by the number of different type of Whittaker models for G. By the condition (WHITT) of 














subsection 112.31 this number is equal to 1. It follows that the left hand side of (7) is also 
equal to 1 and we are done. ■ 


A Topological vector spaces 

In this appendix, we collect some facts about topological vector spaces that will be use 
constantly throughout the paper. We will only consider Hausdorff locally convex topological 
vector spaces over C. To abbreviate we will call them topological vector spaces. Let E 
be a topological vector space. Recall that a subset B ^ E is said to be bounded if for all 
neighborhood U of the origin there exists A > 0 such that B C XU. An equivalent condition is 
that every continuous semi-norm on E is bounded on B. By the Banach-Steinhaus theorem, 
a subset B ^ E is bounded if and only if it is weakly bounded, which means that for all 
continuous linear form e' on E the set {(6, e'), b G B} is bounded. If I? C 77 is a bounded 
convex and radial (that is XB C B for all |A| ^ 1) subset of E then we will denote by Eb 
the subspace spanned by B equipped with the norm 

= inf{t ^ 0; e e tR}, e G Eb 

We say that E is quasi-complete if every bounded closed subset is complete. Of course 
complete implies quasi-complete. If E is quasi-complete, then for every closed bounded 
convex and radial subset B E, the space Eb is a Banach space. We will denote by E' 
the topological dual of E that we will always endow it with the strong topology (that is 
the topology of uniform convergence on bounded subsets). If E is quasi-complete, a subset 
B C E' is bounded if and only if for all e G 77 the set {(e,6); b G 7?} is bounded (again 
by the Banach-Steinhaus theorem). More generally, if E is another topological vector space 
then we will equip the space Hom{E, E) of continuous linear maps from E to E with the 
strong topology. Thus, a generating family of semi-norms for the topology on Hom{E, E) is 
given by 


PBiT) =supp(Te), T G Hom{E, E) 

eeB 

where B runs through the bounded subsets of 77 and p runs through a generating family of 
semi-norms for E. 

A.l LF spaces 

Let {Ei,fij), i G 7, be a direct system of topological vector spaces (the connecting linear 
maps fij being continuous). Consider the direct limit in the category of vector spaces 

77 = lim 77j 

I 


289 




We will in general endow E with the direct limit topology that is the hnest locally convex 
topology on E such that all the natural maps Ei ^ E are continuous. If E is another 
topological space, a linear map E ^ E is continuous if and only if all the induced linear 
maps Ei ^ E, i E I are continuous. If I is at most countable and for the Ei, i E I, are 
Frechet spaces then we will call E an LF space. If i? is a LF space then we can write it as 
the direct limit of a sequence {En)n^o of Frechet spaces where the connecting maps are just 
inclusions E^ C En+i so that we have 


E=[jE,, 

n^O 

A bounded subset i? of i? is not always included in one of the En but this is the case if B 
is convex radial and complete in which case there exists n ^ 0 such that B is included and 
bounded in En (corollaire IV.2 p.l7 of [Grl]). Hence, in particular, if E is quasi-complete 
then every bounded subset is included and bounded in some En- 

LF spaces share many of the good properties of Frechet spaces. First of all a LF space is 
barrelled (corollary 3 of proposition 33.2 of [Tr]), hence the Banach-Steinhaus theorem (or 
uniform boundedness principle) applies to them (theorem 33.1 of [Tr]). In particular, if E 
is a LF space, E any topological vector space and (Mn)n^i is a sequence of continuous linear 
maps from E to E that converges pointwise to a linear map u : E ^ E, then u is continuous 
and the sequence {un)n^i converges to u uniformly on compact subsets of E. Less known is 
the fact the open mapping theorem and the closed graph theorem continue to hold for LF 
spaces. This result is due to to Grothendieck (cf theorem 4.B of [Grl]) and will be constantly 
used throughout this paper. We state it in the next proposition. 

Proposition A. 1.1 Let E and E be LF spaees. Then we have the followings 

(i) (Open mapping theorem) If f : E ^ E is a eontinuous surjective linear map, then it 
is open. 

(a) (Closed Graph theorem) A linear map f : E ^ E is continuous if and only if its graph 
is closed. 

A.2 Vector-valued integrals 

Let E he a topological vector space and let X be a Hausdorff locally compact topological 
space equipped with a regular Borel measure p. Let ip : X ^ E he a continuous function. 
We say that <p is weakly integrable (with respect to p) if for all e' G E' the function x E 
X I—)■ {(p{x),e') is absolutely integrable. If this is so, there exists a unique vector /(<p) in 
{E')*, the algebraic dual of E', such that 

{I{(p),e') = f {(p{x),e')djj,{x), for all e'G 

Jx 

We call I{(p) the weak integral of ip and we usually denote it simply by 
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IX 


Note that this integral doesn’t necessarily belong to E or the completion of E. 

We will say that (p is absolutely integrable if for all continuous semi-norm p on E the function 
X E X p{(p{x)) is integrable. Of course, absolutely integrable implies weakly integrable. If 

p is absolutely integrable and E is quasi-complete then the integral / p{x)dfj,{x) belongs to 

J X 

E. In general, / p{x)dp{x) belongs to E, the completion of E. Of course, if p is compactly 

Jx 

supported then it is absolutely integrable (recall that we assume p to be continuous). 


A.3 Smooth maps with values in topological vector spaces 

Let E he a. topological vector space and M be a real smooth manifold. Let /c G IN U {cxd}. 
Let p he a map from M to E. We say that p is strongly if it admits derivatives of all 

order up to k (in the classical sense) and that all these derivatives are continuous. We say 
that p is weakly if for all e' G E' the map m E M eE {p{m), e') is of class C^. Obviously, 
if p is strongly then it is also weakly A function that is weakly will also be called 
smooth. The next proposition summarizes the main properties of strongly and weakly 
functions. The hrst point of the proposition shows that for quasi-complete spaces there is no 
much difference between weakly and strongly maps. The second point implies that 
the notion of smooth functions with values in E only depends on the bornology of E (that 
is the family of its bounded subset). This is a very important property and the next points 
of the proposition will follow easily from it. In lack of a reference, we include a proof. 


Proposition A.3.1 Let /c G IN U {cxd}. Then 

(i) If E is quasi-eomplete and p : M ^ E is weakly then p is strongly . 

(a) A map p : M ^ E is smooth if and only if for allk ^ 0 and all relatively eompaet open 
subset n C M, there exists a bounded subset C E such that p\Q^ factorizes through 
Eb^ and such that the induced map hi —)■ Eb^. is weakly ; 

(Hi) Let A (Z E' be a subset such that every subset B C E that is weakly-A-bounded (meaning 
that for all e' E A the set {{b,e'), b E B} is bounded) is bounded. Then, a map 
p : M ^ E is smooth if and only if for all a E A the function m E M {p{m), a) is 
smooth. 

(iv) Assume again that E is quasi-complete. Let E be another topological vector space. 
Then a map p : M ^ Hom{E, E) is smooth if and only if for all e E E and f E E', 
the map m E M ^ {p{m){e), f) is smooth. 
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(v) Let F and G be two other topological vector spaces and assume that E is quasi-complete. 
Let A : E X F ^ G be a separately continuous bilinear map. Then, if (pi : M ^ E and 
ip 2 '■ M ^ F are smooth functions, the function 

m e M A{(pi{m), ip 2 {'fn)) G G 

is also smooth. 

Proof: 

(i) The question being local, we may assume that M = R”. Assume hrst that ip is weakly 
G^. Then for all e' G E' and all x,y ^ R'^, we have 

\{T{y),e') - {p>{x),e')\= [ d{y-x){{p>{.),e')){{l-t)x + ty)dt 

■Jo 

^lly-xll sup <9 ^V(<^(.),e')) (^) 

\\\y ^ 11 / 

This shows that for all compact subset /C C R"^ the family 

\\y-x\\ 

is weakly bounded hence bounded so that ip is Lipschitz hence continuous. 

Assume now that p is weakly G^. Let u,x E R”^ and e' G E'. Then by Rohe’s theorem, 
for all t G [—1,1]\{0} there exists St G [—1,1] with |st| < \t\ such that 

Hence, for all t,t' G [—1,1]\{0}, we have 


d{u^) {{p{.), e')) {x + su)ds 

sup |(9(n^) ((99(.),e')) (x + sm)| 
^(|t| + |t'|) sup |(9(n^) ((<^(.),e')) (x + sn)! 

It follows that the family 


p{x + tu) — p(x) p{x + t'u) — p(x) 


292 



+ lt'l) 


-1 


(p{x + tu) — ip(x) ip{x + t'u) — ip(x) 
t t' 




is weakly bounded, hence bounded. Since E is quasi-complete, this immediately implies 
that the limit 


(p(x+ tu) - ip(x) 

hm- 

't 

exists in E. We just prove that the function (p is strongly derivable everywhere in every 
direction. But for u G R”, d{u)ip is of course weakly hence continuous by the first 
part of the proof. This shows that ip is indeed strongly . 

The general case follows by induction. Indeed, assume that the result is true for /c ^ 1. 
Let (p : R” —)■ be a weakly (7^+^ map. Then, of course (p is weakly hence strongly 

by what we just saw. Moreover, for every u G R”, the function d{u)p is obviously 
weakly so that by the induction hypothesis it is also strongly C^. This proves 

that p is in fact strongly and this ends the proof of (i). 

(ii) Up to replacing E by its completion, we may of course assume E complete. Then, the 
proof of (i) shows that it suffices to take 

Bu = {{Dp){m)- men, De 

for all k ^ 0. 

(hi) As we already explained, the true meaning of (ii) is that the notion of smooth func¬ 
tion with values in a topological vector space only depends on the bornology of that 
space. Hence, here it suffices to notice that the weak-A-topology on E dehnes the same 
bornology as the original topology on E (this is exactly the assumption made on A). 

(iv) Again, this is because the topology dehned by the semi-norms T i—)■ | (Te, /') |, e G E 
f G E', dehnes the same bornology on Hom{E, E) as the strong topology. 

(v) We are immediately reduced to the case when G = C. Let k ^ 0 and hi C M be a 
relatively compact open subset. Then by (ii), there exists bounded subsets Bk ^ E 
and B'f. E such that the restrictions of pi and p 2 to hi factorize through Eb^ and Eb'^ 
respectively and induce weakly maps from into these spaces. Since E is quasi- 
complete, the bilinear map A restricted to Eb^. x induces a continuous bilinear form 

Eb^ X Eb'^ C. Hence, this bilinear form extends continnously to Eb^. x where 
Eb^. and Eb'^ denote the completion of Eb^ and Eb’^ respectively (these are Banach 
spaces). Since the maps : hi —)■ Eb^. and p 2 '. n ^ Eb'^ are weakly by (i) they 

are also strongly G^. It immediately follows that the map m G e-)- A{pi{m), p2{m)) 
is of class G^. This of course implies (v). ■ 
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We will denote by C°°{M, E) the space of all smooth maps from M to E. We equip E) 

with a topology as follows. If E is complete then we endow C°°{M,E) with the topology 
dehned by the semi-norms 


PD,K,q{^) = sup q [{Dip){m)] 
maK, 

where /C runs through the compact subsets of M, q runs through the continuous semi-norms 
on E and D runs through Dif the space of smooth differential operators on M 

(note that by the point (i) of the last proposition, since E is complete, Dif f°°{M) acts on 
E)). In the general case, we equip C°°{M,E) with the subspace topology coming 
from the inclusion E) C E) where E is the completion of E. 

A.4 Holomorphic maps with values in topological vector spaces 

Let £' be a topological vector space and M a complex analytic manifold. Let ip \ M ^ E 
be a map. We say that ip is holomorphic if for all e' G E' the function m E M {ip{m), e') 
is holomorphic and we say that ip is strongly holomorphic if it admits complex derivatives 
of all order. Obviously, if ip is strongly holomorphic then ip is holomorphic. The analog of 
prop osit ion I A. 3. ll for holomorphic functions is true (cf theorem 1 of [Gr2]) and is summarized 
in the next proposition. 

Proposition A. 4.1 (i) If E is quasi-complete and ip : M ^ E is holomorphic if and only 

if it is strongly holomorphic. 

(a) A map ip M ^ E is holomorphic if and only if for all relatively compact open subset 
fl C M there exists a bounded convex and radial subset B <Z E such that ip\Q, factorizes 
through Eb and the induced map O —)■ Eb is holomorphic; 

(Hi) Let A <Z E' be a subset such that every subset B <Z E that is weakly-A-bounded (meaning 
that for all e' E A the set {{b,e'), b E B} is bounded) is bounded. Then, a map 
ip ■. M ^ E is holomorphic if and only if for all a E A the function m E M hE- {ip{m), a) 
is holomorphic. 

(iv) Assume again that E is quasi-complete. Let E be another topological vector space. 
Then a map ip : M ^ Hom{E, E) is holomorphic if and only if for all e E E and 
f E E', the map m E M ^ (<^(m)(e), /') is holomorphic. 


Let X be a compact real smooth manifold. Denote by C°°{X) the space of smooth complex¬ 
valued functions on X. It is naturally a Frechet space and we will denote by C~°°{X) its 
topological dual. For all integer A; ^ 0, we also have the space C^{X) of complex-valued 
functions on X. It is naturally a Banach space and its dual ^“^(X) is also a Banach space. 
We have a natural continuous inclusion C~^{X) C C~°°{X). Let M be a complex analytic 
manifold. In subsection IB. 31 we will need the following fact 


294 






(1) Let (p ■. M ^ C~°°{X) be holomorphic. Then, for all relatively compact open 
subset C M, there exists an integer k ^ 0 such that the map (p\^ factorizes 
through C~^{X) and induces an holomorphic map —)■ C~^{X). 

This will follow from the point (ii) of the last proposition if we can prove that every bounded 
subset B C C'“°°(X) is contained and bounded in some ^ 0. Note that we have 

a natural continuous and bijective linear map 

(2) lir^C'-^(X) ^ C'-°°(X) 

k 

Since C~°°{X) is the strong dual of a Frechet space, it is complete (proposition IV.3.2 of 
[Bour]). Hence, if we can prove that (2) is a topological isomorphism then we will be done 
(cf subsection lA.lD . By the open mapping theorem, it suffices to show that C'“°°(X) is a 
LF space. This follows from the facts that C'°°(X) is a nuclear space (cf next subsection), 
hence it is reflexive and the strong dual of a reflexive Frechet space is a LF space (IV.23 
proposition 4 of [Bour]). 

A.5 Completed projective tensor product, nuclear spaces 

Let E and F be two topological vector spaces. For all continuous semi-norms p and q ow E 
and F respectively, dehne a semi-norm p ® g on ® F by 

n n 

(p® g)(n) = inf{^p(e*)g(/i); n = 0 /*}, v eE®F 

i=\ i=l 

where the inhmum is taken over all decompositions v = 'Y^=i ® /i of where Ci E E 

and fi G F. If we choose two families of semi-norms (pi)jgr and {qj)j£j that generate the 
topology on E and F respectively, then the family of semi-norms (p* ® qj){ij)eixj dehnes a 
topology on F ® F which is independent of the two chosen families {pi)i^i and {qj)j£j. We 
shall call it the projective topology and we will denote by E®pF the completion of F(8)F for 
the projective topology. E®pF is called the completed projective tensor product of F and 
F. It satishes the following universal property: for all complete topological vector space G, 
the map that associates to T G FIom{E®pF, G) the bilinear map (e, /) E E x F T(e (8) /) 
induces a bijection 


Hom{E^pF, G) ~ F(F, F; G) 

where F(F, F; G) denotes the space of all continuous bilinear maps E x F ^ G. We shall 
need the following 

(1) Let F and F be Frechet spaces, G be any topological vector space, M be a real 
smooth manifold and p be a map M —>■ E[om{E^pF, G). Then, <p is smooth if 
and only if for all e G F, all / G F and all g' G G', the map m E M ^ 
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is smooth. 


By proposition IA.3.in ii). it suffices to see that a subset B C Hom{E®pF,G) is bounded if 
and only if for all e G i?, / G F and g' G G' the set {{h{e ^ f),g')] 6 G F} is bounded. We 
are immediately reduced to the case where G = C. Let F be a set of continuous linear forms 
on E^pF, that we will identify with a set of continuous bilinear forms on E x F, and assume 
that the set {b{e, /), 6 G F} is bounded for all e G F and f E F. We want to show that F 
is bounded in (F(8)pF) . This amounts to proving that the set {b{v); 6 G F} is bounded for 
all V G F0pF. Since F and F are Frechet spaces, by theorem 45.1 of [Tr], every v G E®pF 
is the sum of an absolutely convergent series 

OO 

(2) V ^ ^ ® Vn 

n=0 

OO 

where (A„)„^o is a sequence of complex numbers such that < cxo and {xn)n^o (resp. 

n=0 

( 2 /n)n 3 so) is & sequcucc converging to 0 in F (resp. in F). Thus, we only need to show that 
the set {b{xn,yn)] 6 G F u ^ 0} is bounded. But this follows from the usual uniform 
boundedness principle (for Banach spaces) using the fact that F and F are quasi-complete. 
This ends the proof of (1). 

We show similarly, using the existence of decompositions like (2) above, the following 

(3) Let F and F be Frechet spaces. Then a sequence (A„)„^o of continuous linear 
forms on F®pF converges point-wise if and only if for all e G F and all / G F 
the sequence (A„(e ® f))n^o converges. 

Nuclear spaces are a class of topological vector spaces that have many of the good properties 
of hnite dimensional vector spaces. For the precise dehnition of nuclear spaces we refer the 
reader to [Tr]. Examples of nuclear spaces are G°°{M) or G^{M), where M is a real smooth 
manifold. Any subspace and any quotient by a closed subspace of a nuclear space is nuclear 
(proposition 50.1 of [Tr]). A nuclear Frechet space is a Montel space (proposition 50.2 of 
[Tr]), hence is reflexive. Important for us will be the following description of the completed 
projective tensor product of two nuclear spaces of functions (cf theorem 13 of [Grl]). For 
all set S, let us denote by F(S') the space of all complex-valued functions on S. We shall 
endow this space with the topology of pointwise convergence. 

Proposition A.5.1 (Grothendieck’s weak-strong principle) Let S and T be two sets and let 
E and F be subpaces of F{S) and F(T) respectively. Assume that both E and F are equipped 
with locally convex topologies that are finer than the topology of pointwise convergence and 
that turn both E and F into nuclear LF spaces. Then, the natural bilinear map 

ExF ^ F{S X T) 
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is continuous and extends to an injective continuous linear map 

E®pF X T) 

whose image consists in the functions (^ : S' x T —)• C which satisfies 

• For all s E S, the function t eT ^ (^(s, t) belongs to F; 

• For all f E F', the function s G S' i—)■ {(p{s ,.), /') belongs to E. 

Finally, the next lemma will be used in subsection 14.21 in order to prove that spaces of quasi¬ 
characters are nuclear. Before stating it, we introduce a notation. Let IS C f/ C R** be open 
subsets. We will denote by C“(l/, U) the space of all smooth functions (p : R ^ C such that 
for all u E S'(R”) the function d{u)ip is locally bounded on U. We endow this space with 
the topology defined by the semi-norms 

QicAf) = sup |(a(M)(y9)(x)|, (p E C^{V, U) 

xdK 

where K, runs through the compact subsets of U and u runs through 5(R'^). With this 
topology, C^{V, U) is easily seen to be a Frechet space. 

Lemma A.5.1 Assume that the following condition is satisfied: 

For all X eU , there exists an open neighborhood Ux FJJ of x such that UxHV can 
be written as a finite union of open convex subsets. 

Then, C^{V,U) is nuclear. 

Proof: Fix for every x E U an open neighborhood Ux F U satisfying the condition of the 
lemma. Set Vx = UxOV iov all x E U. Then, the natural restriction maps C^(y,U) 
C^{Vx, Ux) induce a closed embedding 

x&U 

Hence, we only need to prove that the spaces (7^(14, Ux) are nuclear. We may thus assume 
that V itself can be written as a hnite union of open convex subsets. Let V = V 1 UV 2 A.. .UI 4 , 
d ^ 1, be such a presentation. The restriction maps again induce a closed embedding 

d 

cnv.u) ^ ^cr{v„u) 

i=l 

from which it follows that we may assume, without loss of generality, that V is convex. If 
V is convex, then for all u E S'(R"’) and all p G C^{V,U), by the mean value theorem, 
the function d{u)p extends continuously to clu{V) (the closure of V in U). By Whitney 
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extension theorem ([Wh]), it follows that every function (p G U) extends to a smooth 

function on U. Hence, the restriction map 

C°^{U) -^C^{V,U) 

is surjective. This linear map is obviously continuous and both C°°{U) and C^(y,U) are 
Frechet spaces. Consequently, by the open mapping theorem, C^(y,U) is a quotient of 
C°^{U) and the result follows since C°^{U) is nuclear. ■ 


B Some estimates 


B.l Three lemmas 

Lemma B.1.1 LetU C he a compact neighborhood ofl. Then, for all S > 0 there exists 
5' > 0 such that 


(l +\tx-t ^y\) dt < (1 + |a;|) (1 + ||/|) 


>u 


-5' 


for all x,y E F. 


(i + |te-9|)-'*«(i + H)-'’ (I + M) 


-S' 


\-S' 


lu 


Lemma B.l.2 (i) Let T he a torus over F and let Xi,...,Xn linearly independent 

elements of X*(T)-p. Then, for all Re{s) > 0, the function 

t^\x,{t)-ir\..\xn{t)-ir^ 

is locally integrable overT{F). 

(a) Let V be a finite dimensional F-vector space and let \i,..., \n be linearly independent 
elements in Vf,. Then, for all Re{s) > 0, the function 

v^\\,{v)r\..\\n{v)r^ 

is locally integrable over V. Moreover, for all d > n and all compact subset /Cy C V, 
we have 


\im [ |Ai(n)|^ \ ..|A„(n)|^ ^ dv = 0 
"^ 0 + JlCv 
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Lemma B.1.3 Let H be an algebraic group over F, a a log-norm on H (cf subsection [TT^) 
and d^h a left Haar measure on H{F). For all b > 0, let us denote by the characteristic 

function of {h G H{F)-, a{h) < h}. Then, there exists i? > 0 such that 


for allb > 0. 



ta<bih)dLh < 


B.2 Asymptotics of tempered Whittaker functions for general lin¬ 
ear groups 

Let V be an F-vector space of finite dimension d and set G = GL{V). Let (ei,..., e^) be a 
basis of V and {B,T) be the standard Borel pair of G with respect to this basis. We have 
an isomorphism 

T ~ (G^)" 

1 1—t 

where ti, 1 ^i ^ d, denotes the eigenvalne of t acting on Cj. Set 

f := {t e T; td = 1} 

Let N be the nnipotent radical of B and let ^ be a generic character on N{F), for example 

i{n)=i) ||^(ne,+i, e -) j , n e N{F) 

where (e^,..., e^) denotes the dnal basis of (ci,..., e^). 

Let TT G Temp{G) and £x a Whittaker model for tt 

7r°o -G {N{F)\G{F),0 
V ^ Wy 

Hence, there exists a nonzero continuons linear form 

£ : 7r°° ^ C 

snch that i o 7r(n) = ^{n)i for all n G N{F) and so that 

Wy{g) = i{n{g)v) 

for all V G 7r°° and all g G G{F). 
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Lemma B.2.1 For all R > 0, there exists a continuous semi-norm vn on 7r°° such that 


d-l 

\W^{t)\ ^ JJmax (l, \ti\) ^ 

i=l 

for all V G 7r°° and all t G T{F). 

Proof: Assume first that F is j9-adic. Then, we have the following stronger inequality whose 
proof is classical (cf for example lemme 3.7 (i) of [Wa4]) 

(1) For all V G there exists c > 0 such that 


d-l 

\w,{t)\ «s«(f)ni]o,c](it;i) 

i=l 

for all t G T{F) and where l]o,c] denotes the characteristic function of the interval 
10, c]. 


We henceforth assume that F = R. In this case, the inequality of the lemma is a consequence 
of the two following facts: 

(2) There exists i?o > 0 and a continuous semi-norm u on 7r°° such that 


d-l 

\W^(t)\ ^ z/(n)S'^(?) ]^max (l, \ti\)^° 

i=l 

for all V G 7r°° and all t G T(R). 

(3) For all 1 ^ i ^ d — 1, there exists Ui G U{n) such that 

W^(t) = t~^W^(^ui)v(t) 
for all V G 7r°° and all t G T(R). 

Let us identify g with gl^ using the basis Ci,..., and let us denote for 1 ^ i ^ d — 1 by 
Xj G g the matrix with a 1 at the crossing of the ith row and {i + l)th column and zeroes 
everywhere else. Set u[ = XjXj+i • • •-^d-i and n* = df{u'f)~^u[ for 1 ^ i ^ d — 1. Here 
df : U (n) is the natural extension of the character df : n(R) —)■ C obtained by differentiating 
f at the origin. Note that the elements u* are well-dehned since by the hypothesis that f is 
generic we have df{u'fj ^ 0 for all 1 ^ i ^ d — 1. Moreover, it is easy to check that for all 
l^i^d—1, Mj satisfies the claim (3). We are thus only left with proving (2). 

In what follows, we £x a positive integer k that we assume sufficiently large throughout. 
Denote by R = TN the Borel subgroup opposite to B with respect to T. Let Yi,..., W be 
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a basis of b(R) and set A;g- = + ... + Y^ G U{h). Then, by elliptic regularity fl2.1f 2)h 

there exists functions <^ 9 ^ g ( 72 fc-dim(B) ^ C^(i?(R)) such that 

. A 1/^2 _ r_B 

Applying vr to this equality, we get 

t (vr(f)r>) = £ (7r((p^)7r(A^)7r(f)n) + £ (7r((p|-)7r(t)n) 

for all n G 7r°° and all f G T(R). Let ipi^ G (^“(^(R)) be any function such that 
Xv(R) VNin)^{n)dn = 1. Then we have I = lo 7r((pAr). Plugging this into the last equality, 
we get 


(4) Wy{t) = i {7r{(p^)7r{A!Y)n{t)v) + i {7r{(p'^)n{t)v) 

for all V G 7i°° and all t G T(R) where we have set = (^at * ipY and = cpN* Note 

and pP' both belong to It follows that for k sufficiently large, the two 

vectors I o 7r((p^), £ o ■n{pP) G 7r“°° actually belong to T°°. Assuming k to be that sufficiently 
large, bv l2.2f 6) we get the existence of a continuous semi-norm z/q on 7r°° such that 

|£(7r(v9*)7r(^)n)| ^uo{v)E^{g) 

for all V G 7r°°, all g G G(R) and all i G {1, 2}. Combining this inequality with (4), we get 

\Wy{t)\ ^ (z/Q {7r{t~^A!^t)v) + z/o(n)) 

for all V G 7i°° and all t G T(R). To ends the proof of (2), it suffices to notice that A^ is a 
sum of eigenvectors for the adjoint action of T(R) on U{b) and that any such eigenvector has 
an associated eigen-character of the form t G T(R) i—)■ for some nonnegative 

integers rii,, rid-i. ■ 

B.3 Unipotent estimates 

Let us £x the following 


• G a connected reductive group over F; 

• Pmin = MminNmin and Pmin = M^inNmin two opposite minimal parabolic subgroups 
of G; 

• Amin = Am^^ denotes the maximal split subtorus of M^in] 

• Xmin ■ Nmin —)■ G(j is a nou-degeuerate additive character; 

• ^min = 'Ip°Xmin,F ■ Nmin{P) —>■ C^ wliere : F ^ C^ is a continuous unitary character; 
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* ^min 

• K is a maximal compact subgroup of G{F) that is special in the p-adic case. We 

denote by : G{F) —)■ Mmin{F) any map such that ^ Nmin{F)K 

for all g G G{F). 


The purpose of this subsection is to show the following estimate 
Proposition B.3.1 There exists e > 0 such that the integral 

Sp im-p {n'n)Y^‘^~''dn' 

rmn ' -* rmn ' ' ' 


JN' . (F) 

rmn v / 

is absolutely convergent for all n G Nmin{,F) and is bounded uniformly in n. 

To prove this estimate, we will use the holomorphic continuation of the Jacquet integral. 
Let us recall what it means. For all s G C, we introduce the smooth normalized induced 
representation 






oo 


By restriction to K, all the spaces underlying the representations (for s G C) become 
isomorphic to G"^{Kmin\K), where Kmin = K fi P^iniF). We will use these isomorphisms 
as identihcations and for e G G°° {Kmin\K), s G C, we will denote by the corresponding 
vector in the space of tt^. Now for Re{s) > 0, we may dehne the following functional 


A, : G^{K^,n\K) ^ C 

e I—)■ / es{n)f{n)dn 

(the integral is absolutely convergent). This functional is called the Jacquet integral. The 
space G°^{Kmin\K) is naturally a topological vector space: if F is archimedean then it 
has a structure of Frechet space whereas if F is p-adic we equip it with the hnest locally 
convex topology. Then A*, for Re{s) > 0, is a continuous linear form hence it belongs to the 
topological dual of G°°{Kmin\K) that we will denote by G~°°{Kmin\K) ■ The holomorphic 
continuation of the Jacquet integral now means the following 

The map s G {Re > 0} i—)■ A* G G~°°{Kmin\K) is holomorphic and admits an 
holomorphic continuation to C. 

Proof of proposition B.3.1; We may assume without loss of generality that G is adjoint. This 
implies the existence of a one-parameter subgroup 

® • iClm t 
X I—)■ a{x) 
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such that Xmin (a(x)na(x) = xX(n) for all x G Gm and all n E N. Note that a G X^{Amin) 
is in the positive chamber corresponding to Pmin- We start by proving the following 


(1) For all e G C°°{Kmin\K) , all n G Nmin{.F) and all s G {Re > 0}, we have 
/ es{n'n)dn'= / 'ilj{xX^in{n))As {7rs{a{x))e) 6p^.^{a{x)y~^^‘^dx 

where dx denotes some additive Haar measure on F and both integrals are 
absolutely convergent. 


Fix e G C°°{Kmin\K) and s G C such that Re{s) > 0. Using Xmin,F, we may identify 
^Lini^)\^rnin{F) with F. Then both sides of (1) may be seen as a functions on F: 


(pi :y E F hE- 


IN’ . 

min 


(F) 


{n'y)dn' 


(p 2 :yEFe^ / 'ip{xy)As {'Ks{a{x))e) dp^^^{a{x)y ^1‘^dx 

Jf 

The integral defining the (pi is absolutely convergent and the resulting function is integrable 
over F. Moreover, in the p-adic case we obtain a uniformly smooth function on F whereas 
in the archimedean case we obtain a function on F that is smooth with all its derivatives 
integrable. All of these easily follow from the following two facts 


(2) For all compact C C Nmin{F), we have 

\es{n'n)\ 5p . (m-p . (n')) 
for all n' G Nmin{F) and all n G C. 

(3) The integral 



is absolutely convergent. 


In both cases, this implies that (pi admits a Fourier transform 


yyx) 


ipi{y)y{xy)dy 


Jf 

(the Haar measure dy being the quotient of the Haar measure on Nmin{,F) and on NG^{F)) 
which is integrable over F and that for dx the Haar measure dual to dy, we have 


= / yi{x)y{xy)dx 
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for all y E F. To prove (1) it is thus sufficient to establish that {7rs{a{x))e) = 

^i(x) for all X G F^. We have 


As (7rs(a(a;))e) = 


es(na(x))^rnin(n)dn 


= 6p ^ {a(x)y^^+^ 


'NminiF) 


es(a(x) na(x))^rnin(n)dn 


es(n)^rnin(a(x)na(x) ^dn 


= J^ipl{y)^/Jixy)dy 

for all X G F^, where at the third line we made the variable change n i—)■ a{x)na{x)~^. This 
proves the equality A^ (7rs(a(a;))e) dp^^^{a{x)y~^f‘^ = ^i(a;) for all x G F^ and ends the proof 
of (1). 

We will now prove the following 


(4) There exists 5 > 0 such that for all e G C°°{Kmin\K) the integral 

[ As {7is{a{x))e) Sp^Mx)y~^^‘^dx 
J F 

is absolutely and locally uniformly convergent for all s in {Re >-6}. 


First we show how to deduce the proposition from this last claim. It implies in particular that 
the right hand side of (1) admits an holomorphic continuation to some half plan {Re >-S}, 
(5 > 0. Consequently, the left hand side also admits an holomorphic continuation to such an 
half plane. Let us consider the case where e = Cq G C°°{Kmin\F) is the constant function 
equal to 1. Then the left hand side of (1) is, for Re{s) > 0, 


'TV' . 

rmn 


{F) 


6p (m-p (n'n)y^‘^^'^dn' 

rmn ' -* rmn ' ' ' 


Since the integrand is positive for s real, this implies that the integral is still absolutely 
convergent in the half plane {Re > —5}. Hence, for e < S, the integral of the proposition 
is convergent. Moreover, it is equal to the integral of the right hand side of (1) evaluated 
at s = —e. By (4), this integral is also absolutely convergent. Since the absolute value 
of the integrand is independent of n G N{F), this shows the uniform boundedness of the 
proposition. Hence, we are left to establish (4). 


Fix e G C°°{Kmin\K). We now split the estimate (4) into the two following ones 


(5) The integral 


304 



/ A, (7r,(a(a;))e)5p^,Ja(a:))* 

J{\x\^l} 

is absolutely convergent locally uniformly in s for all s G C. 

(6) There exists 5 > 0 such that the integral 


/ A, (7r,(a(a:))e)(5p^,„(a(a:))" 

is absolutely convergent locally uniformly in s for all s G {Re >-6}. 

When F = R, we will need one fact about holomorphic functions with value in C~°° {Kmin\K) ■ 
For all integer fc ^ 0, consider the subspace C^{Kmin\K) of C°°{Kmin\K)- It is naturally 
a Banach space and its dual, which we will denote by C~^{Kmin\K) is also a Banach space 
and comes with a natural continuous embedding C~^ {Kmin\K) ^ C~°°{Kmin\K). We will 
need the following fcf lA.df lB 

(7) Assume F = R. Then, for all relatively compact open subset R C C, there exists 
an integer k ^ 0 such that the map s G R e-)■ A^ factors through C~^{Kmin\K) 
and dehnes an holomorphic function into that Banach space. 

We now prove (5). By assumption, there exists X G Umm such that 7^ 1 and 

a{x)Xa{x)~^ = xX for all x G F^. We now separate the proof according to whether F is 
p-adic or real 

• First assume that F is a p-adic held. It is easy to see that x G F^ A^, (7r5(a(a;))e) 
is bounded on compact subsets of F^ locally uniformly in s. Hence, it is sufficient to 
establish the following 

(8) There exists c ^ 1 such that 

A^ (7rs(a(a;))e) = 0 

for all s G C and all a; G F^ satisfying |a;| ^ c. 


Indeed, for all s G C and all x G F^, we have 

^min{e^)Rs {7is{a{x))e) = As {7is{e^)ns{a{x))e) 

= As (%sia{x))7rs{e'" 

and for x sufficiently large, is in K and stabilizes e. Since ^ 1, this 

shows the vanishing (8). 
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Let us now treat the case where F = R. Fix R a compact subset of C. By (7), there 
exists an integer /c ^ 0 such that 


|A.(e')| < We’Wck 

for all e' G C°°{Kmin\K) and all s G R. Moreover, it is easy to see that there exists a 
positive integer iVo > 0 such that 

||7rs(a(a;))e'||cfc |a;|^°||e'||cfc 

for all e' G C°°{Kmin\K), all s G R and all x G such that |a;| ^ 1. Hence, we have 

(9) lA^ (7r5(a(a;))e')| < |a;|^°||e'||cfc 

for all e' G C°°{Kmin\K), all s G R and all x G such that |a;| ^ 1. Also, there 
exists a positive integer A^i such that 

( 10 ) 

for all s G R and all x G F^ such that |a;| ^ 1. 

Consider the element X G nmin{F) previously introduced. Up to a scaling, we may 
assume that dS,min{.X) = 1. Then, for all positive integer A^ 2 , we have 

As (7rs(a(a;))e) = dirain{X)^^ks {'Ks{a{x))e) 

= As (7rs(X^2)7rs(a(a;))e) 

= |a;|"^2As (7rs(a(a;))7rs(X^2)g^ 

Since the family (7rs(X^2)e)^g^ is bounded in C°°{Kmin\K), combining the previous 
equality with (9), we get that for all integer N 2 > 0, we have an inequality 

|As (7rs(a(a;))e)| < 

for all s G R and all x G F^ such that |a;| ^ 1. Combing this further with (10), we get 
an inequality 


|<^P™,n(«(a^))" ^AA^(vrs(a(a;))e')| < |a;| ^ 
for all s G R and all x G F^ such that |a;| ^ 1. This ends the proof of (5). 
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Let us now prove (6). We will deduce it from the following 

(11) There exists d > 0 such that we have an inequality which is uniform locally in s 

\As (7r,(a(a:))e)| < 
for all X G such that |x| < 1. 

The claim (6) will follow because for 5 > 0 sufficiently small the function x {a{x))~^a{a{x)Y 

is locally integrable on F. 

We dehne a bilinear form {.,.)k on C{Kmin\K) (space of all complex-valued continuous 
functions on Kmin\K) by 

(e, e') = f e{k)e'{k)dk 
Jk 

This induces a continuous embedding C C~°°{Kmin\K). We have {7is{g)e,e')K = 

(e, 7r-s{g~^)e'}K for all e, e' G C{Kmin\F), all s G C and all g G G{F). The space C{Kmin\K) 
is a Banach space when equipped with the norm 


||e||oo = sup |e(A;)|, e e C{Koo\K) 
keK 

In order to prove (11), we will need the following 

(12) There exists d > 0, such that we have an inequality 

|(e,7r,(a(a;))eVI < 

for all s G C, all e, e' G C{Kmin\K) and all x G F^ such that |x| < 1. 
Indeed, let e, e' G C{Kmin\K). Expanding dehnitions, we get 

(e,7r,(a(a;))eV = / e' {kp^.^{ka{x))) e{k)dk 


' K 


Hence, we have 


|(e,7r^(a(x))eV| ^ ||e|loo||e' 


loo sup 
k&K 


5-p . imp . {ka[x))) 

rmn \ mzn ' ^ / 


Re{s) 


Sp {m-p {ka{x))Y^'^ dk 

-* rmn \ ^ rmn ' ^ / 


IK 


for all s G C and all x G F^. The integral term above is (by dehnition) S‘^(a(x)). Since 
a(.) is in the positive chamber relative to Pmin, by proposition 11.5. If if there exists a do > 0 
such that 5‘^(a(x)) -C dp^.^(a(a;))^/^(T(a(x))'^° for all x E F^ with |x| < 1. On the other 
hand, it easily follows from proposition 11.5.If i) and (ii) that there exists di > 0 such that 
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the supremum term above is essentially bounded by Sp^^^{a{x)) for all s G C 

and all x G such that |x| < 1. The inequality (12) follows. 

We now prove (11) distinguishing again the case where F is p-adic from the case where F is 
real. 


• Assume hrst that F is a p-adic held. Since a G X^{Amin) is in the positive chamber for 
Pmim there exists a compact-open subgroup Kp C Kmin H Pmin{F) hxing e and such 
that a{x)~^Kpa{x) C K-p for all x G F^ with |x| < 1. Fix such a subgroup and let 
K' C K n Ker{^rnin)Fp be a compact-open subgroup. Then, we have 

{'Ks{a{x))e) = Ks {'K{eK')T^s{a{x))e) 

for all s G C and all x G F^ such that |a:| < 1, where ex' = voI{K')~^\k'- Now the 
function s i-G- A^ o 'n^ex') actually takes value in C°°{Kmin\K) and we have 

As (7r(eii'/)e') = (A^ o 7r(e;^/), e')x 

for all e' G C°°{Kmin\K) and all s G C. By (12), it is thus sufficient to show that the 
map s I—)■ As o 7r{ex') G C{Kmin\K) is locally bounded (as a map into C{Kmin\K)). 
Obviously, this map is continuous as a map into C~°°{Kmin\K) (because s i—)■ A^ 
is continuous). Moreover, the map s i—)■ A^ o 7r(ei^/) in fact takes value in the hnite 
dimensional subspace of functions invariant on the right by K'. Since the topologies 
induced by either C~°°{Kmin\K) or C{Kmin\K) on that subspace are the same, we 
conclude that the map s i-G- As o 7T{ex') G C{Kmin\K) is continuous and we are done. 

• Assume now that F = R. Fix a basis Xi,.. .Xx of Prnini.^) set 

Xp = Xl +... + XleU (p(F)) 

By elliptic regularity fl2.1f 2B. for all positive integer m such that 2m > dim Pmim 
there exist functions pF g (^p^.^(_F)) and pA g {Pmin{F)') such 

that we have the equality of distributions 

pF + pA = 


Hence, for all s G C, we have 

7rs(<Pp)vrs(A^) -F 7r^(<pA) = Id 

Choose a function ipx G {Nmin{F)) such that <PN{n)^rnin{n)dn = 1. Then, 

we have 
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(13) As(e') = (7r4v9^)7r^(Ap)e') + A^ ['Ks{(p^)e') 

for all e' G C°°{Kmin\K) and all s E C, where (p^ = (fN * (^Q(^p'j'j 

and = ip^*ip^E {G{F)). 

Fix n C C a compact snbset. By (7), there exists an integer k ^ 0 snch that 

s ^ A, e C-\K^,n\K) 

is holomorphic. If m is sufficiently large, we will have <p* E C^(G(F)) and hence 
As o 7rs(<p*) G G{Kmin\K) for i = 1,2 and for all s G fl. Henceforth, we will assume 
that m is that sufficiently large. By (13), we have 


As (7rs(a(a;))e) = (As o 7rs(v?^), 7rs(a(a;))7rs (a(x) ^A^a(x)) e)^+(As o 7rs(99^), 7rs(a(a;))e)^ 

for all s G fl and all x E F^. Since a(.) is in the positive chamber relative to Pmin, 
the function x E F^ i—)■ a{x)~^A^a{x) is a finite sum of terms of the form x e-)■ x^D 
where £ ^ 0 is an integer and D E 7/(p^j„(F)). Since for all D E U{q{F)) the map 
s I—)■ ns{D)e is locally bounded, by (12) we are reduced to show that the maps 

s G n H- As o ns{<p") E G{Kmin\K) {i = 1, 2) 

are bounded. Fix i to be 1 or 2 and set ip = <p\ In any case, we have (p G G^{G{F)). 
Then, for all s G C the operator ns{p>) is given by a kernel function 7rs(v9)(.,.) on 
Frnin\F X F<fYiin\F i.e. we have 

{7rs{p>)e') {k) = [ 7rs{p>){k,k')e{k')dk' 

Jk 

for all e' E G°°{Kmin\F) and all k E K, where 

TTsiip)ik,k’) = _ ‘f{k-^Pmink')Sp^^SPminY^^^'dLPmin 

For all s G C, we have 7rs(99)(.,.) G G^{Kmin\KxKmin\K) and it is not hard to see that 
the map s i-G- 7rs(99)(.,.) G G^{Kmin\K x Kmin\K) is holomorphic hence continuous. 
Now for all s G fl and all k E K, we have 

(As o TTsicp)) (k) = As {TTsi(p)ik, .)) 

Since s e-)■ As G G~^{Kmin\K) is continuous, we deduce that 
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|(A, o 7r,(v3)) {k)\ < \\7is{^){k, Ollcfc 

for all s G and all k ^ K (the first norm above is the norm on C^{Kmin\K) whereas 
the second norm is the norm on C^{Kmin\K x Kmin\K)). Since the last norm above 
is bonnded on (because s i—)■ 7rs(93)(.,.) is continuous), this proves that the map 
s G e-)■ As o ns^ip) G C^{Kmin\K) is bounded and ends the proof of (11). ■ 

Corollary B.3.1 Let P = MN ^ Pmin = MminNmin be a parabolic subgroup of G contain¬ 
ing Pmin- Then, for all 6 > 0 there exists e > 0 such that the integral 


is absolutely convergent. 


:G, 


n}e 


ea{n) 


In{f) 


(l + |Amm(n)|) ^ dn 


Proof: First we do the case where P = Pmin- Fix eg > 0 such that the conclusion of 
proposition IB.3.f] holds for e = Cq. Then, the integral 


' Nmin{F) 


^Prr.J^Prr.J^)y^^ ^° (1 + I A^n (n) | ) Uu 


is absolutely convergent. By proposition ll.b.lf ii). there exists d > 0 such that T.^{g) 

6p . (m-p . {g)Y^‘^(y{gY for all g G G{F). Moreover, by lemme II.3.4 of [Wa2] (in the p- 
adic case) and lemma 4.A.2.3 of [Wall] (in the real case), there exists Ci > 0 such that 
gcicr(n) ^ fQj, ^ g Nmin{F). It follows that for e < CqCi, the integral 


'=:G, 


n]e 


e(T(n) 


' Nmin{F) 


(1 + |A,^ 


(n)|) dn 


is absolutely convergent. This establishes the corollary for 5^2. Let 0 < 5 < 2 and set 
p = q= By Holder inequality, for all e > 0 we have 


:G, 


n)e 


e<j(n) 


' FImin{F) 


(1 + |Ar 


(n)!) ^ dn = 


X 


I ^G(^^y/p+l/q^2ea(n)-eain) ^ |A^i„(n)|)"^ 

Nmin (F) 

f (1 + \Xmin{n)\)~‘^ dn\ 

Nmin(F) J 

1/9 


-G, 


n)e 


-^<l-in)d- 


n 


' Nmin{F) 


By what we just saw, the hrst integral above is absolutely convergent if e is sufficiently small. 
On the other hand, the second integral above is always absolutely convergent by proposition 
ll.S.lf ivi. Hence, the integral 


dn 
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/ (n) (1 + I Xmin (n) I) ^ dn 

is absolutely convergent for e > 0 sufficiently small. This settles the case P = Pmin- We 
may deduce the general case from this particular case as follows. Let 5 > 0 and choose e > 0 
such that the conclusion of the corollary holds for P = Pmin- Then, the integral 


:Gi 


nn e 




JN{F)\NrnmiF) JNiF) 

is absolutely convergent. By Fubini, it follows that there exists n' G Nmin{F) such that the 
inner integral 



is also absolutely convergent. Up to translation by N{F), we may assnme that \minip') = 0. 
Moreover, we have inequalities 

for all n G N{F). It follows that the same integral withont the n' is also absolutely convergent 
and this ends the proof of the corollary ■ 
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